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AD,VER']’ISEMENT. 


rn 


1 HE Mathematics in general, and particularly-the Fluxionary 
and Integral Calculus, having, for many years, been greatly 
progressive, it^vould have been a great omission on the part 
of the editor of a work of such standard excellence as 
Simpsok's FruxroKs, to have entirely overlooked the obvious 
improvements. It has, therefor.*, been the primary object in' 
this new edition, in addition to a corrected copy of tlie text, 
to furnish the Student witii the most elementary tbeories, on a 
variety of nou and interesting subjects—to pesent him, as 
it were, with the links, connecting past with present science. 
If the lalmurs of the editor oHect, in the smallest degree, a closer 
union }>ctwcen wliat have hecn too long separated, he will have 
the satisfaction of feeling they were not made in vain. 


To the Student^ any exjdanation at present with regard to 
the Apjjendixcs would be unintelligible, and to the Adepts 
' unnecessary. 

An author of Simpson''s celebrity needs^ no recommendation. 
The ablest Geometers of this and other countries, have at alL 
times bestowed upon him the most liberal ptake. The following 
extracts will sene as specimens: 



AbvRRyiSEMENT. 

!Dao^Q8tr&tioxi6s/olixn cootn^bcre #81115131 ut Buditoruin 
meorom oomodo consulcrem et Theoriam Fluxionura paucis 
eadbibAe; quod fere eodem tempore in Anglin pracstitit Thomas 

Sbapaon.^ 

Frisivif V^. 1, SffT. 

« Thomas SimpsSn, the ablwt Analyst (if weregjrd the useful 
fozposa ttf^Anal^tical Sciasee) tbfrt this country can boastof, &c 

Woodhtnisej Phys. Att. pngt 202. 

« At the moment when we now write, the treatises of Mac- 
hnrin and Simpson (ile the best which we hate orfthe Fluxionary 

Calculus, &C.!" 

Pla^air^s Wwks, Vol 4, pagt 323. 

■TIm! laat quoted author, however, proceeds to 6tate„that cx- 
cdlem as these treatises are, they are still inadequate to the 

present state of science. 


1823. 



TO THE 


RIGHT HONOURABLE 

geor6e earl of maccleseield. 

&c. &c. &c. 


My Loro; 

AS I esteem it a very ^eat honour to be perhaitt^ 

s 

to place the following sheets under your Lordship^s- 
protection, who is not only an encourager of, but ^ 
ornament to, mathematical learning; ! have taken 
more than ordinary pains, that, what is here ushered 
into the world, with such advantage, may not be found 

s 

altogether unworthy of so distinguished a patron. 

I am not vain epougfe^to imagi^, that, one so 
deeply read in these abstruse and curipus si|>eculatioits, 
as your Lordship is universally allowed to be,j^this 
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work wili appear without faults; *but, then, I have 
the i^tlsfaction to think, an the other hand, that, 
whatever is h^re to be met WMtU capable of bearing 
tRc' «nt of an %Xflct and solid judgment, will also 
have its* due weighf, and not fail of receiving your 
Lordabip'a approbation; ah^ if, upon ttie whole, there 
is/merit enough* found to entitle me to a favourable 
receptioQ» it will gratify the highest ambition of. 

My Lord, 

Your Lordship’s 
Most Obt‘dieiit Humble Servant, 


THOMAS SIMPSON* 



rfJK AUTHOR’S PREFACE. 


Having, in the year 1737, publish^ a piece, on 
this same subject, under the title of jt 'Freaiise of 
Fluxions (whereof the whole impression hath been 
long since soldU may be proper here, first of all, to 
assign the rcauou^ '.bis work is sent abroad into 

the world as a ne'.v book, ra;her than a second edition 
of the said Treatise. Wliich, in short, are these two: 
First, because the present w'-ork is vastly more ftilJ and 
comprehensive; and, secondly, because the principal 
matters in it which are also to be met with in that 
Treatise, are bandied in a different manner. 

Bestdes the prCss-errors with which the said Treatise 
abounds, there 4re several obscurities and defects 
J[which the Author^s want of experience, and the many 
disadvantages he Hhen laboured uncto-, in his first 
sally, may, it is hoped, in some measure excuse). 
But what is now offered to the pdfclic, being a p^- 
formance of more mataie consideration and judgment, 
it will, 1 fetter myself, be feiuid much more correct. 
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pnEfA<?E. 

aod 'M feVoiir^le reception : ^peCtally, as par-" 

ticulkr cu%. and ^ains have been taken to puU every 
thi^ in a’clear light, and to oblige the lower, as well 
‘more exp^enced; class of readers. 

"Tli^iotion anS“explication kkre ^\ven of the first 
principled of fiuiirlbds,"ane not essentially diiflferent from 
whaft they abs in the ah^bve-mcptioned Treatise, though 
expressed in otfi^r terras. The consideration of time, 
which I have introduced into the general definition, 
will, perhaps, be disliked by those who Would have 
fluxions to be sn^e velocities : blit the advantage ot 
considering them othcrtcise (not as the velocities 
themselves, but the magnitudes they would uniformly 
generate in a given finite time), appear to me sufficient 
to obviate any objection on that Head. 

Bv taking fluxions as mete velocities, the imagina^ 
tion is confined, as it were, to a point, and, without 
proper care, insensibly involved in metaphysical dif¬ 
ficulties : blit according to our method of conceiring 
and explaining the matteri less caution in the learner 
is necessary, and the highef oirdCtfs of fluxions are ren¬ 
dered much more easy’ and intelligible; Besides, 
though Sir fsaac ^Jewton defines ^uxions ' iri be the 
vei^ties yet he hath recourse to the in¬ 
crements; or motri^Tits, ihSequrf particles of 

time, in ofcIct to deteimine'dioee v«^<^ which 1^ 
afterwards teaches us to expound by finite mi^nitudes 
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ix 


of otI)i'r kinds: ^hout which (us k already hinted 
above) we could have but veiy pbscure ideas of die 
higher orders of duxipiis; for if motion in (or*at) a 
point be so dfficu^ to conceive, that some have even 
gone so far as to dispute the very exkfenee of 
how much more pfcrplexing must^it J)e to forr\j a con¬ 
ception, efot only, of the velocity of a motion, but 
also infinite changes .and aficctipus of»«r, in one and 
the same point, where all the orders of fluxions are to 
be considered. 

Seeing'thc notion of a fluxion, according to our 
manner of defining it, supposes an uniform motion, it 
may, perhaps, seem a matter of difficulty, at firet view, 
how the fluxions of quantities, generated by means of 

celorated and retarded motions, can be rightly 

signed; since not any, the least, time can be taken 
uuring which the generating celerity continues ^the 
same: here, indeed, we caunot express the fluxion by 
any increment or space, generated in a given 

time {as in^uniform motions). But, then, we can 
easily determine, *what the contemporary increment, 
or generated space would be^ if die acceleration, or 
retardation, was tq cease at the proposed position in 
which the fluxion is to be found; whence the true 
fluxion, itself, will be tfotained, without the assistance 
of infinitely small quantities, or any metaphysical cob- 
sideradons. 

Thus, for example, the motion of a ball, descending 
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leratpd { I{|Ut, to bav^ ^M^0Uj|aQO t>f ^ distance fUien 
through At of tiid bal), vtn^ must find 

h®^ fer diA hall croviEd'/uoirmaiy^ ^esci^d* from that 
jJbhs*. in a gtiN^d af die gra?fty, of the ^^«rth*a 
trae^i^^ fixm Sb^Oo, traa to cease bctii^* By which 
maans M(a aWU‘'havt'«8 clear bsi idea of the ftuxion and 
tl£e true nmsure of jho velocity of the ball) at any point 
asftignedt ^ lo those cases where the motion is, 
admiljft opiform* 

AgMQ) if « i^hl^ine be supposed to piofe parallel 
to' its^f with an eejuabJe motion, And to increase m 
lengd), at the name time ; the area generated tiiere?>y, 
will merease with au accelerated velocity; but the 
fluxion 'thereof At «t>y ptca posittoo oS the lin^, will 
be had by taking tbid: part of the increment which 
leould^ naifemiiy* wrtae, was the length («8 well as the 
veio 9 ty) of the line to continue hivartafale from the* 
proposed posidQO>. * For, if the bo aopposed to 
increase# jlfAoerated, 

fkmi tfaenee# w3il>a#^«'^ufly, gleaner lhaii that which 
would tmiformiy inise in'^e smpe^ AiOjCe the 

new parte# produced each swcceAdmg'^itMN^ are 
greater and* geeutef* ^ STheiefoie thb must be 

kse then any tfufct can be describAd^ih the |^ven 
time, when the Ike ineretieQA- ^ same 

planner# the fluxion wUl appear V he greyer ^n any 
diet can be dOeoribecK^ ip the tbOei >rhen 
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DOCTRmii: AND APPLiCATiaN 

«>t' 

FLUXIONS. 


PART THE FIRST. 


SECTION I. 

Of the N^alure and Jnvcstigatioti oj' 

Fluxions. 

1. In order to form a proper idea of the nature of 
Fluxions, all kinds of magnitudes are to be considered 
as generated by the continual motion of some of their 
bounds or extremes; as a Lino by the motion of a 
I'oint ; a Surface by tho motion of a Line ; and a Solid 
by the motion of a Surlaoe. 

2. Every quantity so generated is called a variable, ok 
flowing quantity : and*the ma^itude by which agty 
Jlowing quantity wooi,® be uniformly increaaed i» e 
giwn 'portion of timCy with the gentraltng eelerUl^ 
prt^ited position.^ or inataTU f tcew d/rom tkcncejo con¬ 
tinue invariable) is the fluxion of the said quantity at 
thai poMitioHy or instant. 
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Thus, let the poibt m be omocived to move from A, 

au(] generate the 
variable. right¬ 
line JK. m, by a 
motion any now 
l-cgulated; and 

let the ocdcrity thc;reof, when it arrives at any propoRwl 
position R, be such wt tcou(d^ was it to continue uni¬ 
form from ^hat point, be suffici&t to describe the dis¬ 
tance, or bne 11 r, in the given time allotted for the 
fluxion : then will R r«bc the fluxion of the variable 
line A fit in rha( position. 

3. The fluxion of a plane surfact' is conceived in 

liltc manner, 
by supposing 
a given right* 
line m n to 
move parallel 
P to itsdf, in 

_ the plane of 

the parallel, 

and immoveable lines A F and B G . for if (af above) 
Rr be taken til express the fluxion of the line Am, 
and the rectangle R r s S be completed, then that rect¬ 
angle, being tnc space which tPo«/d be uniformly dc- 
aenbod by the |;^cratii^ line m n, in the time that 
A m teomd be uniformly increased by m r, k therefore 
the fluxion of the generated rectangle B m, in that 
position, according to the true meaning of the defini- 
tton. 

4. If th^ length of the generating line mn con¬ 
tinually varies, the fluxfon of the area will stili be 
expounded by a zeetan^ under that line and the 
fluxkm the abarisaa, or ; for, let the cur* 
vitinetl space A m n be generated by the continual and 
nandlel motion of the (now) variable line m a, and 
let R r tih^the fluxion of the base, or abscissa, A m ^ 
before); then th^ rectangle R r s S will here also be dm 
fluxion of die generiued space A m n; because, if the 
loigth and velocity of the generating line m n were 
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to wntinuc invarW 
able from the posi> 
tion R the rect¬ 
angle H S would 

then be untfbrmly 
generated, with the 
celerity where¬ 
with it begins to be 
generated, or with 
which the* space 
A ot n is increased 
in that position. 

5. From what has been hitherto sasti, it will appear, 
that the ^^Mxtons of qttaniitUs are always as ike cele¬ 
rities by which the fuofUthtc* themselves increase m mag¬ 
nitude : whence it will not be dilBcult to 4brm a notion 
of the fluxiona of quantities otherwise generated; as 
well such as arise firom the reFcdution of right-lines 
and planes, as those by parallel motion: but of this 
hereafter. 1 come now to show the mann er of deter¬ 
mining the Huxions of algebraic quanuties; by which 
all others, of what kind soever, are ex^ieabl^ But 
first of all it will be roqnisi^ to premise tbe fddowiug 
observations. 

I. That the final Utters u, w, x, y, a, if the alphabet 
are commonly put far variable quaaUiiies ; and Useinitial 
Utters a, b, c, d» &c. Jhr invariable tmee: thus the 
diameter of a g^ven rntde may he denoted by Cr and 
the sine of any arch thereof (ccolsidered as variable) 
l>y jc. 

« 

II. That Ike fiuxton if a '^tkmtity represented ly a 
single letter^ is usually expressed by the same iHtCn with 
a Sot or full-point over it: thus the fitfxion of it is 
represent^ by x, and that of ^ by y. 

III. That the finxion if a quamtily which decreases^ 
imsleatl of inereastngy is to be considered Os negalim ^^, 
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PROPOSITION I 


C. T/tc jh'iiixionof a Qn/i7tiifj/b€in^ iV is proposed 

io /ind the Fluxion ofamj Power of ffmt Quantity. 

As a dear unilerstandhig of this problem will Ik? ol 
great important throaghotit the whole work, it may 
ciot be inipnciper to consider it first m <mc or two of its 
moAf simple cases. *■ 

Case 1. I^et v cxprws the fluxion of (accord ijig 
to the ^ft-going rotatton) and let the fluxion of a- Ix' 
required. 

C'onccive two [Hunts, m and w, to prococHl, at the Ranru- 
tjnie, from two oihc?r [Kiinls, A and (\ along the 
right-lines A'H and C’ 1), in such sort, that the im*a- 
sure of the distance C S (.y), dcscrilxxl by tiu* latter, 
may be, alica^ys^ ccpial to the square of that A 1{ (r’>, 
described by the former moving uniformly. 


A 




B 




+ 
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!• urthermore, let r, s and it, be ony contcmjK)rar) 
positions of the generating j>oint&, and let the lines 
nf and y represent the resp^h'c distances that would 
be Amilbrmly described, in the same time, witli the cele¬ 
rities of those points at R S, then thust? lines will 
express the fluxions A m and C n in this [losition, 
(by the D^nitum^ Art. 9, and 5). 

lyforeover, since C s == A and C S = A It* (ly 
hypeHhena if R r be denoted by r, we shall have C S 
fy) = a?^J*and Cs (= j —rP) = r* —2x0 + and 
consequently S«( = CS — 2xr- — o*; from 

whence we gather, that while the point m moves over 
the distance o, the point n moves over the distance 
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, —t>*. Hut this last distancx! *(sinoc^ the square of 

any quantity is known* to increase faster, in proper* 
tion, than the root) is not described with an uniform 
motion fitke the former), but accelerated one ; and 
therefore is equal to, ai^ may be taken to express, th« 
xiiiift>rm space that mijpht be described with the mean 
celerity at some intermediate point c, in the time. 

'I'hcrcfore, seeing the distances that might be described, 
in equal times, with *tlie uzuforclk oele^>^of. m, andv 
the mean i^alerity at e, arc to each other as to 2jco 
— r*, or as ] to 52*— o, or, lastly, as jc to 2xx —or, 
(all of which arc in the same proportion) it is'^evident, 
that ill the time the point m would move uniformly 
over the distance Jr, the other point n, with its celerity 
at r, n tiuffl move unirormly over the distance 2xx — vx, 
^I'his being the ca&e, let r, II, and S,*bc now su^i- 
]iosc(! to coincitle, by the arrival of the generating 
poims nt It and S, tlicn e fbcing always between s and 
S) will likewise eoineiilc with S; and the distance, 
52vt — r\\ which might be uniformly described in the 
afori'said lime, with the Nolocity at c fnow at ft), w'ill 
btxxMiU'^jarcly equal to Slxx ,• which fhy fhe D^n.) is 
c‘€iual to ( t/Jt the true fluxion of C n or 


It may. pi^rhaps, seem inaccurate^ that Uic llaxioiis of 
jL anU X* arc* (‘-utu))Mrcd tuar^tlier. ami expressed l>uth l»y 
lilies, when the llow'tng (|uanUtics ihemscivc.s, considered 
a.** a rit;lit-linr and a s<|narc, admit of no e:oixi{»arisoii. 
This ohjccinm would, indeed, be of force, were the expres- 
KtoiiK restrained to a geometrical signification ; hut hereout 
notions nrc more abstracted and universal, not obliging us 
to regard what kind of extension, may be defined by this 
or tiiat evpresaion, but only the values of the algebraic 
4|iiaiittties tlicroby signified; to which tlie measures of ail 
ttiher quantities whatever are ultimately referred. And . 
thoutrh <iiiatitities of dllTefent kinds rajinot be compai^d 
with (Mich otlier, their measures, in uunibers, may. Thu^, ■ 
for instaucc, though it would be wrong to afllrjn, that a 
square whoso area is b inches, is equal to a line of 9 inches 
yet it is no impropriety at alf to say the numbers ex¬ 
pressing their measures, in inches, arc equab 
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V*'* , ' ■ • 

7* Cine 2. Let the fluxion of be required. 

S&pposc every thing to remain as in the preceding 
oiee ; only let C n be here equal to the cube, of A vi 
(instead m the square). * 

Then, in the very same manner, we have S s (= C S 

C aaso?*—or—o:*}s=:Sx*t5—S,ro?-f r*: from whence 
it appears,. ^t the distances wldch mt^hl be described 
in the same ti^pe, with tim uniforna celerity of m, and 
•the mean onlentj at V, will in this ease, be to each 
other as t> to Sx*v — + »*, or as ^ to 3jr*.v — 

which lafft*expreasion, when c, and S 
coincide Xas before) will b<iome Sx-x, the true fluxion 
ofjt’ ^uired. 

8. Umtiersaify. Let C n be always equal to ; 

also let X — tj^ (or r raised to the power whos*^ ex¬ 
ponent is be represented ly x*— 

—4^. and let every thing else be supi>osctl as 
:diove. 

Then, since Ss^ (^—*—o*’) is=aa;*"*t>—ijc””* o* 
4- Si‘c- it is plain that the spaces whict might 

be describe in the same time, with the uniform cele¬ 
rity of triy and the mean celerity at c, wiU here Ik* to 
ca^ other as o to ox*"*©—+ »^c, or os 

.f to a 

Therefore, all the terms whopein v is found, vanlsli- 
ing, when s, c, and S coincide, we have j£»for 

the required fluaitm of Ca, or 4r*; which fluxion, 
because the numeral oo^^dent trf the second tew t>f 
a binomial involved is known to tw, nmversalfyf . diual 
to the exponent of the powm, will also be truly cx'- 
preased by Q, £. I. . 


9. If the quantity A m "(or^ar) be generated with an 
accelerated, or a retarded motion, instead of an uni¬ 
form one, the fluxion of (or Cn) will come imt 
exactly tfie same; , 

For the spaces r R and tt S,"actually described in the 
same time, ocing always, to each other, in the ratio 
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to pi, mean celerities, 

at certain Intcrmediau^points betwocm r,. R, and s, S, 
must also be in tbat ratio: whidb, when v vanishes 
(as abole) will become that f to ajc^* i, (or !«*“**) 
the very same a$ bdbre. 


TROFOSITION il. 

10. To Jind the Fluxion of‘*tke Ptoduct or ^ectaitgk 
of two varkAlt Qfiantities. 

Conceive two right-liues D £ and F G, perpendi¬ 
cular to each 
other, to move 
from two other 
ri"hl - lines, 

B A and B C, 
contii^ually pa¬ 
rallel to them¬ 
selves, and 
thereby gene¬ 
rate the rect¬ 
angle DF. Let B 1} 

the path of their 
intersection, or the loci e£ the angl^ H, be the line 
B H R ; also let Dd (x) and ¥f be the fluxions 
of the sides B D and B F (vjy and let dm and fn, 
parallel to D H and F H be axawn. Therefore, be¬ 
cause the fluxion of the space or area B D H is truly 
expressed by the rectangle D m (=^i*) and that of 
the area, or space B*F H, the rectangle F n, and 
equal quantities have equal fluxions, it follows that tlio 
fluxion of the rectangle x y = D F. (=B D H + B F II) 
is truly expressed by yi 4*‘Ty* Q. £. 1. 
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. TttK jiATUftK AKI) ikvKSTlCATIOK 
, T& Bome laherwke,* 

• 11. Let 39 be the given reoungk (as belbrc); and 
aaBx4jr)..t||ea bangsa*+£dcy-fjf%«ve have 

?*■—I**—a But the fluxion of |-r*—far’ 

(u4 omie^ae^ that of its egual h zi 

whiA, because eax+y and 


COKOILABY 1. 


J.. ••'.■t*' 


IS. Haiee the fluxion of the product of three vn- 
riahte quantuiea may be derived: for, if a be 
put 8r£«, Aen jmciriBi beewnc = ^x, and its fluxion 
s=jri+y* /ttoto^ooe^; bttt x being = r«, and there- 
fiife ^xA-fstif if ,^thea0 . values be substituted iniy 


+J^# it wib become'^x^+«;+4'yvi + 
n^, the fluxion lequiiedL In like manner, the 
fluxion of xyzu to Appear to be jiyzv + xy^u 4- 
iysn.^xyiUi and tbit m sn^messiSyzHw + xyzuw + 
syim-j-^xme-^xyinap. * 


? 


CoaOLLA&V S. 


IS. Hence, okOf the fluxion of a fractitm -j may 

K 

be.dctcmuDed. I^, patting xsb tre have xzssir, 
aod thoeflse xi-^x£su fmabwtj; whence, l^trans- 
poAtion wnd divjcKm, i « (by 


writhtt ^ flw x^s ; trlpA is the true fluxion 

- 5 • s * »' 

m '* 4 

of X, <w ita^oqual the fraction proposed. 

f ' ' 

‘*14. Now, from the forctfoiiwtWjK^tions, and their 
subsequent corobarks, the raWing practical ruh^ 
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for determining fliudons of 
* obtained. 


algobraic quantities, are 


EULE*I. 

To find the fiuxiomof any given power of a variable 
quantity. ^ 

MMpfy iht fuTWtuof the root thz^Tponent oflftc 
])oitery and ike prodtict that power of (fte samt root 
whoxe rxptaunt is less vmiyfkagn i&e gma exponent, 

•This rule is investigatQd in Pvop. 1| and k tiothi^ 
more than (Sne fiuxnn of x^) expressed in 

words. 

Hence the fluxion of x’ is Sx'i ; that of x’ is 

» nnil that of a-h,y*’ is Tv ^ (boAuse a being 

constant, y is the true fluxion the root in this 

case). ____ 

Morcovea’ the fluxion of wifl be -f x j?at5 

X a-+ 3 1 or $:z t/a*T 5 * *• for here, x being put 
we have issAsi, and therefore U^Ji, the 

fluxion of xJ (or a- + r"!*) is =3 Sj*: as 

above. 

RULE IL 

15. To find the fluxitm of the product of several 
variable quantities multiplied togedier. 

Muhipfy the Jbucion of each ^ Heprachuit qfM« 
if the quantities, and ike tvm of m promete thus 
arising wiU he the fuxion sougM** ^ 

Thus dte fluxion of*ay is is 

tyi+xs^+^ji; and tbatof jyiw, isarysii+xjw+i^y 
■VyiMA. 
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THE KATUttE AKi)'>KVEhTU;ATIOK 


'rule III. 

t 

16. To find the fluxion of a fraction. ^ 

/Vom <Ac jbtxvM of VAe numerator dravn into the (/* - 
nominatory subtfoet the fuium ike denominator 
drtuDn inio the nkmtrator^ and dfatae He remaimlcr Ay 
? Art 13. the sqnan of the denomimtor* 


\ 


Thu8> the fluxion of — is ; that of ~—, is 

i2i£±Vz£^ ^ ; and that of 

.*+5^'" ‘ _x+^ 

or 1 + -f- . U ^ ^ ^ ; and so of others. 

17. In the examples hitherto given, eadi is resoled 
by its own paxticalar rule; but in those that follow, the 
use of two, and sosK^imes of all the three rules is re¬ 
quisite. 

Thus (hy RidcM 1 ojid 2} the fluxion of, t y- is 

SLr'jiy + xi ; that of —^ is ^ 

y iV 

^xV- Sy’ii X : -j y; 

1 and 8) and that of —Z- » . ■ -, 

z s‘ 


where all the throe mkw arc nco^ry. 

When the piwposcd quantity is affected by a co-effi- 
cient, or cosistant muldplicator, the fluxion found as 
above, mmt be multiplied by that co-cfficient or mul- 
tiplicator. ^ 

Thus, the fluxion of 5x’ is For the fluxion 

of being Si^i, that of 6x^» which U 6 tiroes as 
great, must oonscqucntly be 5 x or 15 j "x. 

And, in the very samo manner the fluxion of cu* will 
afipear to be Moreover, the fluxion of 

** t 

>.+yiH,orax7^yf ^ ^ expressed by 
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OF FLUXIOUS. 


■ t— aXTx + vv 

ax — I xZri+SjfyXT^+y-) , or -«■ ' 

that of Vj+^I* or by 4*+ixiyjt~* x 

n-i. ,x 4^f + iy 

x +^P ’ ^ 

^+«!' *TSl® 

and that of i" , by 


X' 

i 


'2x X x+a X Xi*—a-i xx+al’ ,•. 

-,rh. 


which 


by Induction, x x+ a 


T—a 


_2ji‘ X r'’-a^jci x xy-g x J~fg -ari x y»4-a 

y—axy®—*—axV^X'— 


_ j-hff xyj—fay 

y-"a X y*—fl* 

• . 

Having explained the mam«er of oomiiderin^ and de¬ 
termining the first fluxions ai variable or flowing quan¬ 
tities, it will be proper to say something now concern¬ 
ing the highici ord^, os second* third, fourdi, &c. 
fluxions. 

« 

18. The second fiuxion of a Quantity is the JbtJciou 
of the t>aruz&^ or alff^raic quantity expressing theJirst 
fluxion already dc^ned.^ By ihe thiri pucim is meant • Art *. 
the Jiiaion tf the variahk quat^y expressing the sc- 
eond: and hy the fourik, the puion of the •oariable 
quantity expressing the third fiasion: and sq <m. 

Thus, for example, let the line A B r^esent a 
variable quantity, generated the motion of the point 
B, and let the (nrst) fluxiem thereof (<Jt the sp^ 
that taiglu be untferaly described m a givcn.,tiinc, with 
the celerity of B) be always expressed by the distance 



THE ^AXnJlE ANP INVF.STIG ATlOK 

. of the poiut D from given, or fixed jwint C : then 

if the cehrity of }\ 
^ R be not every where 

A " ^ . the same; ''the dis- 

„ " " ' D UtM% CD, express- 

^ing tfne measure of 
-r^ * y celerity, must 

" ... also vary, i»y the 

O •« nxiotion o f D, from 

.. or towards C, ae- 

cordhig as the cele¬ 

rity of D os an increasing at a decreasing one: and the 
fluxion of the line C D, so varying (or the spaet* 
(E F) that mi^hi he umformly dcserib^l in the afort sahi 
given time, ^th the celerity of D) is tile S(’COI|ll 
fluxion of A P. A^n, if the motion oi' H Ik* siurh 
that neither it, nor tJwt of D (which depends uTxjn it) 
be equable, then E F, expressing the celerity of 1), will 
also have its fluxion G H; which is the third fluxion 
of A B, and the second fiuxion of C D. 

And thus are the fluxions of every other order to In; 
considered, I}€iiig the ntea&ures of the velocities of fi kich 
their resptawe fiou.'ing quantities, the Jiuxiom of Ihi- 
Art. preceding order ore gcjicra/crf,* 

19. Hence it 3pj)car.s, that a second fluxion always 
shows the rate of the increase or decrease of the first 
Huxion; and that third) fourth, &c. Huxiomq differ 
in nothing (except their order and notation) from first 
fluxions, being actually such to tftc quantities fnnn 
whence they are immediately derived; and therefore 
are also detcnninable, in the very same manner, by the 
general rules already ddivered. 

Thus, hv Jlulc 3, the (first) fluxion of x* is Sx^jl : 
and, if i & suppoaed constant, that Is, if the root x 
Ix' generated wiui an equable ceferity, the fiuxion of 
3ir*i, (or SixJt*) ag«n uken, by the some rule, will 
be 3x X 2xjf, or ; which therefore is the second 
fluxion of X*: whojtc. fluxion, found in like sort, 
will bt; (ijr*, the third Huxitm of Further than 
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OP p"\. It X 1 0 N s. 

uliich wc cannoV go in this ca#e, because the last 
* iluxion is here a constant quantity. * 

^ the preceding example the root x is supposed 
to be ^icratod with an equal celerity: but if the 
celerity bo an increasing or a decreasing one, than x, 
cxj)rc8sing the fhcasure thereof, being variaWe, will also 
have its fluxion; which is usually denold by/i:; 
whose fluxion, according to, the same methbd of nota¬ 
tion, is again designed by 5?; and so on, with respect 
to the higliyr orders. * • 

21. 1 fere follow a few cx^ples, wherein the root 
r) is supjroscd to bo generate^ with a nariaulc 
• 

Thus, the first fiuxion .of a' is (or 3a-xi) 
And, if the fluxion of 8.r-x i (considered as a rect¬ 
angle) bo again found (i^ Hnic 2), wc shall have 
(u A X .V + 3 j -XA =6xjc* -f ^ X, for the second duxiou 
ofx^ 

Morco\er, from the Huxion last found we shall in 
1 ike manner get 6x x x* + Gx X -f 6xx x x+3x■ x 
(fw Ga*- f* 13xix-t-3,r\v) for the third Huxion of x*. 

Thts also, if y=wx"“*x, then will jf^wxn—lx 
; and if then will 2rs = 

xy + v-v.' and so of others. But, in the solution of 
problems, it will be convenient to make the first 
Huxion of some one of the simple quantities (x w y) 
invariable, not only to avoid trouble, but that it may 
serve a.s a standard to which the variable fluxions of the 
other quantities, depending thereon, may be always 
referred. The reader is also desired here (once for all) 
to take jMtfttcular notice, that fAeJ^inriowi of all kind-t 
(Did oracm tchalever, are contmp&raneouSi or such as 
»iqy be geveraied together, with (heir respective celerities^ 
in one and the &am iim^. 


1 (or,^ 
(^‘Icrlty 



^fiOtCTTON or’^tOBLEM* 

♦ 

SECTION H. 

/ 

r < 

Of jJu Application of Fluxions to ihv SoUc 
tion of Problems de Maxemis et Mi- 

NXMiIK* 

22. If A coDcthved to bo g;cncmtcd by mo¬ 

tion} increases ox aecteaaes till it amves &t a certain 
magnitude or position}" and then, on the contrary, grows 
lesser or greater, 'and it be required to determine the 
said magnitude or pontion, toe question is called n 
Proldem de Moxwum tt Minims, 


'GeNEBAL ItLCSTEATIOK. 


Let a point m, move uniformly in a right line, from 
A towards B, and let another ptfost n rooiv'e after it 
with a vedodtj either inoaas^, or decreasing, but so 
thatlitjsBBj, at a cer^ poeiuoo, D, beeonui equal to 
that of the former point w, moving unifinmly. ** 

This haing yfomised, let the motion of n be first 

eoQsidered as an in* 



71 771 


tTeasing one; in 
which cose the dis¬ 
tance of n behind 
m win continually 


increase, till the two pmatt arrive at the ootemporary 
positions C and D; mi aftorwarda it vdl again 
crease;^ the medm of a, tUl tfaoi, being slowta' than 
at D, it k also aknrer dm that of the preceding point 
m (l^ bypothom})^t beoommg qm^er a^ciwrik 
than that of ^ tK ^bsimBo mn (as has been abnady 
said) will i^am decrease: and therefore U a auxafoiMin, 
or the graatest of all, idien the orierides of the two 
pmnt^are eqn^ to eatdi other. 

But, if n arrives -atD with a decreasing celerity ^ 
then its motion beiaff firs^ twifiter, and afterwards slower, 

• a A « —. 'll i . ... .1 


|.»B UAXtMIR KT 

J , ^ ' 

then incimsc; ukV therefore ia a iftjtmum, or the least 
* of all, in the forcmcniioBed orciunstanoe. * 

Sincc^^n* Uie disunoc m h is a moxuiiicat or a mz- 
nimm, when the velooitiei ci m and n are equ^, cn- 
when that distanoe inteaacs ai ^ut fhnmgh dii^ino- ^ 
tion of m, as it ddereases 6y that of n, its fluxdon at 
that rnstzmt is evidently equal to nothiQg.^^There-*Art.^&«». 
fore, as the motion of toe pt^ts fh and n nlay^ con¬ 
ceived such that their disunce m a mfty jeapress the 
measure of«any varialde quantt^ whatever, it fid- 
lows, that the fiusion ^ ai^ vandde tpantity whq^ 
ever, when a maximum or mnumum^ is equal* to no¬ 
thing. 4 

EXAMPLE 1. 

S23. To divide a Ween Eigkt-iine A B Into two such 
Tarts^ AC, B C, that their Produciy or i?cctoBg/c, 
mqy be ike 

Put the gi¬ 
ven line A B G 

= a, sand let A*~ ^ ~ * '"r"* ' *B 

the part A C, 

eonudered as variable (by the motion of C from A to¬ 
wards B) be denoted by x: then B C beiotg =s a—x, 
we have A C x B C s= ; tdune ox—2xr 
being put =s 0, according to the gnsmpt, we get ax 
=ftri, and ooXaequcntljr |a. Theretore A C and 
B C, in the roquued ctreumstanoe, are eqoid to eadi 
other; whidk wo jdso know fnwa odter pHnex^es.; 

I 

EXAMPLE It 

34. To JindEk Praetkn. which aliaS exceed its Cube by 
the greateot qnantitif pnsdde. 

• 

l.et X denote a vmiabie quantity, expressing numba 
in general; < then the exoeaa x ^ve h^g uni- ^ 
tcrsally represented by x—x% if the fiusion thereof be 
taken, 4^. wo shall nave at—3«*x»0 1 and tbcrefiNre 

X zz V ^ the fraction required. 



lU 




SOI.VWOX, or ^EOBLKMft 

' i '' 

EXAMPLE HI 

mK the Sfreole»| Xeeitmgtc 
Tikd i* a gim Trka^ 

Pot the base 

IJ.v AC of the gi¬ 

ven Triangle == 
6, ,aml its Alti- 
B D=« •; 
and let the al¬ 
titude (B S) ol 
the inscribocL 
rectangle w c 
(consioeml ns 
variahle) be de¬ 
noted by i ■ 

Then, been* of d« A C. « 

willbe*»» A C : :i> S (a-x) 7- 

-ae; whence the area the 

waibe« 5 !J=^: who«.fluxk« being 

(«r*toc)«it =0.weahaUget«|o. WW-«bc 
iai^ed reotani^ i* that whoao ^titude is just 

&lf Ae altitude of the tris nple. ' 

586 . It will be proper to dbrnm ktrt, t^ the v^uc 

of a 5 ““%. ’I** “ 



'A ’ ' 

x' if *e constant 


xnultiplicaMr ^ . , 

whoK ftoxibn nf’-fecibeh^ pit = 0, w« gat 
<]k eery aam om 
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nr MAXtMTS RT|M1NTMTt. 

The reason of which is obvious*; because when the 
quantity itself (be it ofVhai^ it will) is the greatest, 
<»r least ^^pssible, any given pait, power, or multiple ol' 
it is also the greatest Orieast possible. 

EXAMPLE IV. 


27. Of all right-angled plane Trianglexdiaving (he same 
given H^pothenuMf tofindthal (A B Cj whose Ana 
is the greatest. 


lA!t A C = a, A fi=x, 
and B C =s : then, 
+ being = we 
ahull havc^= V^a^—r'*, 

and consequently ^ = 

-- )/ — i - = the 

area of the triangle; 


a‘X 



whose^ square -- — Ix'ing also a otaximimj, * • Art s^ti. 


the fluxion thereof 


a .IX 
"2~ 


^ T^x must therefore 


Ik* = 0 + : whence x is ibund = o 1, and Art. 
( t/o' “ j; -)= « 'i . 


7^c same otherwise. 


Since ^xy is a maximum^ and ff-=c^y let the 
fluxions of both be taken, and you V'U! have |xy + |yjr 
1 = 0 , and 2ii + 2j/jifs=0; from the former of whitb y 

will bc= — — ; and front the latter it will be = —'^5; 

J 31 

Therefore’— and *— are equal to each other, awl cou- 

X y 

scqucntly x (the same as before). 

c 




«f»LUT]0^ OF PBORLEMS 


EX AMPLli 


V. 


28 . Of all rigkt^ngledplanr Triangles conta/ning (lu- 
same given Arcoy to find that whtrrtf the Sum ofth 
tsti l^gn A U + B C M lea*t po^iible. (See thr 
preceding figure.) 

4 4 


Let one leg,' A B, be denoted hy \\ and the area 
r the triangle hy a; then the other leg ^will be de- 


2o 


noted by —, and the sum’of the two legs will bo i + 
<• 


2rt 


; whereof the fluxion is x — 
j r 


2u.i 


gives i (AB)<=v2a: whence BC / —) is also = 


which, put s 0, 

V t ^ 


V^2a. Therefore the two legs are equal to each 
other. 


EXAMPLE VL 


0 


29. To dttmnine the Dimcnsiotifi of the hast Tnitcths 
Triangle ACD thaf can arcumcrihe a given Circle, 

Let the Distance 
(OD) of the vertex 
of the triangle from 
the center of the cir* 
i l«, U* denoted by j, 
and h^t the remaining 
part of the jwrpcndt- 
eular, which is the 
radius of the circle, 
be represented by a : 
. * then, if 0 S, perpen¬ 

dicular to DC, be drawn, we snail have DS= t/y*—a" ,■ 
‘ and therefore since D S ! 0 S ! i D B! B C, we likewise 



have B C = 


<7 X J+a 




■fl 


which inuhipUcd hy j +a (BD) 
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gives for the area -of the triWle: which 

Ki'?—fl- . • 

l)eing a its square must be a minimumy and 

, r-f a]+ . , J+ol* . . 

consequently » or its equal -——, a mi»i- 


•a' 


X—a 


wmm also.* Whose fluxion, therefore,,‘which is*Aift5(», 

3r X J + ff X X—a-*i X x+al * »„• • * n x * 

-, being put 2 s 0, and 


. x-ar 

the whole divided by 


i XX 


+:s 


X—ai 


, we |I 80 get»3xx^a 


— r + e=rO; whence .r=2<7: therefore, OD be!ng= 
2 O S, and the triangles 01)S and B DC equiangular, 
it is evident that DC is likewisc=:2 B A C ; amt 
so the triangle A C D^ when the least possible, is equi¬ 
lateral. ' 


EXAMPLE VII. 

30, 7*0 dctermtne the greatest Cy/j’mfcr, rfg, that can be 
i w-scri^ in a given Cone A D B, 

Let rt = B C, the altitude of the Cone; 
b= A D, the diameter of its base t 
■r=zfg (dh) the diameter of the cylthder, con¬ 
sidered as variable. 

ihc area of the circle 
whose diameter is unity. 

Then, the areas of circles being to one another as 
the squares of their fliameters, we have 1* : x\'. * 
p . tpX') the area of the circle fogr: moreover, frogi 
the similarity of the triangles ABC and A df; we have 

it (A C) ; a (B C) •; ib~{x (A d) : df - 

which multiplied by. the area px- (found above) gives 
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•fOLOTIW or fROBLRMS 


« 



pabx^^pax^ , 
b 

foirtlic solid 
conteat of 
the cylin¬ 
der : which 
being a 
nuuimum, 
its fluxion 
• SywArr 

b “ 
Spa I * V 
—^—must 


An. 22. bea:0,* con^uctttly x 



fioin 


whence h appea^ that the inscribed cylinder will \x' 
the gFcatest possible, when tbc aj^ludc thereof is just 
^ of the altitude of the whole cone.^p** ‘ 


EXAMPLE VIII. 

31. To determhu tiu Dimmaxoru of a tx^lindric Measuvi- 
A B C D, oprn at tht top^ which shall amtain a given 
quantity (of Liq^^ Grain^ 4'c.J undvr tht least 
internal Svperjlctes possible. 



Let the diameter 
AB=x, and the alti¬ 
tude AI) ssy; moreover 
let p (3,14159, &C.) 
denote the periphery uf 
«tbe circle whose dia¬ 
meter is unity, and let 
c be the given content 
of the cylinder. Then 
, it will be 1: />; 
the circumference of the 

)%ncn • w mtiltmliMl 




DE MAEIMH 


hj the altitude y/ gives pxy for the con^vc superBdes 
of the cylinder, lu Ule nunnery the area of tne base, 
by multiplying the same expression tato j the dia- 

px^ * 

meter r, will be found = whieh drawn into the 

• w 

P^'^V 

altitude^, gives ■■ - for the soHd conteitt^ W the cy¬ 

linder ; which beings made ss c, the concave surface 

4c • 

pi i/ will bw found s and consequently the whole 

* • ♦ 

J)T" w * 

surfaix* = ~ + : whereof the ^xion, which is 

4fi pxi , , ^ , ,, 

-: + “o—> being put = 0, we shall get—8c+px^ 

JA 


= 0 ; and therefore x 




further, because pr’ 


— S r, and px-^ = 4c, it follow^ that x=%; whence 
is also known, and from which it ajqicars, that the dia¬ 
meter of the base must be just the double of the alti¬ 
tude. • 




EXAMPLE IX: 

Ua. Of all Conts under the same Superfeies (s) 
tofml that (ABD) whose iS'oScfoy w the gr&Uest. 

Let ^ the stani- 
diameter ^f^ lhe 
base, AC^x, and 
the length the 
slant sideAtf^^; 
and let p (as^4“ 
the jireccding ex¬ 
amples) denote the y 
jienphery of the \ 
circle whose dia¬ 
meter is unity, A 
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mtrriovtOF pROBtsMt^ 


ThflB the eitcwnferesoc of the ba^ will be = 
the wea of the base =:; and' the convex superhctcs 
o^fhe cone ss njy (whra last it found by muj^plying 
half the peri^i^ d* the base by the length of the 
dant side): whereKyre^ since the whole sui>erficii^ it 

wahnvejrw -i-—x; whence the aUU 

px 


tude CB (/X B‘-A C*) = v/— - - ; 

V pu - ,p 


which 


mdltifdio^ by i of the area of the base, gives 

^i\/zrr^ 

8 V pijf* p 


j,tj4 


for the solid content of t!io cone. 




2ps.i ■* 


must 


Which bebg % siarmmt, its square - --^ 

5/ y 

. t • » L HpsiKi „ 

also be a maxtauna; wd tbomre — --— = U i 

arhe&ees^4pur*sE:0,and osnseqnently .1 : from 


rhich V (= — —^ 3= 

_ pr 


8pr^ 

px 


s 

4> 


= 3.r) will like¬ 


wise be known; and,from whence it will appear that 
the greatest cone under a given surfsee (or a given 
cone under the least aur&oc) will be when the length 
of the slant side i| to the semi-diameter of the bast' in 
the ratio of 3 to 1, cw (which comes to the samej 
when the square of the altitude is to the square of the 
whole the of 2 to 1. 




!>» MAXIMIK £T^M1»1UI|. 

EXAMPLE* X. • 

d 

03. To\^term,inc the positiof of a RighUlint D£, 
irAurA, pa$»ing Mroi^ a f^venpoiit P, skoMcut 
ttco Right-4in€8 A R omd A S» ffvcn h^ in 

suck sort that the <f tke Segments^ A U and 
A £, made therel^^ may he the least pos^U. 



Mako P B paraltcl to A S, and P C, parallel to 
A U, =A; and let B D=^'; then, hy reason ol* the 

parallel lines, it will be, x ; a;!A:CE = —: 
therefore A D +A E=A-f x4a+ —, and its fluxion, 

T 



whicdi, in the required circumstance, b«ng 


^ =s0. We faaveijf-^ &teo =0, and ceaisequently x=: 

V'^oA'; whence of D £ is know^ But the 

Mme thing mayl^ UtWwtM determined, mdependent 
of fluxions, from' thb general solution of thp probfem 
vibr finding the po^itm ^ DE, when the sum of the. 
^^jSBgmonrs A D and A E {inetead of being a mwemw^ ) 
idinll l>c equal to a given quadtlity. ^ Of wqich problem, 
the geometrical construction be as fidhms. 




^JLOTION or rJtlOBI.XMs 

Coeaplele the parillelc^am. ^ 1) P C (at before) and 
in B. A produ£oa, take A^ra= A C, and lot c F be equal 
to the given sum of the two sf^ments : lot two 

senu-oirdes be deaonbed u^n B c and B F; and let 
A H> perpcsidieulff to B intersect the fermcr in 11 ; 
likewise H K, parallel to F <v intersect the laucr in 
I ; draw J D perpesidipUar to F c» and through P and 
33 draw D aduch will be die position required. For 
ABxAcb^jm==AH>»Dl*euBDxl>F» we have 
B D Z AdS ..'Ac (A C) : I> F t alsOi* beroosc of the 
luqpalld Hues, we have B 13 : A B :: A C : C B ; whence 
D F =rC E, and ronsequentlT A D-i- A £ (A D 4 A C 
4-F Z>) is equal to e F, whiem oonstructioii is more neat 
than that in p. 155 of mv Geom riry. Jiut to show how 
£ar this noa;’ etmdnoe to the matter Hrst proposed, we are 
to obserTe, that as the pr<d>lem here constructed ap{>ears 
to bo imposmble, when the righulme H K (instead of 
cuttiag or touching) lalis wholly below the circle B W 1*\ 
the least posnble v^ueof B F (and consrauezitly of A13 
4* A £) aaust theraibre be wImu that right-line toiurhes 

theorcle; thatis,wbraBl>=sX)lsr AH== All x A('; 
whicb Talue is the very same whh ihat found above. 

Xhe same condusum msy also be deduced from the 
a^ebraie solution of the aforesaid problem : for, put- 

oif 

ting jjrho-h—' (AD«hA £):=«, and solving the 


equation, a- will be ftamd 










which equou^ heingjXko longer poasJhlc than till —~—^ 

—Is =3 O, w^ have x, kt cimumstanco, =e 

—^stiU aitjbefafre** io WkjB manner the 

7nafJt^ and nyntam QMy ^ dctCiWhfsd in other cases, 
^by finding the^ posiHon wherdn the 

general probletn uf^ns to be qatpossilde (supiKJsiiig the 
quantity sou^t to be, g j y cn). ’ Bht the operation by 



T)E MAXims H7 

^uxions is, for the general psrt, xntibh jotsse short &nd 

C\T>CtUt!OUS- ^ * 

EXAMULM XI. 

.* .*•«'>' i.. ’ t 

31 . 7 ^ same being giveis^as in ike preceding EiceBmpU^ 
to determine the rosSinAi v^ken dik him \)*E ite^ 
ia the Uaai poeeUde. ■ 

Upon A fall the perpendkuhur PQ ;'make B Q 
=c, and the rest as before: vthen D bdng (s:^ 
n W + B P^-«B QX D B)«^and D: 
DP- :; D A3:DESj»e hayea«:j^+<i«-aftr: 
S-^x*xr^— Sex-f 


: DE- 


’ 7 “»— s 1 
.=64-tf’xl-+ ~ 

• X a:* 


whose 3uxion, adudt is — H- — 


7 -- yi 2 cx 

/> -f a I ‘ X- 

a'- X 






* JC 

—, bmg pvtt * 0, md Ae wlude 
equation, divided ty x^+x, thereoptne out 1 — 




+ -i=0; whencer* — 2cr*+a-x 

r X- T* X* “ 

-4 i + xxcr—o^asO; that is (by reduction) x*«-ex= 
+ —a'^=0; &om the resohitua of whidi equation, 

tho }M)6ition of D E is detennised. 

Lemma. 

35. If a bod^ or pwU (nj be aipposed to move ik a 
r/gMtne A B, , iU abatduu ederii^^ in ike ftireawn of 
that linf^ will be to tke relative celerity^ wherdy it tends 
to or from a giten poisU^ C, any wmre oat of the linCf 
as the distance Cn ia to the distance Da, intero^ted*^ 
n and the perpendicular C D; or As radius to ike oo^ne 
of the an^e of inclitiatiOH D n C. 

For, putUBg CD = o, Da =s i:, ind C» = y, 
wc have + and consequently ^x=^yy:*' 
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Whence a 
if . y (C«) : I 
(Dn); : Kadius: 
CA-sinc DnC: but 
the fiuxioDs oi' 

r mtitks arc as 
celerities of 
their increase, * 
therefore the truth 
of the proposition 
is manifest. 


CoXOLiARr; 


It fbDow& from henoe, that the relative celerities in 
any two dtnerent directions, n E and n(^ are direct iy as 
the co-sines of the corresponding angles D « E and 
1) M C. Tbere^xre, when « E is perpendicular to (' n, 
(and the angle D a £ therefore equal to <^) the celerity 
in the dircebon n E, will be to that in the dirt'ction 
w Cf as die wikf of D a C is to its oo-sine. From whence 
it appears, that the celerities in the directions 1> n, (' », 
anti £ n (pcxpcndicular to x C) are to each other a.s C /t, 
* D », and C D respeaivdy. 


EXAMPLE XIL 

To detrrminf the PosiUon of a Point,^rom fvhna. 
if three RightMnesbe drawn to so many given Points 
A, B, C, their Sum shall he tke least possible. 

- *' Let H P G be the periphery of a circle discriliwl 
about the point A, as a oentos:, at any distance A G; 

• j in which let the point P be conceived to move with an 
^ ihiifonn ederity, nom G towards H. Then, btH^ausc 
' the relative edarity thereof^ in the direction P C, is to 
that in the direction B P produced, as the cu-sine of 
the angle C P U to the oo^ne of the angle B F G (by 
ike prwditig Lemma); and since these celerities, wlicn 
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«7 


tlie sum of C P and B P is a mtHimttfk, mu^tbee(|ual^* 
it follows, therefore, 
that the said angles 
CPU andBPG,a8 
welt as thdr eo-ti^es, 
will in that ckcum- 
stanee become equal 
to each other; and 
consequently A P C 
also equal to A P B. 

From whence it ap- 
}>oars, that (take A G 
what you will) the 
sum of the three 
lines, A P, B P, and 
, C P, cannot be the 
Icastpossiblewhcn the 
angles APB and 
A P C are unequaL 
And, by the same 
argument, it also appearn that their sum cannot be 
the least (ibssilde, when the angles B P A and B P C 
are unequal: therefore, their sum must be the least 
possilde, w hen all the three angles about the point P 
are equal to one another; providra the case will admit 
of such an equality, or that no one of the angles of the 
triangle A B C is equal to, or g^ter than | of 4 right 
angles (for otherwise the point P will fall in the obtuse 
angle): hence this 



Ck>xsTa(;cTiov. 


Describe, upon B C, a segment of a circle, to con¬ 
tain an angle of and let the whole circle B C Q 

be completed; and from A to the middle ^Q) of the 
arch B Q C, draw A Q, intersecting the micumfercnce 
of the circle in P ; which will be the point requireS. 
For the angles B P Q and C P Q, standing upon the 
equal arches B Q and C Q, haw their complements 
APB and A P C equal to each other; and therefore 
the angle B P C being 120* (by construction) carfi 
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the ftaid angles A*^F B, A P C, tfiU likewise be 1 SO 


s 





Aha the same 
manner^ it will 
appm that the 
sum of all the 
lines AP» BP, 
C P, &c. drawn 
&oni any num- 
bem of given 
powu, A B C, 
eke. to meet in 
aimthcrpc^t 1% 
will be the least 
possible, when 

the eo-smea Vif the an|^ R P A, RPB, RPC, &c. 
that the said lines m^c with' any other line R S, pass- 
ing dStrOt^h the point of conoofursc, destroy each other : 
which wiObc iHicn all the angles A P B, B P C, C V D, 
ftc. axe equal in aU cases where the position of the 
pdants win admit of suob an equality. But if the 
numberdf ^wen pennts be the required point will 
be in the intersection of the two ri^t-iincs joining die 
opposite pomts: for supposing A P C and B P D ui be 
continued right-lines, the cosine of R 1* A will be (\|ual 
and contrary to that of B P C, and that of R B 
equal and oontiauy to that of R P D. 


EXAMPLE XIIL 


S7. If tceo Bodies move at the mmc TVeir, Jr^m tivo 
gtcen Places A and B, and proceed umjfwnnljf from 
thence in given JMrectiane^ A P and B Q, tcith Cclr^ 
ritie$ in a git>cn Ba/io ; it, is proposed to find their 
. Po8iiiod\ and how far each kas gone, toAm ihej^ arc 
the nearest possible to each other^ 

l^ct M and N be any two cotemporary poaitionK of 
the bodies, and ujKin A P let fall the perpendiculars 
N E and B 1) ; also let Q B be produoca to moot A P 
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in C, and let M N be ixxwn : rooreop^, let the ^ven 
celerity in be to that in A P, a» n to m, let 
AC, BC, and C D ^wbich ai^ also ^veii) b^denoted 
Iw a, by and c, respectively, and make the vanablc dis¬ 
tance C N =t: j .* tnen, by reason of the parallel lines 
N E and BD, we shall have b (CB) ; j (CN) :: c (CD) 
f.r 

(*E = ». Also, because the distances, BN and 

A M, gone over in the same time, axe as the celeri¬ 
ties, we have likewise, n *m r-^b (BN) -^AM 

and consequently C M (AC-^A M)3=u-h 


ffib 

n 


n 

nt.v 


tax 


^ ss:d—~ (by wriung ds=a+^^. Whence 

MiV (=rCM-+CN’-CMx2CE)willalsobefound== 

/, ms\* „ , ffuc $cx 2dmi' m-t- 

(d - J +ar*-d!-y-r- = d--+ 

\ n' 




h 






^dx 9f7nx^ . . 

-f- - —, wnoi< nuxion 


« n 

Stdmx 

n 


+ 


n- 




b ’ nb 

+ 2x.< — -f being made=0 (because MN is 

to be a miMimum) wt get «"cd 

^ j , mnbd-i'n-cd 

+8««cr«0; ««lcons«i„cntly 

• 

; from whence B N. A M, and M N 


ndx tnb + nc 


6 X m- + »'■ + 2inwc 
arc also given. 


V 




do 
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’ ^ \ The earn ptkertdK, * 

Bewnsc the relative cderidoi rf the two botliea, at 
M and N, in the ^ection of the line M N (pro- 

^ d«oed)i«tnilycxpr«B4by2^^^j,g^„df^ 

* Art. 35 . X n ^respectavefy ;• and it tdonties, when the 

distance M N is a latiitiiitnn, do become equal to each 
+ Art. n. oehia,'f it'AdWa that, in this dreumstanec, at : w ; : 
co-ame N. : oo.ahie M :: secant of M : ’decant of N 
^ ptpK Tr^.} 

WhenrothUhoBttntttaon. Take C H to C B in tlu: 
given mio n tn a, and draw H B; upon which 



produced (if necessary) let fall the perpendicular A R; 
draw R N pandlel to A H, meeting (' Q in N ; lastly, 
draw hJ M TNUallcJ to A H, and it-wUl give the position 
required. Foe, first, it is plain, because A M (R N) : 
B N (,,-C H ! C B) ^ * m t a, that M and N are co¬ 
temporary positions: it is likewise plain, that R N and 
B N will be seeanu of the an^ KK R (C M N) and 
K N B (C N M) to the radios N K; because the angle 
NKR (=:ARK) 18 aright oro. Which lines or 
secants are in the proposed ratio of m to a, as has been 
already shown. 
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• • 

But the same solution may bc^tyct, otherwise de¬ 
rived, independent of flindons, from princfplcs entirely 
geometrical. For, let m and n be any two cotemporary 
]>o&itionB of pleasure, and let (as before) be to 
C B, as the celerity in A P to that in C Q ; moreover, 
let n r, parallel td A P, be drawn, meeting H B pro¬ 
duced in r, and let A r be j<nned. Then, since C1) I 
C II ; . B n ; n r (h^ «ra. triangka) and C B C H 
;; B n ! A m (hy follows, that*n r and A m 

(which are p^^aljiel) will also be equal to each other; 
and tliercfore A'r and m it, lik^vise equal and parallel. 
But A r is the least possible when perp^diculaw lb H r. 
ll'hencc the solution is manifest. 

« 

« ^ 

EXAMPLE XIV 

;>S. Ja'I tfu‘ Imd^y M mow uniformly from A towards 
Q, with the Celerity m, ami let ant^htr Body N pro¬ 
ceed from B, at the same time, ttilh the Celerity *. 
Sow it is proposed to Jitid ike Direction (B D) of 
the latter^ so that the Distance M N of the two 
Hodies^ when the latter arrives in the IViay or Direc¬ 
tion A y of the former^ may he the greatest possible. 



Let B C be pomndicular to A Q, aJid male AC^ 
a, hC=ib^ and BN = x. Therefore, if the •position 
M 1)0 supposed cotemporary with N, we shall have n . 

wx wn 

m y. X A M = — ; whence C M = — — a, and con- 

n n 


ai 



St , FJtOVLEUA 

sequcstly M N (C = ^ H 4. o ^ 

II 

whereof the fluxion being taken, and made := 0, wc 

X ^ ^ 

get “ y'v-- ;s » «w«forc *5S -7==r , andCN 

, ., 1 ,^ . 

(v^X- — -■■ rr-r j sy * wittnc^ m ! a I! B N : 

C N ; ri^UiA : ocMdoe N. The same conclusion is 
otherwise domd, thus, o 

* Let the ri^t4ukc B D be supposed to revolve about 
the pbi^ B 88 w center, with the motidR so rcgulautK 
that the intereepted part thereof B N may increase with 
the tuuiim celerity n: then, the celerity with whic)i 
•Ait.3S. . llXfW/w#* 

LN 18 iscieased being =5 N' ’ expressum, 

when M N is ^maxiTmuniy must consequently Itc <'(|u:it 
+ Art. S2. to the vdocity of the other body*}' M ; and there¬ 
fore m ! ft ! radius ' oo-6tne N, as before. 


EXAMPLE XV. 

S9> Suppoting a Ship to tail/tom a giacn place A, in a 
gittn IhVeciioa A Q, at the samt time that a Bout^ 
jrom another given ^ace B, sets out in order ( //'/wv- 
tthUj to come up with her, and ntppoxing the rate at 
n^ikh tack Vtttel now to be given ; it is retptired 
to JM in what Direction the latter must proceedy so 
that if it cannot come up witk the formery it may, 
kotoeoery eq^proach it as near as possible. 

Let die celerity of the ship be to that of the boat 
in, Ae ghm ratio of m to a; also let D and ¥ be the 
fhstm of the two veaath when nearest possible to each 
othef, and from lito eetiter B, throuj^ F, aunpose the 
eircunafaenoe of a cirde to be deaenbed. Tnen (the 
distance P F bemg. the least po^ble) the point 1' must 
in the right-line (DB) joining the point D and the 
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, center B; be¬ 
cause no other 
Ijoiiit iq the 
whole periniu'- 
ly, at whlcii ^ 
the Ijoaf from 
B might ar¬ 
rive in the same 
time, is so near 
to D as ihui 
wherein the 
lino DB inter¬ 
sects the said 
jwrinhor)-. But now, to get an cxnressian for D F, in 
algebraic terms, Ipi B C be j>erj>enaioular to A Q, and 
make A C=:g, B (' = 6, and C I)=r:T ; Jnd then B D 
( V^H C* + O') will hc= moreover, because 

m : n A 1) (u -f r) B P', you will have , 

m 

ami consequently O F=V^6^-f r- — ,; whose 

m 



Iluvion, - --being made = 0, we find 

• 4- J m ^ 


ul) 

: = — r=r; whence the direction B D is known ; 

V w ■ — ?t • 

and, il the value ol* r, thus found, he substituted in 
that of O F (found above) we shall have D F = 

--!!-??; whence the position of F is known. 

7« • . 

And from which it is observable, that, as DF must be 
a posilint quantity (by the question) this method 
. of solution can only obtain when ?u is greater than n, 

and 6 also greater tlian na: for in all o£l\pr 

cases the boat will be able to come up with .tho>ahip. 

The same otherwise. 

Let the radius of the circle E F H be wmceived to 
increase uniformly, with the celerity h, whilst the point 
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D moves. uniform mlon^ A Q, with the celerity »i 

then, the cclMtj at in the direction of ii I) prc^ 

- 1 , . »i X cosiue D » , . , . . , 

ducoil, being—--, the relative celerity with 

which the point D recediin from the periphery of the 
said variable circle, will be universafiy expressed by 

^ — jt; which bring = 0, when D F is a 

raaiMi ^ 


vammum, vc ^havc in tliis case m x rf>-«inr I)=n x rn - 
ifiva^ and eonsequcntly m . « : radius*: r<Kvi«c 1). 
Therefore, if at C, a ^ight-angled triangle Vbd In* 
constitute, whose base (J d = ii, and its hyjiotheiuise 
d and parallel to the latter you draw B 1), it will 
be the directiem required: in which, if therein* tahen 
])F, a fourth proportiooAl to m, n, and A 1), you will 
also have thc'^ition rcc^uircd. 


EXAMPLE XVT. 

40. To detrrmiiw (he grratest Parabola that am bt 
formed ^ cutting a given Cone A C D. 


A 



Let w V, parallel to C ^ parabola 

rem, and rm the base (iwlftrclinate) thereof; putting 


Dt UAX1MT9 ET 

• DCara, CA=A, andpnsx; then, because of the 
par:illcl Imcs, it will bea:&::x:~=:no: more- 

• (Z 

over, by the property of the circle, we have r n- 
( = n m'-= D n x«C n) =: ax—x*, and consequently r m 

2t/ox—x'"; which, multiplied by ^ x -• (because 

g • • 

every parabohi is — of a parallelogram of the same base 


and altitude) gives ~ v'at —x=^ for the contedt*of the 
paral)olBi whotc fluxion, or that of ox^-x^*b^g 
])ul equal to nothing, we find x= — : whence n r= 

3 8 

™ X AC, r m=C Dx V^-^i and the area of the greatest 
or ret|uii-ed ])arabola=A C x x 


• Art 26 . 


EXAMPLE XVII. 

41. To ddirminc the greatest Ellipsis BTES that can 
In funned by r«/#ing a given. Cone ABD. 


Li t B £ be the 
greater, and T S the 
lesser, axis of the el¬ 
lipsis BTES, conai- 
dertsl as variable by 
the motion of (the end 
of the transverse) £, 
along the line A D; 
moreover, let £ c be 
paj allel to A C, the axis 
of the cone, meeting 
the diameter B P in o, 
and let the diameters 
K F and be parallel 
to R D, whereof the 
latter np is supposed 
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to p«ss through 0,*thc ccutrc oJ' the**ellipsis: then, put-; 
ting A C =«, C D=6, and C r = j, wp shall hove Ih- r; 
i4.t i also^ bt^causc of' the purallcl lines we have (’ D 

(/') ; C A faj ; t Dr fh’^s) :!L ? -. y —i= Et ; whence 

0 < 


BK (v'Be* f Et ) = 


• X^4 j •+«■ x6 


>s 


Furdierinfiye, since the triangfos EOm, E B D, aii*i 
U<)«, BKF are equiangular,ant] K(J (=!JKt)“ JHK, 
Ve hl^f^ise have O n = ^ B Ds=: A, and ()n=: 1’ F =. r r 
=j ; and cons^uently O w x (1;^ (=:()T^ hy tfn- pro- 

periy of thecirck) =s6a ; whence ST=: 2 aiul 

thereforeBEx ST=V!^<:±^ ‘ + '' 1 ? 


Now the area of any ellipsis ix'ing in a constant 
ratio k) the rectangle* of its greater onJ lessor a\t'> 
(namely, to 4) the last general i;x- 

pressum must therefore he a maximvni^ when the 
area is so; and thcreibreits duxion, or that of A r x 

b+F:"^ 4 «'-t xA—4 2A*j'' 4 h'x* r t> \ 
. 2 ?. — 4 o>*) equal to nothing;* that i>, A'\ 

4 46*Jjf 4 4 o"b'^x — Ata'hxi 4 3 ft * ■» — 0 . 


whence jt- 


4 bx X «' — ft" 
”3^ 8F“ * 



« 


Sftxo-—i"* — ^ V^a* —14«‘"’ft*4ft* . 
~ 3i*4Sft* ’ 


from which the 


cU^s i& Icnown. 

But it is abservabie, that, when —14« ft*4ft’ is 
DCgBlive, this sdution fails, because the oquare root of 
a nc^tive quantity is to be 'extracted. 1'hereforc, to 
^.cTetermine the limit, put o**—14fl^ft^ 4 ft-* = 0; then, 
by ordering the equation, you will get a* = ft x 

7 4 ' V^'lil^ x 2 + \/3 ; and therefore a . ft '.2 
4 S : 1. Hence, if the ratio d' A C to C D be not 
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^n'atcr (tmn tlmt of 2+^-^/3 to 1, &r (which comes to 
iho sriinc thlnj;) if the angle DAC be not less than 15 
the UukIoq of the clliQsis can never become 
n[na! to nothing; but the cllijwiis itself will inprense 
continuailv from^be vertex till it coincides with the 
h.ise of ihcamc; and therefore is greater at base 
than in any other position. 

Ihu it is further to be observed, that tj^is problem is 
coniineil to yet narr5wer limits. Tor either the 
ellij).>is will increase, continually, from the vertex to 
tih' base of the cone (which i^ sliown to lie ihg c;is<* 
when thcMmgle DAC is greater thaa*15") or else it 
will increase till the jHiiitt K arrivesata certain jxisition 
n, and afterwards docrcase to another certain position //, 
rind tiicn increase again till it coincides with tnc base of 
^ the cone (for it must always increase again before it 
mmciikii with the base, bi>cause, after the point K is 
got Mow tin* perpeniliculnr U y, both the axes of the 
ellipsis increase at the same time). 

'i'ho same thing also appears from the forcgoingcqua- 

Slhxa’—lf-±. 0 , 

non r = ——---X-;-; whose two 


roots express the two values of i' (or C r J at the times 
(<f the maximum (at H) and its .succeeding minimim 
(at li). lienee it i.s ntanifest, that the ellipsis may ad¬ 
mit of a itKix mum between the vertex of the cone 
and the perpendicular 11Q, and yet that nuu immtt 
he icfts than the base of the cone, unless the ft)re- 
said angle D A C be so much less than 15'^ (above 
found) that the increase from /i to D be less than 
the decrease from II to h. Now, therefore, to de¬ 
termine the exact limit, let the foresaid increment 
ar>d dccremdnt be atipposod equal to each other, 
which is the same in eirbet, let the ellipsis B T- E S 
— tlic circle B r/ D wi,'or B E x S Ts= B D*, th^t is, let 




If 


mu w 


hieh 
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c^oauoQ fou’will get a*= — x-- 

J 6 —T ^ 

6^ 45'^+«6j+j« - - 

——x-j-moreover, from the equation 


b*£ + Wsi + 36^’x^i + o 6‘jf — io'iu i + 3rt-jf< = 0, 

/ * u* \ 'll * tt b'^ X 6" "h 4'ia’ "4“ 

(given above), you wUl again goto-= — 

b" X 6'*f , 

———=— —> — —: whence, by con\panng these 

6—rxSvi —6 

1**1 • 46^ + C6x+jr« 

equal values, there anset-=-r;- i - 

j 3.r—/> 

which, ordered, give* x* + 2Ax-'6*=:0, and ihcrelbre 
Moreover, ^ being =——p—, il 6 —2/».r bt' 


substituted herein for its fMjual .r\ it will become 
a- 5i--f Ax fiA+x Sin-Av'S-A _ 44 v"- 

-44-3v^2 

T+ygxTT^ _ 

^T+ygxir yg - ~ 

Hence wc have, 1; V^l 14 8v^2 :'. h (DC) ; n (A C) 
:; radius to the tangent trf the angle A D C=78‘ 3'; 
whose complement DAC = 1P 57', is the least limit 
possible. Therefore, unless the angle wbidi the slant 
side makes with the axis be U^s than 11^ 57', tlic 
greatest ellipsis will be less thaxi tlic base of the cone. 


EXAMPLE XMIL 

42. Of edi Trian^kft^ hnrivg tke namt gite% Permeia\ 
ana inaeribci in tht samt gken Cinle; to determne 
* iht grtatetiU 

. IvOt thc4|i|inctcr D A bisect the base B t* of the re¬ 
quired triage ]iK(’ in II, draw AE, AH, and HD; 
jdso draw AT jK^nmliculav to HE, and GE parallel to 



^ BC, meeting A D in G : 
then, putting AD ss:*a, 
hair the given perimeter 
uf the triangle and 
DII=^y; we have BH = 

and therefcffc 
EF = i-V^More* 
over DII (y) : XU fa) 
:: lyiP : D A« :: EF^ 


DE MAXIMIS ET •MlNlMllft 

• JJ 


EA^ B 


= — X A— 

y 



therefore AG and HG 


{AG-AH=) 


* ; whence the area of 


y 


_ AV 


■SAa 


.y 


the triangle BEC (BHxHG) = 

\ob'y 

+ 2Ay, whose fluxion SAy*" •"-7==^= being put = 0, 

_ yy^yyy 

gives^yV^fly—j(y = J/m , whence ^y, and from thence 
(he sides of the trianglo may be determined. 


EX AIM i’LE XIX. 

13. To dcUrmin* ' ' ^rmteat Area that can be contained 
under Jour given litgftU/iTtes* 

I'hough it is demonstrahir Ironi common geometry ■ 
that the area will be a /.•.* vhen the trapeatium 

A B C D, formed by ihi- ^ ^oIl linos, may be'ip- 
scribed in a circloj'f' yet f ^h.ili liere give th&solution 
from the principles ui (whose ^ * 

• By Prop, M. iJu^o f>’Z, Ffim, Trig. 
f See page Ur, of E^fm, Ceomtfry. 
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illastnrting). In to vhicb, 14 . the diagonal A C 
be draWii^ an^ ujion C B and A D let fell tbc pemendi- 
cuburs AE and CF; putting AB=a, = (:b = ( . 


DA = f/.BE=:r, 



and therefore 




Art 


Moreover, 


V c'— f ~ 

since o'*+ (=AC^) =r<^ + c’' —by taking 

the fltisatm thereof, we have 2 i>iss; — 01 —dy=s 

hi; which, substituted for ~dy Id the foregoing enjUU' 

hiy bxx , y 

lion,gives ' >n. .*;.,TrT . — — . and /•—*=— = 


X . .nl..,. 

-T«== ; and consequent])^ V — y- (C F) . ^ 

fl** *** 

(D F) : ^ X* (A E) . .» (BE): from which it 

appcar»,tjiat the tryiowcs DCF and ABE arc similar, 
and ihatifD-f ABC bdng=s 2 right angles) the trape- 
Kium may be inscribed in a circle; but wis by the bye. 
AVe uy sow to get an expression for the area in known 
terms, and in order ther^ ife h ave 6-4 -q" + 2 ^J = 

<W+c=-2rfy,>=:fi:;»nd 

a « 


-(bocauseAB 


•. BE:: DC J^Fj Ac.) i therefore, by substitution, b”- + 
a’.4-2Aisd^ + c®—and tl» area ([ BC x AE 


t 
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• • 

•+ 5 A D X C F) +* ^ yl^— iT- = 

<.'6+rf/ y_ 

——va —and thereforetthc square thereof =: 

ciA + r?!' —:— - oA+cd* 

~T“ 


o.h + rd 
rti + ci/1* 


4 a- 


xa- — r-=‘ 


. xa-Kxxa—-iss 
4 fl^ • 


xl + -~xl-. Bui since 6 --l-a--f+ 

as • ' 


2rdr . • x d*4-r‘—a® ^ i 

-, wc have — = — , —, 1 + — = 1 H; 

a .f a Sao + xca • 

d- + f 'iah + 2cd + d* + 


2a64 Sed 


2rd 

ji, 

/ h + a ^ —H—c - , , , , , 

' “ —§ Ja -f g " j — * coDsequeatly the aquare of the 


■1 1 _ 3 :_ 2 Q^ 4 -^"d^-c- + ^* 4 a’ 
/A + 2cd ’ ^ a” 3 aS 4 ^ 2 c 3 ~""*"~ 


fl/> + cair d-fc', —a ‘ A + ar — d — ci 
area =-:- x ———=— x — 


'tS 


Sa6rf^ 


d4-T^^ —6 —a (■ X 6 + al^—d— 

16 


2a6-f 2 m 
which (because 


the difiWcncc of the stjuares of any two quantities is 
ctjual to a rectangle unde r the ir sum and differenc e) 

•n 1 ». d-fc+i—axd+c—ir+axi-fa + d—c 

willaisobccs-i-X 


la^ X |d-f Ic-h 

X ^d-f Ic+l/z+Ja—ek {d+ fc + {i + |a—d. Wh^ce 
it appears, that if iVom f the sum of all the four sides 
each particular side be* subtracted, the continual pro¬ 
duct oi' the remainders will be the sfpiare, or socqpd 
jwwcr, of the area. ^ • 

From this theorem, the rule in cora|«m practice, 
for Unding the area of a triangle, havmg the three 
sides given, U dedua^ as a corollary: for, making 



** SOLUT^OV OF*PUOBLEMK 

aasO. the ti|peetam becomes » tria’hglc, and the second 
p owg of its area = jer+ jc -H }c + i6"6 

cx d: wliicl^ in wordK, 

IS the oommoD nile. 


' EXAMPLE XX. 

4 

44. TojfniUk gret^tM Value of yin the Equaiiima^x*=^ 

F4 y/- 

t 

By ^Uing Clic whole equation into fluxions, &c. 

we have 9a*xi = 9xx Qyy x 8 x r'-' - '; which in tin* 

22 , raqnired circunstanoe, when y = (),• bmmes l?a*Tx 

2 

X ; whence T-+j^-=-^, and x*-i-y'* 

a* -- 

^ g*’**' equation ; 

oonaequently s - « . and therefore x as 

Sy^8 

873 ' ^=73 ■ "■> = 378 ’ 


ay/ 


y«fl 



2 

3 v/ 3 ’ 


iTAe saeie tdherwi^- 


is gitn =3 0 ^i*, we have x®-f^= 

nd thercforey^no'xx^^x*; whose fluximi, 

t 

2rx, being put scO^ we also get . 

i. ^ 

=j* ; whose oobe is ep jc>, ojr ss ; 

\ 4C# * / X 


whence 27x*aB«% and oonaequently 

• ^ 

the lame as before. 
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^ 45. \V}ien, in the general exprasaion, whose maxi- 
7 nufn or minimum is aou^tt thm arc two &r more indc- 
terminate quantities, independent of each otbo*, their 
irs])ectivc values, in the Tequirod drcumstaiioe, will 
Ik- determined, by making them flow, one by mic, while 
the uthcrif arc sdjqxraed invariable; as in the fcdhnfing 


EXA^IPLE XXI. 

Wherein it A proposed to Jind three s uch Valu es of 
and c, as shall 7nake the Value of ^ 

X.»j /—the greatest possible. 


First, connidcring y as variable, and the rest constant, 
wc have xy—:ifyy=0;* whence ^ = Ix, and vW-r-y^s ‘Art 2?. 
\r'. By makingr variable, we have x-i—^i=:0; 

whence z and x*c—s* s= ■?—;s* Now lot these 

3 y3 

values of Jy—y- and a-r—r* be substituted in the given 

j* .—— 

expression, and it will become x x 6* — r*= 


therefore 66*X'*jc—8i'^is=0: whence x= 


ii X /5,,y (= ir) = it X ^^5, and s (ssx 

l/5 

The reason of the foregoing process is obvious; 
for, if the fluxion cf the given expression, wh«i any 
one of the indeterminate quantities is made vanable, be 
not equal to nothing, that expression may become 
greater, without altering the values of the rest, which 
are consida^ as constant :f and therefore cannot be f Art. 
the greatest possible, unless the ^d fluxioi^ is equabto 
Jiothiug. 
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SOLUTION OF ’^ROKLKMft 

EXAMPLif XXII. 

V. 46. To dcUrvunt ike Mjferent vohrn of j , tchcn ihnt uf 
Sf*— 28ax*-f84a*4f*—96fl*j+4y6* (wcomc* a >ln\t- 
nium oi* Miniminn. 

, The fluxion of flio giren Kxpressaon K'ing {as imial) 
pat equal to nothing, we have l2r* —84o.i ■+l(>8a*.c 
—fl6a’3E 0, or x* —7<u^*+ 14a’jr—8(1*'.= 0: from 
whence the m^hod of divisors) we get j — 

T—Sltfs46, orX'A.4o=0: therefore, the roots of the 
equation,. or the three values of x, are o, and 
4& 


... ScHounu. 

47. It appears, floin the last example, that a quau- 
tity may ao^t of as many m^iima and minima (iic- 
* oorang to the meaning of the definition*) as there 

are possible roots in the equation, artsmg from as- 
sumnig its fluxion equal to nothing. Now to know 
whidi ei those roots point out a xutximum, and which 
a ta mto tm ,* find whether the value of the said fiuxiun, 
a little before it becomes equal to nothing, be positive 
or negative; if potiVirc, chc sucteeding root gives a 
mormiriR; but if ne^ative^ d minmnm: the reason 
of which is extremely obvious; because so long as ;uiy 
quantity increases, its finxkm is positive, but when it 
decreases, the fluxion is negative. 

' As to exam^de heretd*,, &'the )|uanttty flj*—28n.i* 

+84o^—fl6fl^x+48^% be again resumed; who se 
fiusio^is JAiX = xa—a x 

x;r«->Sa; wheseof the before it boeomea 

equal to noAiag, the Qrst tune (or ^torc a so) being 
n^wSdvf (bcjtooae the prpdua of three nmtive factors 
is negative) its fiivt root (a) therefiire indicates a mi'- 
' wmuaiwMOce vre im^ oondude, withwt consider¬ 
ing fitrdtti, that the second root-^f^} gives a m/ui- 
■ Mumt anil tbc 'third (4ar) another miitimum. Ilai, if 
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jrou would know whether the first w thijd roo^ gives 
the lesser value of the tivf); it is but substituting^ the. 
given quantity, which will come out 486^—and 
48^*—G4«^ respectively; therefore the latter is the 
Ipsscx, and the very l^t vdue the proposed eaqnes- 
bion can admit of. 

When all the roots prove impossible, the quantity 
proposed (as its fiuxion can never beoome^O) roua| 
either increase, or decitase, continually ajjd therefore 
can neither ^mit of a maxhmmt nor a minimvm. 

Moreover, it may so happen, that the roots are po^ 
silile, the fiiision = 0, and yet the quanmy*itself be 
neither a maximum nor a mmimum iu that dream* 
stance. 

For let ns again suppose the point n to move afiei^ 
m, as in the general illustration (vul 22), only 
let the vulocity of w (in i/te Jlrst case) increase no 
longer than ’till it arrives at D; after whidi let it £^ain 
decrease: then, tliongL the fluxion of the distance 
5rtM, is nothing, at the ^wsition C f>, yet the distance 
will not be a ?Hrtnwttm ; lx?causo n (having 
afterwards, rs ttell as before, a less velocity than m) will 
still continue to lose grouud.<—In the same manner the 
matter may be explained with regard to a fammitm. 
And it is evident, that these ^ ascs will always happen 
when the fluxion of the gi^cii quantity is of the same 
denomination (with regard to positive and nt^tive) 
both before and after, it becoiiKS equal to nothing: 
which,'by the rul^ of common algdira, is known 
to be when the equation admits of an even number of 
equal ^t8.-^An example hereof, howevear, may not 
be improper. 

Let then the quantity proposed be 24«*jr-"30n*jF= 
-f 16ax* -rS j?'* ; whose fluxi o n is 24n^y^60c^.Ti -f 
48«x*i—12jr*i=lSUxa— Jxo—*x2a—X ; 
being made=ttO, it appem that the two leart^foota dre 
equal. Therefore thm is neither a noxraun nor m/. 
nimMm wh^ ^(because whether x fae‘ti£eti it little 
less, or a little greater, than d, the value of^^ha duxion 
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wiftjdSl be rffirm&tive). The gr^test root, homrver, 
not Wng afiictcd vdth anothCT equal one, indicates a 
mctetmtnn, according to the rule above {nrescribed. 

To reader what haT been observed above still more 
conspicuous, let the given expression, S 4 a'x— 30 a'.t' 
+ be r^resented bf the variable ordinate 

P Q of tW curve AQMNR, whose abscissa AP is (as 
usual) denoted by x. 

Then, twhilst ( l%i x a—rxo — r x 2 o — t) the 
iluxHm of the ordinate continues jxksitivi' (or till j 
becomes =os:AB), the ordinate itself will increase: 
but at *tBc positiAn B M it becomes stationary (if I may 
be allowed the cxnrefouon) the fluKion being then := (>. 
After whidt, the nuxion being again affirmativv, the 
ordinate will again increase, till x bocomes=i^ (= 
AC); vhett, tbe fluxion becoming nothing (a se¬ 



cond time), and afterwards negative, CN will be* a 
maximum: aoon after whkh the curve descends 
below its axis, and continues to recede ftom it m ia- 
^ntbos. 

ftnotber thing there is that ought to be ft^ded in 
the JuluAm of mese kinds of prwlcms, and that is, 
whether maxima or found by attunung 

the^fluxionxcO, fidl within the limits prescribed by 
themature of the question or figure; ^ich is often 
restrained by conditions that do not enter into tbe al- 
gdwsic eompatatioa. 

Thus, fiv example; suppose ^ were required to find 
that prat (F) iu a given ^ipsii ABUD which, of all 
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pthcni) is the most ^i^otc .from th« extr^e B of the 
^njurate axis BD* 

Then, drawing 
FE parallel to the 
transverse A H, and 
putting AH=a, 

= 6, and we 

have, by the property 
of the curve B F® 

(=:BEH“Ef") 


+ Z»4r—X 


c* 


from 



whence X is found 3s 
la' h 

'^^TZIhy nature of the figure, the 

.greatest value that x (=:BE) can possibly admit of is 
b (=sBD), therefore if the relation of a b be such, 
^a'b 

that U greater than 6, this solution is manifestly 

impossible.-To determine the limit, thcrefive, 

make ^h; then it will be found that Sh'sso^. 
a — O' 

Whence the foregoing solution can only obtain when 
SBD* is e(jual to, or less than AH*. 

Again, It ought to be also oonsidered whether the 
value of .V, found by the common method, gives a less 
quantity for the maximum ^ and a greater fbr the mmi- 
mvm, man will arise from the avtremes them^ves by 
which T is limited. ^ 

Thus, let it be 
required to deter¬ 
mine the greatest 
and least ordinates 
in a curve, APR, 
whose equation is 
^*=6a®x—9af^ + 
and whose 
greatest abscissa 
AB is given equal 
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0]^ FROBLXWA 

B« we fbttlU the flfkxton, <St. haet .t =; 

'*'^1^ Of***—^ ‘ the former of ifhich value* gives the cor- 

raponding ordiiiftte »Pteo V ‘J! and the latter, CQ 

so; imt the first of dliese is not ehc gmuest of all 
others^ beoMne the DB excce£ it,. bcmg= 

2a ; nor is CQ the losst poanUe, becsusc the ordinate 
at the eti»T fKtreme A is nofhipg at all. 

Socnetimes one, or jDore, m the point* Q, S, 4.S*r. 
if t Hipm jning the mariliia a^ mimmay ^iU ^luw 
Itbe Sjd^ AF ^as in ikt annextd JSgure).■ In which 
^ase the esercaponiling value of the genenJ expression, 
zeprewted hy , the ordinate, will be nogati\'e: but at 
the points b, iS*^. where the curve intersects iho 



a:^^ it will be eoual to nothing: wbosee (l^-Uic 
b^) the teMon mj the roots ofa^on e^tioQ (x* 
—- . ,+^=0^ are imposmbto hy pairs 
Is evident For> seei]% AA,'Ae, Ad, Ac, 4*<=. are the 
mots of diat equation, or tfie diSwitt values of x, 
when the ornate a*—03^* + 6®f^- ' : * ; * 
(MN)*'becomes equal to notfak^ it is^laiii, if PA, 
cxprcsiBia the given term W inoeased to Pa, no 
Uia^ AF^tben easoctditig vriA qO the cur^e 

^ S, the adjacent roots A4 and Ac will dben becOms 
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m vAxitxr 

cquB); and if f be ftrtber inntwed^ 'Bp thattbe axiB 
majr fiiU who^v belosr *the curv% not <^y dioic two» 
but also the otW foots, Ah and Ac, will booomc im¬ 
possible. * 

Various Other observations might be tnaddi^ relating 
to the limits of^e^uadons, d$termiiied by 
ma and auntswi; but this brnnw fineiga to the matter 
in hand, I shall content myadfwxth one remark mpw, 
ots. • ^ , 

rxpfamUt Mck being put equal to notAi^, 
odsifts of two or wuaU equtJ rooUi ^ a$ was^ sue- 
cceding order* tf Jbtxkme equal to uothmg^ at the 
$amc ttMc, Of are expreued t 4 e iwmAer tf Soae roots 
minus one. 

Thus, an equation, having {hree cqftal foots, has 
* both its first and second flaxkms ^uu to*nollung, 
when the finent itself is equal to nothing. 

Hcncc wc have anoth^ way (besl^ that given 
a1}ovc) to know when a quantity may have its fiwon 
equal to nothing, mkl yet aatbee ad^t of n'masxumm 
nor a minimum: for, since thk dreum^aoee alsraya 
takes place when die equation admits of an., esew num¬ 
ber of equal roots (as has been already shown) the 
number of orders of fiuxums, equal to nothix^ 
at the same time (including the first) must sko he 
even. 

Hence, also, we have an emy method fiw d isc o v ofmg 
uhen some of die toots o£ an equation are equid; 
and, if so, what they ase. 

Thus, let — Sflk® + « Q be pn^poonddd; 

whereof the fiuidbn 6axx assumed equal 

to noting, we find xaefio; which wm aim be a,root 
of the mven equatioi, if it admits of two p^pud 0^: 
to tiyit, therdbik, 1 sunstitute 2a fik x, 
answm. » , ^ f ^ 

Again, let, 8*^ —fiSte* + 18 a***+fiTo^x^-^jWo^sxO , 
whereof the first and second fiuxkms hesiK^|r^^ 
84 ax‘A- + Sfia-xi + 27 a*x and 96 **** — 108 a«li\^ 
if the lattpr kf them be assumed^mOj « will 
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tad, 


ott*: one ol*^ which 


qiumtities, if eqiu.tion ])ro}>osc<l admits of three 
equal roots, will be the value of each of them: by 

3 ® • 

try'ing itutill be found to succeed. Whence, by a 

well tnown rule, the fourth jpoot ^ing=^?— 

* # c* V 

xSas —aj ts also mveo. ^ 

* The,r^i^on of ttiese bperatious, as well as what U 
asserted above, ixiay be thus demonstmted. 

Let r — jxr — x<5x:. x A + Bx + CVr' =0, 
be any equation, hanng two or more cuual roots, re 
presented, each, by r: put^s^r—j, :ma let the num¬ 
ber of the equal roots be denotcil by n ; then, bj^sulw 

stitutum, wc have jf' x A 4 H X r —y + C x r —y ‘ t^i . 
=0; which, by expanding the iH>wcts of r—and 
putting a= A4 Br+Cr* iS'c. 6=B4;i(’r4 
will be further transformed to y* xa —iy4n/‘—dy* L^r. 
'asO: whose llu?don' »oyy*“‘ — w +1 . 4 a + 2 x 

njey^* Src. is evidently equal to nothing, when y, nr 
its equal r —x, is nothing (provided « he greater than 
u nity). It is equ ally pl ain, that the second fluxion 

a . a — 1 . ay ' 1»41 4 ?i + 2.n4 1 • <y^y 

4t. will also be equal to noming, in the same cir- 
euiiwtance, if n be sreatcr than 2, ^r. 

Hence, uoiventaJiy, let the number f») of equal 
roots be what it will, that of the orders of fluxions 
equal to nothing, at the same time, arill be expressed 
by that number minus one, as was to be shown. 
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SECTION III. 

» ' 

T7ie Use of Blttxions in drawing K&gmftsi 

to Curves., * ' 

iLtiCSTE^lOK* 

48. Let *a c G be a curve,(^ any kindi and C tl^e 
given point firom wha:^ the tangoit i^to'be it t v n . 



A Jb’ rv rn lyc Q 

•\Ar 


Conceive a r^Ki-Hne to be carriod aloE^ mni- 
fonnly, pmUd to itself, Som A tenrar^ and le^ 
at the same dme, a point p so move in that 1ms 
as to describe, or trace out, the given cuive ACG*; 
also letfftm, or Cn (^i^l pamllel to mm^ es^tss 
the fluxion or A m, or tho celerity wberewitli ^tte 
m ^ is carried; and let n S esqiress tho corvesiKtnding 
flaxicn of ta in the position m C g, or the odarity d * 

the point in the line m g. Moreover, .through the 
point C let the nght4ine S F be dravn, meeting flw 
axis of the curve (A Q) in F. 

s S 




*TirB titok Of 

. it the motion of alirng the 

WM iD'^lieeome oqm^ lu C| tnc point p 
be mt S} whea the line itself had acquired the 
p ea tli o n mBg (lMeeuae»*by hypotheak, C n ^sA n S ex* 
pMM the diiteiiwe .thaa might be deaaibed by the two 
mokorm ywjma ut the same time). ' 

And, ««j|p.jbe asaumedao represent any othcar posi- 
tMn diet lima ond « die contemporaiy poution of 
the point (sliD enpposing an equable cetoty of p)i 
then the dimanroi C o and v «, gone ovetj^ In the same 


« 



time, the two motions, w^ always, be to each 
other m the edontiea, or «• pn to »S: theroftre, 
nnoe GoiOW^'CwIwS iwhm U a known property 




the pMt « wiH, always 


_ii^j^rt4iw whebiA it apjie are, that, if the 

'moOiott of the point p idong the line m|f was to become 
unifarm jtt C, dmt point wotdd then mewe in the right- 
line C S, hhrtead of^the curve-line C 
' Now, eecingilhe motion of in the demription of 
curves, mtber, be m accuimated^or a retarded 

one, Im it hi, diet, eonaiamed aa aa^ acoderated one: 
m' vhkh eaee Am arch C G will Aib above 

tha lightdine C D (m in Kg. 1), be^mwe the distance 
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;ef the pofet p 6 wi& the^ axil AQ, *at thft end tff any 
^*ven time, u greater i&ok it would be if the aoodera- 
tiQD was to oeaoe at C ; and, if the aoodnttiDn had 
ouosed at: C, the patttt p would is proved) have 
bean always ibui^ in the aud riglit-W F S» 

But if thcmotiim of the pemt*|7 be ftffettKbdotte, 
it will appear, reaacmiiig in ^ same numnei^ diat 
the arch C G wm fiili whwy below the C D 

(aflinfiff. 2 ). • , 

Tliia being the case, let the line via and die nCinl 
along th^ line, be hqw Wuppoara to mo^e back 
again, towards A a^ m, in the fame fiuamer they pro¬ 
ceeded from thenee: then, dnec the celerity of p 
(Ji^. 1) did before increase, it must now, on the con¬ 
trary, deeteaso; and, therdbre,' a« Ji, at die end of a 
^ given time, after rt^ssing the point C^*, is not so near 
to AQ, as it would have been, hod die velocity con¬ 
tinued the same as at C, the tm CA (as widl wt C G) 
must fall wholly above the r^t-^ne F C D. And, bp 
the same method of arguing, the^arch Ch, in the se¬ 
cond cuse^ will &11, tMo%, bdew F C B: dierefixe 
F C D, in both cases, k a taught to die curve at the 
point C . whence, the triangloiFmC and CnS bei^g' 
similar, it appe^, that the sub-tangcnt in F k always 
a fourth juroportional to f'nS) the nuxion of the ordi¬ 
nates (€ nj, the litudtm of the abockaa, and d|| ordi¬ 
nate (C mj^ 

OtAcncwc. 

r 

43. Let AGO rwpiresent the proposed curve, and let 
the right-line FpD be a tangwt to 14 at any point 
r, meeting dW' ixis A Q ({muoad if necessary) in 
F: suppose a pennt p to move along die curve, firm A 
towards (t, alia let thc^abaqlttte eel^ty therec^ at.C) 
in the direction of the C D, or die fbstu^ 

the line Apso generate^, bo dwtod by Q Slfmy 
part of the said tongept: thk^ hP,A it, fltji and otS . 

DC made perpendicniar, and tpn parglld,^ to A Q, the « 

relative celerities of that pointy m the dircctknfi 0 n 
;uk 1 mC, whis^ith Ip (m Am^ and mp inercaae in thk 
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poNUl^ tniy exprMpd by C ii and n S*: but 
w Mkritic* by «)t«oh quwdbes tnsmtc arc as the 
aliosi : thcraforc (CS bu- 

* ang the fluxion 

Dr of the eurve line 
Kp) C It and n S 
are the cones- 
pending fluxions 
of the mciaia 
A me and die or¬ 
dinate tnp: and 
«e ham Sn : nC 
:}eiC : mF, tAe 
asme as btfore. 

Henco, if the 
abadfisa A m be 
putsj, and the 
ordinate mpissy^ 

ffedu&havemFscs^: by means of which general ex- 

M cm ton, and tlm ^nation expressing the rdbtion bo- 
CT WL a; aaidVf the ratio of the fluxions i %aAp will b(* 
&imd, and mm tlumoe the letlgtb of the suUtangcnt 
faiF) aa in the billowing Examples: 



EXAMPLE 1. 

50. 7b dram a Might4m C T, lo a given Candb 

B€ A, w oguN«iJW«. 

. B be p«rpendieidi« ti ihe ^meter A and 

AB a* fl, 
«B» and S C 
mg: tlien» by 
. the property o£ 
the circle, v* 
(CSQgBSx 

A XC—J:) 

m^ar — r'*: 
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whereof the being taken, order to detcrmiilie 

* the ratio of i and yi'we get ,* conse> 

quently 4-—mukiplied by y, 

gives=£the sub-tangent ST*. 'Whence 

(O being supposed the cooter) we have OS (|a— 

C S (if)} t jC S fy^ ; S T ; ^'hfdV we.^dsoikiuiw from 
other principles. 


• Art. 48 
&49. 


EXAMPLE 12. 

51. To draw a Tasigent to any given Point C ^ the 

conicaf Parabola A C G- 

“ N' 

If the Lalm of the curve be denoted by a, 

I he ordinate M C by and its corresponding abscusa 



A M by r; then the known equatum," acpr«»^ she 
roktion of x And being ar=:^*, we have, in this 

case, ; when& 4-^ ^nd consequently 

= F. ^Therefbas t^isuVtangeut* 

is just the douUe of its cdtresmndli^‘^weifisa A M : 
which wc lik^ise know from otW pnn^ies. 


t Alt. Id 
A 19. 





I 


56 


t 

* Art 49. 


*twt Ml AF fIitxioks 


EXAMFLE HI. 

f 

pStif To dnw a An^ul fo a jForraMei kind. 

Hie genoal ^jpuidon of these sort of cu rves being 
« ho ve mT af~* icax«i+n 

and thereleW # ^ = 


«-Msxy 
m-f* 


« C>eca»«> I') = 

' i*» 

xx^sdietnw vrine of the sub-ttngent: which, 
thocfiil^ » & dny'lj^iissj to the cowrtant ratio of 

fO-l-IIIOll. 


EXAMi>L£ IV. 
To dbrtHD a Toi^faiiSLT, lo a 


tf 


&« tn 


If R ^ be an 
' ordiiMte to the 
princl^ aide 
A B, and there 

- ^S**,R8a6», 

® ® ABaJ, ttidthe 

leoKr iBbso#; vfidian, by die Sporty of the curve, 
hra tft: t*::aa? —e» (BS x AS)r: (BS^tmdtherfr 

fixe 5*x<iS*iS?5»oy: td^cnefe x <MS— 

and omeqmndy'd^ auh-tangent 



y i«xa 




■* ' l. ) . 



TW DAAWrIrO TAtiMKTS * 


0 
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jix^x- 


whi 


it * ^ 

— Whence the point T being giVen, through 


lich the tangent mnet pas^the tangent itadf may 
Ik? drawn. * ^ 

But if you wqpld dtvive an exf k m 'um &r ^ nib- 
tangent, in any other kind of ^pais (beddetttlie coni¬ 
cal) let the equation a—— X y*^> exhiat- 

ing the natuio of aU kinds of elHpMs, be as¬ 
sumed . tht/h, by taking the ^fluxion theceof^ you will 

have — wi X a — xot* + X M— 


=s — X m Hhn x 
a 


y; and Aenfm ^ = 


X m + n X jr 


— m 


X o -- i X a:* + 

ttHHi xa—11" X j:* 


X O — x)" 


-m»rx X 5^171- ^"*7^ 


rs a —xl* X a^) 


m-f- nxa — x x x 


—auf+nxa—X 


w-K X ax —X* 
tta— 


; which is the sub-tangent lequiftd. 


tv 


» 


# 

EXAMPLE V. 


i 

» • 

54, i/WHf a Tanga^ to any given point R, m a 
* ' given Hyperbola BRA." 


Ifand c be put to denote the two principal dia- 
metdi of the h^avbola, the oquation of the curve 

wiD be c^ x<u:4 »*c=ay. fionf whence we have c* x 



8 




.-.-r 


* X ' 



---, and coDfiequcut- 

i, c"x}«+r 

y , Sf c‘- X la + V- 

/# r. _ 

c* X or -f 


c- X |a + X 


ax + r- 
la + -t • 


= ST. 


whence B T ( S T— 
B >s alsii 

known ; and there¬ 
fore the ptnni T being given, the tangent R T may Jx* 
drawn. 

The nuumcr of drawing tangents to all sorts of 
hyperbolas, untversaify, will lie the same in the 
> dflipMs, the equations of the two kinds of curves differing 
in nothing Init their ogns. 


EXAMPLE VI. 

55. Lei the prapoaed Curve be that whose E^aatton is 

Then we shall have Soxi +Ca *i — ^ y 

=0; thoreforc 2oji+jr'^x + 3v®izs3y^y-“2:^, ^ = 

'= . ■» ■ ^ 


r 



IM DRAVXlla TAUftSVTB. 


EXAMPLE VII. 


56. Lti the given Cmve he the CisetMof Diode^ uho$e 

Equation is — 

. _ 61^.1 X a—* 3 gp*^— 


Hero we have %y= 




?* 


a—a*)* 


whence —= and consoqficndy &»© sub- 

y 3ajp*—^ 

tangent 


SU* a— arV-* 


_y 

• 2i X </—a 


3ax*—rt—jc Soi^ «—. 


EXAMPLE VIU. 

57. £»«* ^ o^t ‘fftid of NicomedGa be proposed; where¬ 

of the nature Is suen, that, it from a point B, called 



the Pole, any number ,right-linci, BA, BR, • 
B R, ^c. be drawn, the parts of those lines C A, 
o R, U R, into^epted by the curve and its mads 
C T,*shaU all, equal to each other. 


59 





TBS ^ or HtrWON* 

1» Uut eue (supposm A B and'R S perpendicular,. 
salRHparalld toCT; and puUii^BC=a, Uu 
^AC)ss:i,. C $=ex, and R.Sap^^ we nave, per sim* 

Trimis. »+sf ; » (aH):{;, (RS) : -2-=S». 

- ■ , a-fjr 

liiit St) X^JBUj*—RS-) is iiaosc'^b--~y i therefon; 


or x b- -y is the 

general equation of - the^oorve; wliidi, < m fluxions, 
^ves !< 0 +^ X1%^—%y x a+y’ 

=2yjX <* +“* «y — 2^; and tbcrcforc •r = 

consequently | = 


jy- 




+ 3^ X .V * X — fly - gji* - jry i ^ 

_:__ 

_ X ^i, ^ 

" jrx o+y X vW^ - 

-3-1 ^ 

being a negative quantity, the 

tangentwU on the oqnt|ary aide of the 

^ttrdmaie, fronf vet^; and ad^ W ciaitfhig the 

aigni we ah^^have ^" ■ fiar ..the aub-tttmnt 

■STa*!-. ■ ' ■.., 

^ 4ie inamwT of tlieie eounnplea thc^ub-tan^t, 

in eauves xhoae^ absdsaaa^rare i^g&liiie< a^ he . jdc- 
terwne^t ^it if the abecisaa,'Or ime termmaripg the 
ovdiq^ on & hrm pm, be anotlto curro, then 
the ttf^gent fk dmwii m in tlni^Movring: 





% 

W DEAWniC. 


EiAKFLE'tX. 

* 

58. Let die eoxvt% A F Jbe a crck^; irfaose 

al»cim u here aappoied to lie aMIdaitfe B ]ip A> to 

which k( the tai^ent FT be drawn (as aboveL llinre- 
ovcr let r RH be a tangim to dieeycload, u die aer* 



respondiiw pdot Ej abd lei G Re be paralld to iTe; 
putting toe aidi (or abaeiBsa), B F » a* >ts ordinate 
PR««, AF==5, and BPA»c. th«||% tbe pir;^y 
of the' eurre> wediall have c (B : b (AF) :: a 

(BP) :yXPR) • thweftieand'^as— as rt: 

4)u^ ,by anoilar ttianghs, r e (}) : Bb (s?F i^mi) ;: 

FRfy^ : FBtasi^saa (because jf is There- 

ifoir%.*irSi|*l|le there ba tahen FH e^ad 

tirm aaA F1^ yoa will lurve a pomt B, 
whkuMtot«ns«>(,pfdfei^doi^ * '" ^ 

- I - * y3^ * 

EXAMFLB X. 

59» Let R F A be a curve of aay>ixid> to which the 
j^totb^d of dniirtog tihe tangent cPg is known; let 





.tmr tr|v OF fftintlovft 

BEI be«iQth«r ourve of iuch a nature, that the or- 
Qii^ P R fyj shall alwtp bfc a mean pn^rtMiiBl be¬ 



tween B8 fs)u»AAS (a^x /auppoauig RPS pcrpcndU 
* Arcagoul® to A Bt put Pocstf, SPrse, OCsed*, imd fi 
Aie. «s^: then fa« oftooej, er ; Re (ssPcss 


✓*«+c*):: R p O;: P Hatl—but, 
the e^pntaon nf dm •piye ; whence *j^=s 

ai->Srj£j|^aiii therefore^ P H » 

^ » '•*5* •* o^*es*e^ 


wito ^wPipr ^ 4 ^ 

pai4eiit of fluxicnu, trhen the pmerty o 
BPh, or die tdaliaii of Jt aM 
B I^il be the oenuttqn iA R B il 


of the Curve 
n : thua, kt 
its la$w rr^ 


IK DftAWlKG TAY^CKTS. 


li/m; then tJ beingsV^ 6 will l5e = 


ax 




+ ^ tbe„>ro« PH 

4* la 


( 


2 fl* —i 2 r® X 1/- a—XX ^41:* +/IT I 


ox—*2xx 


a—^ 


Thus far relates to^nirves whose <vdkiates lure pa¬ 
rallel to each other: we "Wi, now to cu^ei of the. 
spiral kind, *whdie ordinates »a issue from a pomt: 
such as the spiral BAG, whose tsrdii^tes C C A, 
C G, are all referred to the pwnt C, called the center 
of the spiral. 


6 B 


1 LUrt T&ATION. 


60, Let S A N be 
a tangent to the 
spiral at any point A, 
also let C T be per¬ 
pendicular thereto, 
and let the arch CBA 
(considered as variable 
by the motion of A 
towards G) be de¬ 
noted by c, and thp 
ordinate C A bjry. 

Then z :i;:A C 

ryj : A'T »^. 

Hence, if up<» CA» " a diameter, a semi-circle be 
desertfa^.^and in it, from A, a right-line A T equal 

to ^ be jnacribed, that tmt-line wHl bo a tangent 

if'®’',. ^ • 

to the spiral at the point A, * 



• Art, 5 
A 35. 


EXAMPLE I. 

61.^ Let the nature of the curve CBA be such 
the arch CBA may be, always, to its cor- 
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TK* ^SE 

IHjMRidntt ^vdinai^ C A in a constant ratio; namelj 
atir to 4: then, becatfipe f wo have xr=5 

8i4,oeBieguetidj AT ^ 

AC t^tlMrefiare, ACand AT beingiit a co natant mtio, 
^ an^ CAT Ttxmait also bo invariable, Whteh is 
a knoim p w y er t| of the logarithmic spiral 

BXAV^VE IL 

&U B A A be tbe i|ttTal of Jtrdkimcde$ ; whose 
rattuMpia Md. that Ae part _£ A of the ^nenti^ or- 
dinaifii intereeptied by the qnntl and a cir^ B £ D do^ 
■cribed ifbont tkt same center C, hi alwws in a cxmsta&t 
rarib talhe ooCTeymdmg aicli B £ of tW cirde. 


A 



% SuWteB % a per pA d te bla fr » A ^ 

toBeTv «•*(/& toi!: thiaS'c:;,-is{AK)'; 
«B E: whole fliutits jthaicAre was^. > Now 


65 


na CUAVKft-QOF qp)7TItA^Y FLICYI^RC:. 

.tf the right-line C £ Aa be tupjwscd to revolve about 
the center C, the anguUr celerity of the genemting 
point As in the perpeudicular direction A n, wiU be to 
that of E as AO to £C; therefiye as the latter the^ 


*1 

oderitiei k expijpBscd by^s the former wSNte ex- 


a " 

• • # 

pressed by^ x or^: whichistofy^tfaecelelity 


of A, in thc^ditection A a, as ^ to unity, for w y to 

Thereforo C T and A T are in the same mfto (by 
Jrt, 35), and conseq uently AC : (5T:; vy^t 
y ; and AC : AT:: : b ; whence C T and 


A T an* given equal to 


and 


1 


spectivdy- 
may be irt 




te» 


From either td* which the tangent AT 
may be urawn liy Art €0. And, in the same manner 
may the position of the tangent of ai^ othec ^iral be 
determined. 


SECTIOl^ IV. 

Of the Use of FiarioBf i» dctsrtnimf^ the 
Poinieof Itelro^mon^ or contrary Fbskure 
inrCuroes. ^ 


65. When a curve A R S is, in one part 1 
concave, s(nd in the other paH R S convex, toMfdj 
axis A the pcant R Craiting the two parts ^ ca 
a p<^t dt retrotapessioii, or contrary flexure.^,, ■ 
ncuteer of dettmuning wbieh will appeal focii^i 
follawii^^ , 


Art. & 



THE i’iE (iV TtXIttOTSS 


ItLUSTE^lOK. 


Wp®“ 

noW, paraiM 



the paint r so 
move in that 
line, at the same 
time, as to trace 
out, or describe, 
the given curve- 
line A R S. « 
Then 

48) while the 
celerity oi' the 
iwiiu A in the 
tine B D, de- 
cresMs, the cun*e 
will bo ooneaxe 
to its axis A ('; 
but when it in- 
creascs, convex to 

tU same; th««ftte, as any qi^my is a miwVn^ at 
the end of its decrease and the hymning of .ts in- 
*rt. M crease * it foUotrs that the said celerity, at the taant 
^ ”'of inflexion R, umstbll a 7wmifw»l.- w^ec. »« 

Art. *.fluxion of the ordinat. Br, Ahf flixi^Tt 

he (as usual) daioted by i t then will ,y (the fluxion 

Art a* of » ) be equal to nothing in that curcnmstanoft+ 

So far relates to curves which arc, w former 
nart concatc, and in the latter wnvex, to th«t axes, 
if (on the contra) the cclenty r first ^eafos, 

^ S (perpmrii&lar to A C) to new 

' Jon«»tMcd fls an aif tf. and tha abfteissa S n (W us 
MomltfiKsu Brasi^} bc snppoafcd to •wnifotmly, 
' supposed before) ; 

the soc^uxion (-«> of the ordinate « r 




XK CUftVRB dF 


c^sifTbaI 


Y FLKXDBE. 


S r iu ^ipleipent A Bs=x) will be» equaV to nothing. 

ence it is evident that, at the pcunt of contmy fiexiOTe, 
the second fluxion of the ordinate will become ^uid to 
nothtug« if the abscissa he made to flow iinwml^r; 
and vice oer^d. 



EXAMPLE L 

G4. tire nature of the cype A R S fm pre- 
cedtnff ^^gure) be defined by o^uat|pn i^9s«lx'^ + 

(the abseil A B and the ordinate B r bdng, as 
usual represented by t, and ^ respectively).' Then iv, 
expressing the oclcnty of tlM p(»nt r, in the D, 

^ will be equal to 1^5 , whose fltddaiXf or 

Q •• 

that of I o] x~^ + ^ (because a and i are constant) 
must be equal to nothingi* that 1%—ib? “Art.’83. 
=0: whence =r 8, o^' = 8n, 64r* =3 a*, and 

xzs. |ass A B ; therefore B R (s=2!£Lilf!\ = ^^a: 

from which the position of the ^ given. 

4 


EXAMPLE IL 


66. Let the nature of the pxt^posf 
by,the equation <zy®-^o^gr—a*=sO. 

Than, by taking the first and second fluxions thereof 
(supposing constant) wc shall also have ^2ayy^a*ii^ 
.?j:*i3=0, and + (IiJi- =: 0; whereof the 

latter, when jf is =? 0, bocomos 3(;^'=-^0rX^=KO, and 

therefore y* but by thaformer ^ ; 

, Svrx* 

wliencoj— »— 1 -" and consequently l5?<u;^ 


sed curve be defined 




F S 



K 

,v 
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THk'dsK oi* IftttXIOKPf 

; but, by the ^iven eqiation, 

+ therefore / ^{1 

■ whence x will be found — 

Otkerwik. 

• _ 

who. 

floxfiB, or that of Xa’l+ 

jj is cbpgtabt) bemg put = 0, we get Ox x a\r + xM 

SJ^xa-x + x**™^ = 0, or 6x >1. 

S 

and (✓S-l), the same as before. 

•‘ I- • , * ' 


'X 


, . ; •n 




example hi 


66.' Let the propi*ed •*. ^ concha of 

Nicomedes. whererf Ac c%B8tto» » jy=a+j>r x 

__ 0+vl*x6--y* * 

' Art. CT. or 


*».’' , '■ 


!'i 



IN CUllVKS OF C^KT&A^Y FLEXURE. 
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_ _ f . J_ 

— ?yy X X X aA« +>» ^ _ 

- —, ^ - - 'f - ^ •*•-"— , "' ^""■‘ ^ »— 

y* y* 

—j— — — — « — ^ X y ' whence, making y mva- 

y y _... __ 


riablc, we also have !t- + j«= ^ 1 xy": 

y* 3/^^ 

which, 'becauso i isasO*, will be ** 5 =^^ + — 1 *4x1. 63. 

. y y 




But since, by the 


y* 


, former equation, tx-. 


a 4- y X oft* + y* • . ,*, 

—ji—;-X y, we like- 

y* 


.. o+^^xoSm*^' j , 

wise get x* 3 s—- 2 i 6 " ' ' " ^ y » *®“ consequently 

^ y _ ____ 

Urt'-fr-’ + So^-y^y* xx-y's=a 4 yi 2 xoi^+yM*: but, by 

the equation of the curve j:y ia==a+y]' x 6 i-y«; 

therefore 3a-fr‘ 4 -XaA*y—y* x a + y1* x i'—y^=a+yi* 

X 4/i*4-y*)and;ln- ft* + !Ja6|y —y■* x 6- —y- =sui*4-y*l-; 
whence y* 4* 4«^* 2a5Py—2a 6-=0; which 

divided by y4-«y gives y*+9iay^ — 18aA'=0; from 
whence » may be determined. But if 6=a, the equa¬ 
tion will bc^mc more simple by dividing again by 
y + fl; in whidh case wc get y'^H-Soy—!^~=»0, and 
consequently y=a ^8—ti.' 


EXAMTLE IV. 

«• 

67. Lota^y==180a*cc?—110a’.rJ430ttX<--8JC«. 

Then will a-*y = 360a’xi — 330«-.*'^i» — 

1 5x*i-; ' 
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THk i)ik oi^ (rxtrtxo^ti, 

Alt 61 TW^ 6e»yilfl’x+&a«-:r>==0> 

ViHAi divkifale by any one of the ^mc quan- 
^tkft &—'jr, cd da<^J4^ die root x muat tncro> 

ibae hare time wduea. o, 3a, and and amaeqiumtly 
the cunrW by.the gi ven equstio% as many pcnnu 

of contra^ 

^ Biit, u fm v^iuld know whether the of the 
cum Htqg^ between my two*ad}aoeat pomt% thus 
IbttD^ be ofavitt or ooncavc towards the axis; see 
^rii6th|r^ of'the eX|ireeMOR the second 

<Atuuflit. of die *ct£nate, between the ivm co'rreMMind- 
ii^ roots, he positive or ftegativc: ^ for, in the ionner 
+ case,' the curve k oonwx, and nr the hnter concave^-f 
^ (provided t^e whole curve lies on the some side the 
Olds). Tbu^ in the exempli bc&rc us; because the 
iaeoM Boxion of the o rdinate is always as 6a^ —lla'i 

+ 6ax*—(=s|i—xx2o—xxShi—x) and it appears 
that the value of this expression, while r is less than the 
firsts j^ot . a, bin be podtivc; the curve, there- 
*^ .#.**» begbAinj;^ will be etaivcv to’ its axis: 
bqt wrakk i become^ greater than 0, the said cxprcsKion 
bra|^ migative, the curve will then be concave, and so 
oontmue till a is equal to the sectmd root 3o; after 
which the Buxion again becoming affirmative, the 
tyrv e will accordin^y be convex tul x=Sa; beyond 
whkh limk the curvature continually tends the same 
way. 

But i| will be prop^ to obaerve«. tlut there are ca.s<^ 
whore tim second Buxion of the ordinate may become 
equal to nothing, without either changing its value 
firom positive to negatil^ or the contrary (similar to 
thole already taken notice of in SecL 11. p< ^ and 46), 
whiA eaoes always happen^whsn the equation admits of 
« rn even sinaber of equal roots: and then the point 
, ibund aa ahowi is not a pomt of inflexion, becauflO the 
t, eurvaiuks wh ^l&er lido of it tends the same way. 



n 

SECTION* V. 


The Use of Fluxions in determining ihe Radii 
of Curvatui^^ and the Evolates ofCfsrves. 


6x. A CURVIB p O 21 is said to be the evolute 
‘ another curve A R Bf when it is of sudll a nature, that 
n thread ROH, comcidiii£ therewith (or wfapped upon 
the same) tx^ing luiwoom or disei^^od mm it, by 
a power acting at the end R, shdJ,«by thatiend (the 
thread continuing tight) deapibc the given curve ARB. 


Illustration. 


From the point O, where the right^linc R O (called 
the radius ol curvature) touches the ovolutc p O H, 



let the scmi-circle S R D be described: whi<^ semi¬ 
circle, having the same radius srith the gtvefil cusve, 
at R, VOI consequently have the same degree of cur¬ 
vature.--But the cuif^atttre in is the * 

same, when, the fluxion of their abscimas being the 
same,, both the first, and second fluxions of their 




' OF TttE ItAOII OF ft!lTleVATORfi, 

c(Hrxei^pQDdiag;<OTdii^^ R^m arc resj^dvcly 

eqoal Hb earn otKer: for, the first fiuxions being 
equal, the two curves will have, at tbeP commou point 
Art 48. ‘ oM and thfe same* tangent t R h :* and, if the 

second fipxions be likewise equal, tl^e curvattOre, or 
deflection'fipon that tangent, will also be the same in 
both; becauae these last express the increase oc decrease 
t Art..iaof moticai in tlq^ dkection q£ the ordin«te,f up^ which 
J Alt. 48. the curvature entirely deponds.^ *' 

This heinc oremised, let dbe abscissa Sm of the semi' 


This hei^ premised, dbe abscissa Sm of the semi' 
circle (cpnsidem as variable) be putastr, its ordinate 
Rmssso/R r = r'A=o, imd RA=i: then, R A be¬ 
ll Art 4&i]|g a tangent to the drde $t R,|| the triangles K A r 
and R O m will be equiangular, and dierefiilrc w (R r): 

£ (BA)t:«>(Rm) ; RO== whnAi/ because the 

. radius of every circle k a constant quantity, must be 

< invariable, ‘and consequent!) its iluxion . ^1 *: 0 i 


whence v is &und; 


— z 


(because, w being 


constant, and tp=*-hi5®=2-, we have, in fluxions, 

2ross2zz, and so —^=s-r-r ). Tbercfbrc since v isss 
. — z —«/ 


5' ^ SO^OQ) F= '■ 

which last k a geneml^expessioo for the radius of any 
circle trhateveT, in tenns :.oi the fluxions of its sIk 
seksa f »ordinate YoJ>. But, what is^emked 
diove, tli^ flnxhnu arc rcspcdfiv^ equal to those of 
the a^kai^ A n (xj and droinate Bn fy) of the pro¬ 
posed cunre ABB* Thereihrcj hy writing f, y, and y, 

instead *»d i?, we have ■■ ^r - ( = — r:,) 


• V*-+-v 1* z* \ 

instead and i?, we have ■■ ^r - (=— r:,) 

fiar the general vlhie of the raditts of curvature, R O. 


v,#* 
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AK0 TUB BVOBtTTE 0^ cr&VE». 

\ The sank 

''' '■ * 

If the radius of the cuck be put=11, and every 
tlung eke be supposed as above ^ v&m (by 
of the circle) wc dudl have r® (Rat*) = 8 k.ii»^ip- 
(S ai X D : wlfenoe m fluxions (making t^.^ibnsUnt) 
we get SoO s= ^Hik^2wwy and Sd* + 

from the laid of whiciv equations a is feosdsr • T" f\ 

=&i' 

the same a» Ufert, * ; * 

Otherwise without the Cirde, 

Let R O and r O be two rays perpendicular to the 
^ curve, indefinitely near to each father ; and firom tberr 
Intersection O, let OF be drawn paroilcl to An^ cutting 
R n and A F (parallel to II n| in £ and F. 

Thcreiore, supposing R E— 1 \ An=Si Rn=^, 

(as before) we snail have, by similar triangles, as R P 



(i) : p? O )::RE : E0=^; altd pomw^ontly 
FO (A«+EO)"s= which value (as well aa 



GW itkon Of ctrii%ATVi^, 

•• 

oC AF)«OQBtbi|ung the sax&e wheHicr wc regard the 
ni£iiJi R O, or the tMSus r.0> its must therc- 

ftrq ba oqtiid to noting; duU i«, 

X' 

aO; ^JSheacG v = and ochuequemly It O 

is ^ *' 

/tiiv jf'£+y=f , .. . 

(?) -- ia - =, -rr—n:: which, il x 

If sv^poeed iwnattint, er 4=^0, will beftnnc—m «■* 
o^otw. ‘ ^ 


A 


But if y be suppoeed Ooustent^ it ^ be And^ 

3^ 

• • 

i he <aostai»t» it waU then be ^: finr, since + y- 
by taking the duxioi 


A' 


!^=;0; whence y= "•j ! thercfcarc RO (= 

» V “U^ 

r~-ri)e: -—• ==&-=^, <M i^/orf. 

yx-xy/ y* + j!«xi * 

Now ftom the several values of the radius of cur> 
vatute R O, found alwve, the corresponding values of 
A e and < O will likewise be given. 

Thus, if i be made ccoistant; then, R Q being = 

—wc shall havc At (An+OiasAn+^^xRO) = 
— 0^ ^ 

x+ and < O (Rw-*R;J| 5*“ X RO—Rii)=s— 

— 3^ ^ "•V 

-Sr 


, 


A.i 


Bui, i^ y be made constant^ then, R O beiiig:^-^, 

yx 


we sh^l hire^e = a: and e O 




-rr — 

y* 



AVI) THS t)F CTWSS. 

Lastly, if £ lii lAsppofjBd con^UBt; bang 

= '”* ^ shall^ljjive AA^=ar+^, and eOs?^— 



Which several ex[ffessidBt will aerve as so many ge¬ 
neral theorems for determining the quantity of cur¬ 
vature, and the cvolutcs of given curves : but, before 
jnnoced to examples, it will be proper to observe, 
that the right-line A p, denoting the rraua of curva¬ 
ture at the vertex A (to be found by making x, or 
=0) must always be subtracted from RO and Ac, to 
have the true length of the arch p O, and its cor¬ 
responding abscite pc. 


example l 

69 . Let the given curve ARB be the common pmbola, 
whose equation is Then will 

= and (tnaking i constant) yaa*-j x 
= — . whence s (/jc**fy’) = ^ ~ 


7d 


X 


> 



s 



or vac liiDii cnRVATOts, 

*"> _ _ 

mi thft ndiui of iumtoro R 0 /-i—^ = — : 

^niiob at the vertex A, wbero sbO, will bcsjos 
Ap. Moreover Ae aud tikorc- 

' —3^/ I. 

forepe (Ae>«^Ap^=s3x, the afaecisBa of the evdute: 

( 49 Af-j 

r—: —viss--- the ordinate of the 

-jf V'o • 

evtilute. ThcreforejUilf X o bdng in 8 canfitant ratio 

to .namely^ as 16 to 27, the curve is, in tins 
case, the aomi-cubical parabola: whose arch ;>0 

(R O—A pj iaalao given — {a. 

^Va 


BXAMl^LE II. 



70. Im the curve ARB denote a parabola of any 
other kind: then, because yzsiox* is an equation to 
■ k iyds o f parabolas, we have i=najif"* jr and y= 
nx» —Ixar^i*: therefiwe i {v'I*‘+J«) = 


iV^l + nW-«,RO =— 


1 + aSo«x3-"u 


•n X 1 X ax^* 

' 1 + »«-l X mt^x^ , . 

ss ■ " '• "’j and A p — "**■ •———~j~- 

-rrixnai*^ 


which, if % win become = ^ i but, if n be 
greater than iF" ^ be=0; aiid> if n be less than |> 



AXn THE E^t.UTE*OF CURVES. 

it will be iniinite :* wh^cc it apppars, that the radius 
of curvature at the vertex will to a finite quantity in 
curves whose first (or least) ordinates are in the sub¬ 
duplicate ratio of their abscissasy and in all other cases, 
eitTOr nothing or infinite. 


EXAMPLE III. 

• * 

71. Sujipose the given curve to be an ellipsis ; whose 
equation (putting a and c*for the two principal dia- 

nuTers) is * . ** 

Herc\ by taking the first and second fluxions of the 

given equation, wc have xa — 2r, and 

2a'y*-f2a-vv 


-jiy 3B C‘X X — = whence y 


and - y = : which, by sub- 

stituting the values of y and y, will become y = 


cixa—, 

-TT-sr- -.-Tr> and-yss 

Uav ox— j:- 
ci* 


X a —£rl‘ 


4tf' X or — Tx X aev^ox — x- 


cox” 


flV^ox 


■X' 


ft* g—f ?^ + 4xax-a^ _ 

^ ^ 4 X ox—X'V^ox-x* 4 X ax-x*d 


a 


therefinre £ (v0’ + ^) 




C'x^ X a — 2x‘* 


4a-xflx—X- 


-f x^ 


i 4 /?a* + a^c*x 4 ax— 4 x- j .u >• 

V " — . . - ■ and the radius of 

2aax-x2 


: which 


/ s*\ <^c*+a*-"C- X 4 ax— 4 x®^* 

curvature (-:::)=-s-r-- 

\—3cy/ 2a*c 

when the diameters m and c are equal, or the ellipsis 
^generates to a circle, will be cv^ where eqqp to 

4g; agreeable to the defjju^a of » cindc. # 



1 


7g 


0f CURVAtUI^, 


• 4 


» fjt • 


:®^XAMPLE TV. 


^ and the Evolute 

of CVmnmoii .Qic;^^. 

i^et ARRiii given curv^ and AOH ^ evolute; 
nlao let lU axl3r€£ b# IKlIkiid to AQ,.and eO and Hw 

‘r< m. ■ 

if,' , 


B 



1 . 


AND THE EVCjyjTE OF CUEVSfi. 
•5». 


79 

iVrtGtf. 


'wc get R 0 , or A O (r=^^ = —%\ and i 0 , 

or A S (=*y —=: ;• whieh, when *'= a, 

or ROH ooinckTes with BH, become AOH ( 1 bH)=a, 
and C H (AG)=s|g. Heiice, bebmise It appeiln Uiat^ 

AW^ (a^) : A0« (2«f - *•) ;: A6 {{a) :"A S 

( —^ - y i* follow* that the evolote A O H is also a 

cycloid equal, and similar, to the involute A 

If the evolute had been' given, or supposed, a cycloid, 
and tltc involute required, the process would have been, 
more simple, as follows: 

Let A H ( 2 AG)=a, AO(sRO)^r, AS=x, 

SO=:^, BR = tJ, BA = ic, Rr=^, Rt=«f, ^c. Then 

it will bc,f f Art iH- 


> ; ^ {;:0 m ; 01l)::Rt (tb) ; Rr = y. 


--.i-'CRO) : 0m=-2 

z 

i ; 3i:;2 (RO) ; RBt=^, 

Whence we have Rn (Rw—AS) —x, 

y . ^ 

^ V 

and An (O S —O —whfoh expressions an- 

swer to any curve whatever. 

Rut, in the case above proposed, AH- f <j^) *. A O- 

fc);; AG {ia) : AS (x); therefore ^ ^ ^ 


and j> (/iJ— t! ; and ysequently P n 

£ == la-^w (o/ c B - B A; 

\ i ' a ia 



I 


80 


Ot ta% ILADII OF CUBVATtmfi, 

’’ (v)= 




the3refore«it will be t): to ^$taw) 


::✓«?; that is, ai Rr ; R««: t^Bc : ; 

which is a kaii^im mmtattt of the cycl<ud. 

Hithmo has bettt had to curves where the 

ordinates ire fiaxallei'*'to ^pch other ; but when the or¬ 
dinates are all r e fe wed t6>a given point, ^as in spirals, 
&C, <rther theomns will 4)econie xuicessary ; and may be 
thus deiived. « 


7S. Let A R B be the proposed curve, P the point, 
or center, to which its ordinates arc referred, N 0 



the endutc, 
and R O the 
ray of cur¬ 
vature at II: 
moreover, let 
PH be perpen¬ 
dicular to KO ; 
and, 5up|)osin^ 
the oniinato 
PR Cy) to be¬ 
come variable 
by tbc motion 
of the point 
R along tbc 
curve, let the 
fluxions of AR 


and PH (p)^ 

ceteitioi of 
the points K 
and H ^ di- 


rectum# per- 
poidieular to 
RO*, ^ dc- 








4 


AliD TM1£ EVp^.lTTfi OF CCttVXfi. 

Therefore, the telerifies of any two •points, in a 
right-line revolving about a center, being a» the'dis- 
uuocs from that center, it tollowb that p \ z\ \ OH ; 
OR; whence by diviuoo {patdng U Hsst;) wo have 


vs 


vpz 


iat p £ 


P--PP 

— yy therefore RO = 

• r ■ * yy'^pp 

which, bt'cause yf^—p' 18 = 0'- (^id therefore yy^pp— 

r?;willal.«bc= 


rv 


SI 


T/jt Aomc' otherwise. 

lA*t S U t> he ;i circle described about*the i>oint O, 
, aii a center, auti saj>}H>sc the distance P R to be variable 
!)v th(' motio!i 



2yy—gn‘: must be equiil to nothing ; and therefore r=a 

dwj very same aa tfoovc. Nor is it of any con¬ 
i' 

sequence whether y and v be here looked uj)od as respect¬ 
ing the drcle, or^tbe pufvc; since, at R, they must be 
the same in both cases ; otherwise the curvature oouM 
not be the same*. Now ftom the value of R O thus* i^rt. 6S. 
found) wldch (corrected, when necessary) will also .ex- , 

press the length of the >arch NO of the evolntef, t Art. 6a 
the ordinate F O and the tangent O H of the ei%]ute 



OF Ttfs »AI>n OjijCURVATtrUE, 

^ . ' 
easily Muwil. For d*!! ( R 0-RH ) = ^ 

and PO (=?v/OU4P 

r ^ r ' 

whence the nature of die evoKite isicnoiTa. 


EX3tM|rXK I. . 

i 

74. Xact the given cuHe A R be the *logaridiraic 
(piral, Wosc natftre is such, that the an'^lc [* R Q (or 
RRH) which the ordinate makes with the cur>e if 
ev^ where the same. 

Then (denoting the. sine of that angle by A, and 
the radius of the by we have R II ( 


a 


and therefore RO {; which bi?ing 

\ p / Ay A 

to P R (^) in the const|g[t uf </ to A, ur td' V II to 
RH, the triai^ks R OP apd E P JI must therefore Ijo 
siml^,^,^dso thejmglePOH, which the ordinat*' 
PO^jU^eswith theievdute, being everywhere ctjual 
to PRQ, will likewise be bivarialdc. Whena* it ap¬ 
pears that the evolutc is also a logarithmic spiral, 
«|Wilar to the involute; and that a right-line <trawu 
frtysi the center, pAtpcndscular to the ordinate, of any 
lejgaritbinic epirah, ^iU pass through tho center of cur¬ 
vature. 




EX AMPULE II. 

75. enrve twonostfd be.the spiral of Artkinudcfi 

by • ' y* 

dhctt^wie have n= ■ ~*hd r s= -7~==i 

t<y^+A« M_+ A^ 

(aee Art ^). Therefore \ + A'f “"4+ f x 



AVD THI^ EV^I.UTE OF CU11V£S. 




:V£LUT1 

t- 


yj •_ 


y+it-ii ^ y^f¥][ .0 

♦curvature is here = wbidt being * * Arf* 

when y=0, the arch* of tb|ft e^jlutc,-f-* r^oned from f An. 

» • i. /» i, 

the vertex, ks thereiore = . 

/ + 2d* ^ »« 

xVftiT the \cry same manner yon may proceed in other 

cases; but if the value of r (or*^^ changes in any 

case, fh>m |>osit!vc to nr^tive," * the radius of curva- 
furc (UO) after iu'commg in6nite, will on the 
other side of the tangent, and the.corresponding point 
of die curve, when r=0, will be a point of Conirary-^ 
Flentre. Whea^ce it may beiobserved that the point 
of inflexion, in a curv^ whose ordinates are referred 
to a center, may be fouad by n^ing the £uxion of 
the pcq^endicuiar, drawn lirom the center to the tangent, 
ccpial to nothing, which case is not taken notice of in 
the preceding Section. 



THS ICAKHSA or FI^IMG FtOKMTS. 


SEGTiON yi. 

' * 

Cf the Method, or the Manner of tie- 

ierwining the Fiuent» of given Fiuxiomt. 

76. In th 0 - iMoe^JSietMod, wiSieij teachi^s the man¬ 
ner Ending tlie tecpec^ve flowing t|uantkies of ^iven 
flusdon^there will be no great difficulty in conceiving 
rite reasons^ if i^at is already delivered in Stet. 1 on 
the ZWrcfl Mi^kod, has been duly considered: thongK" 
the difficulties that occur in this pan, upon another 
account, ace in^ed vistiy saperiur. 

It is an easj matlc^, or not impossible at ni(»t, to 
find the fluxion of any flowing quantity whatevei^ 
^ but in the /averse the cose is quite different: 

ibr, as there is no inctiMd fisr deducing the fluent 
from the fln3doD,e prnnfh by a direct investigation, so 
it m i mpo as ^de to lay rules fur any other forms 
of.ttuxkms ^au^thase particular ones which we know, 
fitOnn the direct belo^ to ouch and such kinds of 

flowing quantities.- Thus^ Sir example, the fluent of 
is Known to be because it is ^suiul in Art. Band 
14, that Sxi is the fluxion of s '*; but the fluent of yV 
^ unknown, since no expression has been discovered that 
produces jfJT for tta fluxion. 

77. Now, u the principal rule in the Direct Afet/iod 
is that fin* tfle fluxtotis of powers derived in Art. 8 
(where it is proved that the fluxion of x" is MxiV/r- 
expressed by ; so the most geueiai rule 

that can he given in the Inverse Afeihofl, must-be that 
ariaing fitw the converse thereof,; whi^ shows how to 
dw jtuaU of att^ vower a vaxiMe quantity 
drawn into the JtMXym of the roo^y and .phich, expressed 
in words, will W as folWs. ^ ' 

Ditnde fy dut ^gtadan of^.the root, add unity to the 
of the poii>er, and dhide exponent so 

Ukeretuid. s " 





THE MAH>j£K Ot riNDIHC FLUft^TB. ■ 

For, dividiug tht flu^fon Hx^'x^hy x*(the fluxion 
ol' the root x) it becomes aj'"*; and, addin^^ I to the 
fc’xponont (a— 1 ) we have luf; which, divided by «, 
gives j?*, ^ true fluent of by Art. 8. 


I fence (by the same rule) the 
Fluent of will be 5 = j 

That oT «r i = ; 

• i 


S5 


That of 2 j ‘a 


8 ' 


U'hat of yty ; 

I'hat of ay\y = —; 

H 




That ofj/\y = 


« — -f I 

'■ ' 




OA . — ar'“* 


That of—-, or = 


l-fi' 


, . Thht of (/ + 2 ^^ X - *= — 


And that of o* +'^ x c 

•» 




•m X»-f 1'; 


• -i. 


for Aerc the root, nr ^the. quantity under the general 
i^dex n, being a*" 4^ and ita fluxion s: 

(Art. 1#) we shall, by b^ the l^t of,*4f®8e 


quantities^ hawt 




TA 


; "whemx:, inereaiuB^-'the 

t**'* * ‘ . 


V* o . 



86 


OP rifnisc, FL\riE;KTS. 
unity, aui dividin" fty (^^+1) index so. 


increased, there comes put --rr.=rr—. 

mxn+l 

.After tirerra^ same manner the nuents of other 
expressions may lie deduced, when tlie quantity, 
or nralt^iaiior, witbout .the vinculum, is cither 
cqufli, or in' a amstimt ratio, \o the fluxion of die 
qutt^ty under Uie vincullim : as in tlx; cxiirc^ion 

where the number of dimenw 
of s undar the ntnctcficnt (or general index) being cm 
to those of ' z without the r/ncM/wm + 1? the Hua 
may^ereftnre be as in the preening examples; 


and will come out 



X d 


ncxm+1 


and, that this (or 


any other expression derived in like manner) is the true 
duent will mdently by supposing x equal to 

a ^ ear, the;tjiuntity under the vmculum; for theu 
quanutM^ Mving equal fiuxi(ms) x vU! In- 


♦ Art. 8. nez^* i ; * and c*>nscqucntly a + r;’ x f/«" ‘ 

dxTx 


(* *-x --) = 
nc^ 

¥ 


nc 


whose fluent is therefore 




dxa+cr*i 


^ I V' J t J* 




78/ In assi^ing the fluents trf given fluxions, there 
is lUHA^^^^rticular that ought- to be a^ndod to, not 
. yet Odicn’^otaw rtf; and that is, whether tht' flowihg 
quantity, found 'by' tJu; common rtilo above ileUvored. 
does not "'require the addition or‘subWaction <rf^ some 
" ./'Wns^nt quimtity to render it coippletc. This indcc<l 



TIIK MAKKSm OF FIKDINu FLUKKTS. 

fan only be known from tl»e nature problem 

uiKler c'UtMderatum; uut that such ao addition 
t>r xubtrncticm may, in some cases, become necossary, 
ts evident from the subject since a flowing 

<|uaiuity increased or dmeiised by aceustont guantlty, 
has, still ihc sofne fluxion ; ana therefore the j^uent. 
of tlmt fluxion is as j>roperly expressed bytlie yhole 
eoujiHiuml exi>resbion, as by thp variabjc part of it 
alone: thns^ for instance, the‘fluent %i' 713 ’*^'x may 
lie either rigirestnietl by .r* pr ± o, because (a 

bciiig conkuin) the fluxion or:t’* ± o, as well as of 

79 . Hence it appears that it is the variable' part of 
a fimnt only whidi is assignable by the common me¬ 
thod ; ilte constant part (when siich becoifles necessary) 
licing-to be ascertaim’d from the particular nature of 
the proiilcin. Now, to do this, the best way is to con¬ 
sider byw much the variable part of the fluent, first 
found, difiers from the truth in that particular ■curcum- 
stanco,'-when the required quantity which the whole 
fluent ought to express, is equal to notliii^ ; then 
L har difien^nce added to, oc suWactfeil fimm, the said 
variable ^lart, as occasion requires, will give the fluent 
truly corrected: for, since the dilferencc of two quan- 
tibiii flowing with the same celcwty (or having equal 
fluxions) is eitha- notbirtg nt all or coiwtonffy the same, 
the difita^ce in that' cfircumstaUce will likewise bo the 
difference in all otliOT dieumstances; and therdbro 
tieing added^to th$ lesser quantity, or subtracted from 
the greats, both'bccofrae equal. 

80. fo render what is abofVe delivered asiamiliar as 
may be,J shidl down a few examples; in which 
the variaw quantities icprosebtcd fay x and^.are sup- 
p^lted td bt^tn Aeir exiso^fecs^^ together, 

rsUed at the same time. ‘ ' 



as 


TU W Fi^trSNTS. 


then 


Sutsit, 


found M usual, 


be^ as ; wkarc taking jf » 0, also va- 
»•' . 36 •v 

tn^ifis (beoatuse^^M *=0 Jjy bj^hcaia): therefore 
the fluent nquin|)i>no coirecaaon In thia case. 


Let ^a+fl* X ir Here we fi«t have ^ = 
; but wboi^ *s 0, diea betiomes = ^ 

(since ar, "by bypodicsis, k then = 0): therefore 

■ <dvxwM exceeds V by ^; and so the fluent pro- 


. ) 


f ’ 

paly cwi ected will be^=£ 




“ T* 

-I- ujr* + ^ 


But Ae^-very same fluent may be otherwise finnid, 
y«>4^g y^y oon:ectioti: for the given o^aa- 

thm ^ Xi), expanding is trans¬ 

formed to f = a*ii+.3a*x3e+8<u^x+x*a;; whence y = 


grt*j*S •’*-'* * jp^- 

4. 4- » ;’^aafne as obone. 


j > 


dif- 
uxkni 


Heoee h jqipean that ^ fluent of an cxpressioiu 
found to one flnUH may tuquiib^a vcr>' d'" 

forest osdiiiBBtio& &om the flueUt of the satne tiiud 
flmud aocibiNSiig to anoduer fonn. 

9iL «• 

■ ■ v:' ‘ 

‘ -T ■ V 1 ^/ '■ ^ ' ■ 

.W,^' .» Xy x^‘'‘ A. \' .• t .'. 


b ss 

r' " 


bocomes 


■ si‘ 



TH« IfANKEE OF F4MD1NG FLVSKTS. 


a* 




= — —; thcrefinrc — 
3 


is too little by — ; 


* • • . a 

and so the fluent corrected . will be ^ “ 

• £> 

~T“ 


4. Lety=:a" + jr“l* here we first have 

* ** 

-; and making ^=0, the latter part of the 

wxn-Hl 


equation beccunes 


a’=T+‘ 


■e-f n 


; whence the 


mxn + l mxn+i 
equatiuu, or fluent, truly corrected, is y = 

m X it*f 1 


5. Lastly, let y o -f ei^Y 


+ wfx*“*x ; then, in the first place, wchave^sr: 

__ .^1 




; whidi, corrected as al»ve, bectnnes 






81. ilpitherto imdy are both supposed equal to no¬ 
thing at theaaise time ; but that wM not ahraysbe tllb 
caqa ih the solution of pedifioms. Thus, for instance^ 
tli^gh the sine and tangent of on arch are both ^ual 
to nothing when the arch itself equal to nuthingvy^^ 



X 

90 


i 


TUft MJimsr.S OH FINDlNt. hLVRN’19. 

th« secant is.then equal to tafias: it aill bo piopcr 
thflvcfere to add an^exampW or two wherein the value 
of is equal to nothing, whea that d* jr is equal to any 
given quantity a. 


Let, *thcn, tho equation ysB^r’i be* first poixi&i'd, 

<.v* 

whereof the fluoit (hrst taken) is ^ » s ; hut 'Wieii 

• ^ 

x’ a* 

j^ssO, thcD-^ =s y, by hypothesis; therefore the 

o o • 


fluent, ^hrrected^ ts^= 



Again, let the proposed equation be y = ^ x" > 
thpn will ^ =-; which, corrected, becomes y — 

— jr*+> 

^n+l * 


J.4f8tiy, let 3f «s c* 4- hs-\i x xi ; then, first y = 


when ^=0 and i=o, 


rM In 


1)C* 


oomes =s 


«| S I , ■Ml. .1.1 If I II ■ I .llj I ■|l■,^■l.^. 

Sb .s? 


. thoefore the fluent cmrcctoil is 


SSL AH flbe examples hitherto given rdbtc to »Meh 
fluxions as invalve on# vpniable quantity only in each 
term, wkoae Hnenta lore tfttignafai^'l&om the ^versc 
the first geneaal rule, th S^clivfk 1 . , Bam faesulos thc^ 
vaHous oflica finias of fiuxions na^ hb jrQposod,^ in¬ 
volving two dr moK variable quautinem whost? fluc^ts 
may oLoOt he found by hdp of the- otm two gener|l 
rules delivcrcd^^in the san^ section. 


t 
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Thus the fluent iaj^^rfssed 1^ ;* that* Art-10.' 

' y'* > • ^ 

th»‘ of oi+iy+J'i by <w+ay;t tArt! la 

»' »5' ,», * * 


and that of niyjf"* + yi—i X yx— ar^'l’" by 


J 




m 




p-^m 


: for, dividing (in th^ last case) by 


the duxion of the root ^’‘x —ax",^ vlndi (by Art.fArLTt 
14 and 15) is y + yi — wu*~‘^ i, we tlrst have 


y x— whence, adding unity to the exponent 
—, and dividing by the exponent so increased, we get 


-- t-.-f I 


p+Bt 


^y^x—ojP] ..TO xy^T’-^ax" j 


M 


+ 1 


p + m 


for the true fluent of 


the quantity pronosrf. But it seldom happens that 
these kinds of fluxions, which involTe two lUffcrcnt 
variahlc quantities in one term, and .yet admit of known 
or i^erfect fluents, are to be met wiA in practice; I 
shall therefore t^c no further xmtice of tnem in this 
ptooe, but refer the reader to the sectmd part of the 
work, tny ^ign here bcjug toinsist only upon ^at is 
most gei^rm and useful in the subject; which brings 
me to fiatthcr consider those forms of fluxions, involv¬ 
ing one variable quantity only, that ftequaatly occur in 
jthe solution of problonos, whose fluents may (after 
proper transformation)* be found by the rule already 
delivered ios Art T7. * 





Arcs. 






TH£ MAXV&a or tiHPING IXUSNTS. 

83. It hfft been i^ire^ •that if a fluxion of 

* , ^-I ■ * 

the luDomial kimly is o«fcFl has the index 

1) oi the variablje quantity fsj without the t'lM- 
ca/am + l, equal tq the index of the same quan¬ 
tity untfer the vuumluni^ the fluent theL-cof may be then 
truly ibund hj the forementioned rule. But the sumo 
obs^atimi may be flutber extended to tho9c 
where the tndar ^thoui the ittneuium. intreased untft/ 

is equal to ai^ mmitiple of that under the vinculum ; os 

« 

in the ^Repressions, o + c 2 ^j’“ x s, a~^ x 

dr^'i, a+ ca’^* x <?;■***’£, Ac. Whose fluents arc 

thus determined. 

( 

Put a + cs* s= X, thai will z^ss ^ and * 

c 


« * • 

5= -i;* and thcaradbre wr ^ -2. x 

c * c nc 


XX ^ax 
MC* 


whence by substitution wc get a -f x 


. x*xd xja —«i . x-***A-- ox'-i 

a ss..--——--— SR d. X -■:- 


me* 


nc* 


■ <• 


■'H 


whose fblM 0^ Art. 77) if therefore 




wc® 


£lL- ; whiclL by rcstorinfl the value of 

m+A mdrl 


:+r 


H' 


*'v d a T cf*^ 




•*- i 




X, become# X 


• UiX o 


’ i 






>■+1 


at -h 1 


V 



TRB XAR73KB. OV FINDING FLCSKTS. 


.«+! 




<1X a + «"l a + C 2 * 
- —: X 


d X a 4' 


»4I 


nc' 


»i-f2 wi+1 






- ^m: 2 x,^ ft’ ^^ of ^ X 

(U ♦. 


«• ' ^ 


Again, for the fluent <rf* ft + c»’l" x be- 

cause c**"' i = —•, and. r" = ^—? , wc have 2 ^"“* f 
VC c 


( = X ’ t) ^ irS X ±=x£!£i:52^i±££ 


HC 


IfC^ 


whence, a -f- c?* T being = *"•, we get a + ca:*| * x 


r 


rfY"* X x'x — 2«.rx + a'-i- 


nc' 


nc 


X — Jia.r’"'*'* x + ; whose fluent is there¬ 


fore 


d 

X 




dr 

Wr* 


. M 


?ic' »4'3 w + 2 

■:F- 


4* 


(l*X ** ’ 


IB*f 1 


dxa + cz** 


t+» 


« + S tn + 2 «-hl 




^ . £.• 


a + c^' 


I 


Sa-’+Sflcr'' , . a 

m+2 i»4-1 


so —* 


• + I 


iaci* 


4- 


7IC 

2rt* 




^7n + 3 m4-3xm4-2 , to + 3xm4-'f XwiH-l 


) 


9 S 


X 



'THE XANXEE OF FINOINO FLUEJCTS. 

Unit>cf9t^^;jfy let^r denote iny wtiole positive number 

and let the fluent of x be 

jequirod; then, by putting a+ cs*=t, ami proctfcd- 
ing ascabore, ^ |nojS!^ fluxion is transformnl to 


dx^x 


X * — * which, expanding i — a 


>r—l 


(by the Bipomial Xhoorem ) beooi.ics 


ne 


y-t-f-i X—X t 

" ti 7 "” 

Ac. whose fluent "is therefore =: — x - 

n<f w-f f' 


r—1 xoa*^*’ r — Ixr — 2x - 

-5— + I ' __ _, «C. = 

« + r—1 «xiu+r—2 " 

jjT-i y .^1 xoa'-’ r— I X r — 2 X aV”^ 

—■■■ .. X — ■ — — . .. 4 . --— ~ - - 

Tuf m + r m + r—1 2xm+r—2 

■ 4c. 

Where, r being a whole |x»8itive number, the mul- 

riplicatoral,r—l.r-rl xr—2,r—S xr—2xf—3,&c. 
will thneforc beome e^ual to nothing, after the r first 
t«iiis; aiKjt 80 , the senes terminating, the fluent itscll' 
wiU be ttuly exhibited in that numlxr of terms: ex¬ 
cept when m + r is lilmwise a whole jxisitive number, 
lessthbor,- in which mrcmmstance, ihodivisors w+r, 
¥i+r—Ij ^ + r—2, 4c.' becoming equid, to nothing, 
befiire th^ multiplicMorB, the Gorresbonmug terms of 
the senewynll be infinite. " And jm that case the, fluent 
is said to fall, since Uc^ing can then be determined 

tWim «♦ *.. 



THE MAtTKCE OF FIKDINC FLUEKTS. 

84. Besides ^these k another way of 

(lori\'ing the Hu^t of x m, terms 

of the original Aammgk^whi^^ a 

theorem more commo&dlis fiv -a ftA fle ahbre 

given : the method of ' / 


given : the method of 
Let x 

&c.) (where/?, o. A, &C. denofci'kip^^iHmi)^ 

determinate (quantities) be assumed the fluent 
sought; then by taking' the fl/sxion of^e quantity so 
assumed, we shall have * ^ 

dai X iJT+Tx X oTcFT X 

&c. 4- d X a + c;:"!’**' x /?Ar^‘ i,4- /? — e X 

2r x i, &c.* which being put "Art 

equal to the given fluxion, o + c*"!* x i, and 

the whole equation divided by a + «"1" x dzr' £, there 
comes out 

+ cn X m “+1 x X A?+Cr^-f i)?^ &c. 

# 


4 « 4- cr" x pAs^+p’-o X Bs^+p—2u xCr^ &c. 

e. 

whence, by collectiug the (soeiBcients of the like powers 
of £, we have ' v 

''■"’‘"HxcA.-*-+ j- xcBz+ 

-/>) +p-r) +p-»t>) &c. 


ipaAr' 


4 p—oxaBs^ &c. 


where, comparing p 4-« snd 7*w , the two gi^test expo¬ 
nents of z, we find p=m—n=r— 1 x n ,• andkby'com- 
l)aring tlur two next inferior exponents p;^-w—ii, md p, 




i 


^ TSSnKAKNCft 07 FlHOnM 7I.U£KTi. 

»h)U valnes bc^ mfattitutcd 
4d»ve, ojBT equation is vedai^ 

•^Tr X x 





•f r—X ikiBx'*^&c. 


where, put^D^ m+rs«*, «nd comparing the codh- 
c^ts of ^ v^lMKiMdogous tmoBy* wi> hafTo A ^ 


B = - 


r—itxoB 


r—I x« A. 


r— 1 X 


_ : — ^ C 5=5 — 

1 xc axs—lx nc* 

r—Ixr—Sxo^ r—iJxoC 

^ «.^ X c 


a—Sxc ax« —Ixa— 2 x«c 

« 

r —1 X r — 2 xr— 
axa—1 xa—iTxa—Sx/ic* 


, &C. &c. 


which values, with those of p and t), being sul*stitutcd 
m the assumed fluent, it becoBOts dxo+c^i^^^ x 


ar— 


&C. = 


axa—1 xac* 

d X fl + cFl*'*'* 


• — I X r — 2 X a«s^* 


axa-*l xa—2 xac^ 

s**”^ "r””'! ^ 

X ^ — -=:=- + 

* a — l xc 


! !—? j Sic. the true £uent of 

s—lxa-?2xc- 

fl + c?r^* X which was to be detormined: 

which duent therefore, when r is a whole positive 
number, will always terminal; in os many terms as 
jftre expressed hj that number, excq)t in that particular 
case specified m the last article. Thus, if r=2, or 


“ r«frp. 181 Algebru. 







THE MANKKE of FINDIXO FLUXUTI. 

the given Suxion bo a + “ x i ; 

(wi+r) bcing=«+2, the &teDt hsdf wia^MpK 

tf ^ ' 

rfxa-TcFi*^' , •'. 4xo+^’"*'' 

.. . y» — aj T . '~‘ .. ' " ” y-'gE ♦."J 'a' ' - X 

V. V7rt + 2 1 Wl-f lxtf ^ • 

_ ■ *i 

—::-- r:=r—s=== ; whiob » Wacthr tfec SaiOC 

w 2 »t 2 X w +1 

• • 

with the first (il‘those fouinl in Art. 8^' by a ^il^ient 
inutliod 

The like agreement will likewise be found, when r 
is s= 'i: but when r cither denotes a broken or a 
negative in'imlnr, the scries for ihi riudlu will then 
^run on to infinity . because no oni^ of tht' inultiplicators 
r—1, r“2, r—ti. r--4, &c. can in that case be equal 
to notliing. 

85. Tb^ foregoing duent, it may be observed, was 

found by fuming rf x o 4* x 4- 4 

&.C. and comparing the two greatest exponents of 
the equation thence resulting : but if, instead of 
A£''++ an ascending series, as At4r^ + 

&c- (whore the exponents of e con¬ 
tinually increase) be taken, and the two least ipdiees 
of s m the equation (in like manner resulting) be com¬ 
pared togetb«', the same duout will be had according 
to a di^gnt form, which will Iw of good use in many 
cases when the forgoing fails, or runs out into an infi¬ 
nite senes. 

Thus, if p*f Sc, Sec. be wrote in the room of 
p—t), &io. respectively, in die first equation of^ 

the last article, it will appear that . ^ 



9H tn HAH19XR OF Fli'DlMC FLCi-NT^. 

+ CIt X 1* X Aj^ 4-^^* + €«^ &C. 

j>+tf &.C. 

which equation may be i^^uced to 


h' 


paA2>+;>+t>5eoB»^+p+*PX«Cfi^^ &c 

*1 




U., 




where, by comparing the two least exponentii, &e, p 

will be found = r«, e = n, — = -^; 11 — 

^ pa rrta 


jr4-nxm 4 -l xcA 


r+i« 4*1 X »<*A 


p-^vxa 


r 4-1 xna 


> 4 -m 4 -l xc 
r X rTl X 


; C« 


^p-pC^WXTO-fl xcB 


p+2i> xa 


S3 


r4-w4-2xitcB r +xr + m-fSxc* 


&c. &c. 


r + Sxno r xr + 1 xr + 2x no* 

Therefofe, denoting r4*m by « (as above) the duent (»j 
o-hc?^*x will ^also) be truly represented by 


d X a -► cs"; 


X (S - 


a 4-1 X C2 


.»r*+« 


r xr+1 X m ' 


a 


4-1 xt 


X 


. _• •+ * "J 

a^c£", X til 

mo 


r X r -p'l X r 4'* X aa 


~ 8t^.) or its equal 


a+1 xcs“ a + lxi+^xc- 2 ** ^ 

X 1 — - -P -t==-=s:r:-- Sec. 


r+1 xo 


r+l X r +2 X a* 


Which series terminate when a (or r+m) is n 
negative number; and therefore in all such case» 



t 


THS OV FI|t 9 f¥G 

the fluent is exsetljr detsrmiiMd; prmded r be not 
also 8 native tntc^^jlen tbm s; iw in this MTticulai 
circumstance the fpe^ tM* jhiiinr fint Wmsing 
equal to nothing Vide Art. 8S. * 

The use of the tivo gaicnl esp wa M wns, 

for the ftucBt pf X daT^it wiH sf|Mte ftem 

the foUowiBg eanqples. • ^ . 


EXAMPI^S t 


86 


Aiat 


«4 ^"^ x^nl. 


By comparing the iuxion bna ps t y i ri ssWi 

a -i-c?]%c if we haire astfl, cs=l, Sesae, «»!, 
»»=:—I, d^bt n»—1 (of r—1) scl; whence ras^j 
and ==f; vhaeofdieforsierbeu^a whdepo¬ 

sitive number, let these vtiam be thstelbie subatituted in 

d X o+c?)*'*’* 


«nc 


/tT^ r—1XA*'^ 

(l ^ ,— 


xe 


^ to) the first of fbe taw ge- 

8 — 1 x»-^2xe* 

ncral tsq^nMRons fix the fiueot, safi it wUl hsionie 
jf (*- “ > ,the^ 

tity sought in thk csse* 


m 2 
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^ • 


£XA*MPL£ II. 


87. La Hkc /ibirtefti preposed be » or 

* X 6x^i. 

Hck, iij ptroepding is above, wc have a=a, 

ZtsiXi Hsn, m s: ~|, ds^hf rscO. and s ( 
whence, by ‘subatimtiiig these several vdues in 

the cttme genend es^rainon, wc get x 

~ Soar , ST 6xa+j^l^ 

— 5 ^ - . 

16a» 

15 


EXAMPLE III. 


88. Whereias ike Qtcanf^ j>ropo«ed u ^or 

we have o=agr*5 »>={> 

d*=l, m—l(ar Sir—1) ss —wWnee r (as-H T . — - ^ ^ 


^ 6 

ang a fr+iH^ =b — 2; where<rfthe latter 

being a whde negative number, lef Oie several 
vahwa here edmed be therefore aubstituted in 
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• g+ i xcg* ^ g-f 1 xT+g X c ^i** 
rm , ^ v"*' r+ixa 7Hrl,xr+2xa* 

&&) the ktter df m ,tiro gOierai exprenam a^ve 

derived^ wAd it MU become ^ 

;* the true fluent 

paired. 


EXAMPLE IV. - 

80 - Lastly^ kt (he given JFltixiem be x 


Then, a being ssfl, c =s — y, *■«—{» 

and the rest as in the general fiuxioQ x 

dsT^^i; vfo shall, by substitutixig in the second 
form (because « is here eqnal to (*9) a whole n^- 

. ^ X^ —2x—^/i“ 

ttvo numbd^ have -x(1«»>* —■ 

-gx -ix/ ».«-v ^ 

« 

' a—xWut+24g/V+iy *g^ 



00. HaviAg insisted largely on Ote manner df finding 
such fluaits as can be exhibited in ^gebraic 
terms; it iicmaiiis now to say sommhing with isgurd to 



TVt MMMitmm «r fi^tsiko fs.u sntb 

t hny oilier jbatms of o K p r cM kms, involving one var^a- 
Ue y w ^ ty only, jfsly are eo aAeSd fay com- 

pound divieoTB ana radicai quantities^ that tbdr fluents 
tfocM^efy do e emu a^ ^^7 inetbod what- 
iMevei*; •of wbiab there are limumeraMe Idndl: but 
thefek one gttMtal method vhcapl^ jthd fiuents of auch 
expresiumave iqtonndmated^ m any niwgntil dmet of 
exactaeea; naaw, the tatmi of ,* 

e^iGlk utriU, wmtxe, boiwceiMay <be&|flain, so &r 
as relates to the mannrr ff eatpoundum die raluc of any 
im^^oond fiwtMiu or^nm qwiti^y^ hdp of sudi a 
aeries, * 


£XAMP|.£ I. 

91, ZeBy 11^tAe #VOi^t»wi Jlrat given; to fm 
, eoKoet^tei on/ffEwie iSeries. 

Divida the munfEator o« die denominator a— 
aaie ttiii^ in o o a w o nn d diviaiohof eaBanon aigi^a; 
dien dlfaopMtkin ml mad aa Icdlows. 

jpa 

C*+ * + 


^ oar*—a* 4 


api 



TKfE V1NUIM€ FX.CEVT4. 

where 'the quotient, or serief x + —‘ + '^+-t4- 

a a’ 

infimtdy oontinned, is takoi to c&pound 


the value of the prx^NMod fractioa 


ai 

a—a 


9S. But, thtm^ the senes thus anting ou^t to he 
carried on^ a« infinity of tenns* to have me tnxe value 
of the quantity first proposed ; or, though the quotient, 
continued to ever so pycat a number •of tenfls, will be 
stfil flomethiiig de^itive of<he truth ; vet, if the value 
of the quantity (x) in the pumerator be but small in 
comparison of the quantity (aj in the denominator, the 
remainder, after a tew terms in the quotient, will be¬ 
come so exceeding small, as to he n^oct^ without 
any constdcralde error; Ond then Ae vumofthe calo2e, 
or of the qusnti^ fiwt proposed wffl he very nearly, ex¬ 
hibited, by taking a small numher of the mding terras 
only, 

l^us, for instance, let the value of o be expounded 
by 10, and that of x by unity; fiicn the ramainder 

^ after the two first teSbis of the quotient, being 
= this value, divided by the given divisor 

(o—xar) 9» a*ill therefore ^ve ^ ftd. 

for the defect, by taking the two first terms only: 
but, if the ^ree first temas be taken, the defect will 
be «tr7/ leas oonatderable ; anraunting to no more than 

or 0,08111111, K 

This may likewise bqfmadc to appear, without •any 
regard to tM Temainder, by collecting into one eqm, 
tho values of all the terme^to be taken; if,only 

the fiyat iwu 4r + —^ be proposed, their sum will be 


ias 



10* 


THtt jiAKiSka or FiyuiMG rtnsivrs, 

1; ^e^iitstyd firum the*tn|ve value of the 

, ^reu Erection (sn m l»lnilll» Ic. the 

d&flhrezicc will eOme ike very same <iv 

b^rt. ' . 

Thiu, also, by collecting the tftitn of the throe, four, 
and five, &e first terms of die * series, you wiU hu% c 
1,11; 1,111;sand 1,1111, ftc whyui being suc¬ 
cessively deducted fttnu 1,111111111, ^&c (as above) 
them will rem^ <^001111, &c. 0,00(Tllll, &c. 
0,00001111, &-e. ^ tmorrors ^ecta in those cases 
respectively. ^ 


9^. From what has heCn said in the preceding arti¬ 
cle it appears, •that sufinito series, in a^bra (accord¬ 
ing to a eorainon observation) are simUar to, or enr- 
re^wnd wit^, deciin|d j&actiims in common arithmetic 
as a deetmal inaction may be earned on lo 
any pn^>Qsed number of places, however great, and yot 
never amount to a quantity, which but a very little 
exceeds ^e vidue of m three or (bur first places; so a 
series ms^ he infinite vntb rward to tho nun]l>er of its 
teroaa^ siA yet a few of die leading teams only, may 
be eufteient to JKTOMS tlie value of the tcAo/c, very 
seariy t providea slwi^ that the series has a sufficient 
rate ef ^xatver^ency, or that «ta tmns decrease in a 
pretty lar^ p||0portion: , for othiarwise, eoen, a great 
nunmer of terms umf used to little purpose: thus, 

• * jc^ • 

in the forgoingfextes, &c, if a be taken 

CKO, no nowbA of tetms will be s^i|ksfi^ to esthibit 

the value die emrespondiii^ Iractaon it being 

infixota in diet cahwmstanoe. / 

9*< Having^ endeavo^^ to moW llfet the true 
vah^ of an infliiitt setiAS mjiQr he nedrlj^ ohtui&cd by 
addiqg together a few of'tbewlrsi'tennaittnly, I vh<ill 
now proceed to give mUmples of t^e m^inx-r of 
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convertmg fractional; aodl lurd, qi^titieo into each 
kinds of series, in order to ’the approximation of the 
ilucnts of expressiona affected by them. 


fiXAMPtE 11. 


Lei the quanti^ proposed he ike Jractiok* 




then, by prtfceeoiiig a*- in the* 0rst exam]^, you will 
have . ♦ 

c* + gfy+y?) . . , . . . (1— 


&C. 






Ac, 

c 

Whore, from a fev of the first tenna of the quo¬ 
tient, the law oDatmuatun is nmaifest^ nu¬ 
merators being in arithmetical progTefeian^and the 
signs,+and—> altenu^y. 


«i 




EXAMPLE III.. 


4 1 4 

. 95. Let ike'^fuanli^ given be -=—j—p-- 
Then the quotient fA be 

9r*+14r* W thejw o/ conitnmUm is ma¬ 

nifest ; being * 80 ch' that ^ eo^ffidont cf oetk suo- 
c^ing term is equal (o the yipa of those of the two 
terms immediately prooe^ng it. > 
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EXAMPLE IV. 


tkt Madifal^luafUi^ be proposed. 

Hare, accordmg to ‘ the comaKm method of cn- 
tiaeting the square rooty the prooess ivili stand as 
fidlows: 


« 

jp 4 


*“ + a “ Sr> (- + 


X* 

Sa 






— 

4a* 




4a' 


4a^ 


* *1 

^ 64^^’ 


jr* X® 

8a^ 64? ' 


97. The Uilr of oontuiuatum in senes, thus arising, 
fitnoa tadieai quantities, is not easHjr discovered: but, 
if you vraald cany oorUie scries to any pnq>ostid nuni- 
her of tenas» ^ trail: aiB' be a good shortened, 
by df ^dlwg ihe remainder by the divisor, vdicn half 
uat BvmSnr hf terms is found (as iji ^ eonnuon di¬ 
vision) and observing, at the same toe, ^to,neglect all 
such temm edmae ipuices wddid estceed the greatest, or 
the greawat ]^aa the comnKm differasee, in the said 
Kmainder, aeoeeding as the ,^KOt^tkcr of terms 

prmosed to he toad is odd, or eto. ^ 

Thus, if it were proposed to cootoie the fortgoing 

ocries a + --to 6 terms, then the divisor 

2e 8a* 



4 


TfiJC UkHntK oip ^ 

(or double quotient) 2a the 


remainder '^— g|jf («• appears frolSi the Inst airtide) 
the rest of the operation wiH kUOtd thus: 


:i. 


2r^ + 


a 


^ a* 



n6 


&• .7*’" 

^ pSS’^BSfl? 


t' 


*10 


8a^'^16o^"“.g4?' 

5V* «“ 

f)4«h4a* 
- 5*’ 5-r'° 

fii?' 128a* 


7jf^ 

Whicii three terms thus found being added to those 

A" O'* 3?^ 

found above, we have a + -jn + wt-; — 

2a 8a< loa^ 


5.r» 


: 4- 


7a’* 

2^’ 


for the (> first t^ms ef an udinite 


128a _ 

sn ies exhibiting the value of 

I*'*' ' 

98. Another way oi‘ resolving any radical quantity, 
is to assume a senes (with uuhnown co-effidenta) for 
the vtdue efae^et^; and then the Starks ,so assumed being 
raised to the second, third, or fourth power, &c. ac¬ 
cording as the root to he extracted is a square, cubic, 
or bkuadratic one, nn equation will be ohuiined 
(freo hroiu surds) fxdm whence, by comparing the W)- 
mologous tettns, the assumed co-efficients, and con¬ 
sequently the series sought, will be determituxi; as in 


107 



lOB 

t 
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EXAMPLE V. 


Where A u prepoeed to extract the Square Moot of 
<^^3^ in on IifinUe Series, 

s 

In n^iidi cue, A + Cx-f+D*^ 

+Ex*" lequixcd series, and taking the 

■qoarc tnereo^ we liave 

A®+«A Bx^-V aA Cx^+«A Dx**+Ex»-&x 
•+B'a*’ + 8 BCa^+ 2 BDa«*&c. 

+c:**'' Kc 

'f aad anneyiteBtij 

A* +JSAB***+aACjr<*4-*ADj:*‘+«AEj*'&c 
-iT- B»»<’+«BC*‘*+«BDj»'&c. 

+ C"i‘"&c 

nS^fteSm A*-H^s=0, SAB~lr=0, SAC + B’^^O, 
SA^D-fSBCtsM^ XAE+SBBf OaO, * &c. From 

l^iich «e gBt*A a* a*} B ( a= ^ 




» B* 


In. BCv 1 « 

iA>’^<^«F’ » < ^ - x) “ ^ISS 5 I ’ ® 

( s — &C. whence we have 

A + B«^+'cje" + »«*• V'^+5'0 =<!• 

« Vi^ 1 ^ 161 iB)|(>Ik«njUse of Algebra. 



THE MANXEA OF FINDllTG FLOENTS. 


d«« Q«l« 


iS?* 
% 


Ac. Which ce- 


Sa*" ' 

ries, if tt be expound hf ujucy, will beoame 0+ 

- &c. the very fam^ with that in the pre^ 

0 ^ 8a* 

I 

ceding article found by the oontmon method. 


EXAMPLE VL* 


99 . Ltt it he requirtd to re»oit>e into an 

Infinite Series. 


Here, by assuming A + ftt"+C»** 4 ‘I 3 tt‘** A& and 
culnng the same, &c. we hare > 

A*-f SA^B^ + SA^Cx** + 3A»D»** + &c. 1 
- a - ftx* + SAB*x«" + 6ABC*»*+ Ac. J-5=0 

+ B»x*'+ fte. ) 


Therefore 

* 




6ABC-t-B\ Sb» 
8A« / “ Slal 



and consequently, o+'E?)^ (ssA+Ba^'+Cx^+&0*) 


ar o* 






Sof 99{ 8kd 


t 

« 


• #W _ _• *1 

And, in the aame manner* nMf w ^ 
other quantity tie eSlhuted: but as thb ceUlwafod bi¬ 
nomial theor^ dieoov«re<by the iihtstnom Sir 'Jsoec 
Na0ton, is vastly more easy and exj^ttoue, in nising 
powers and extracting roots ^lan that, or iny odier, 
method, I dhall now explain the uses thereof; hut^ 





llAWm os WlWtKG VLCftKT*. 

ttf Ult It HmT 'Aoi bt MoiM to iboiw W the theo- 
rSk iliel( tm toe nnimpln «f floxim, laay be dcy 
fM. 

Let, then, l-(>jrfae« biiMtodal whose first term » 
sditT^ kt Moond tern sny proposed quantity .y» 
aadnt iJm qni&dty to)^ es^endei d at thfowp into a 

aeries be f+y^; ^t^tponent v is supposed to 

deoeto any number whatever, whole or broken, jhv 
ittito or native * 

Now it is evident that the first term of the required 
aecim mut fat Vftof ; becaaw when y ia=;0, the other 

toBifl all vmifah; and* in that caaov 1-I^V is equal to 
unity. IiCt, 1 + Av" + 

dn. be asnuK^ to 9 Spm tha true itiluc of the uud 
aeriea, lar, which i# the mme, let 

=S 1 + 4^ + ^ + ty + Dy Ac. whole 
A,B, C, D,lto.jtoii,#if»4e. denote unknown, but 
detaraninate yiWOTea t 

# 

Tbaa, b)r taking Uw fluxion of die whole equation, 
(srapoaiog wnMnUe) wesbaH have qs^xlTyT* = 

Wbe^ nmltqdyibg m ttda of the two equatums, 
cKMB-wiaef and by yx l+yT"*, there comes 

oat iTyxtoAy^ + fiy^* + pC^^ + q6jr'‘&c. 
==e+eAj(^,4-flyiheC|y4*olV by redut- 

tioi4» 


^ ^ ho.» »0 





THB MANNBB 01 IIMOIKG 

Now^ lifioe ve are lU UbeHy lo tike ^ caq^eneoU 
of ^ what we ao a& to apwer the eonditions'of 
the equation, or lo ihat m|ennf here paf down 
may mntuaUy deetfoy feac^' othw; let theai| tbae- 
fore, be so t^Q& that the te^sisi dieoveljres may be 
honndogotLS, that la, let %—l=sr«i, 

fl*ls=p, &c. Th^ OibeiM$sl, »^2,pasS, ^=4, 
kc. if these several ^dues K snbsdtutM above, thp 
equation itse|f will becotXM 

A4-»Btf+3Cv«+4i^»+ &C.1 
*+Ay H-aBy*+3Ciy» Aft. >««r 
—o—oAjf—oCy,, Ae./ 

Where, taking A—oi^O, 8B+A—oA=0,3C + 2B— 
rB=:0, 404*30—oCssO, ke. so ^at wverY eohimo 
, of homolc^ua terms ^and, oonseqnently, the wlude 
expression) mi^ vanish, we also get A»o,‘ B (ss 


dA—A Ax 0—1 


3 


) 


V X 0—1 


Bx 


t)’ 




8 


)= 


ox 


2 / ; * 
o—I, 


2 




rfe (= 

wC 


rB-2B. 


. 3 
9C 


4 


=Cx 


0-3 




0 — 1 0—2 0—8 
X —— X —X-r—J Ac. Ac. 


4 / 2 '' 3 " A 

Whence, by writing these vidtie% with those of wi, n, 
p, Ac. in the series l+Ay+By+Oy Ac. first 

_' o' 

assumed, we, at l6i^th» find 14y*astl + oy + y x 

yj 


— 1 .,'0 0 — 1 0 — 2 ' 
y-Xy+yX—^X--=r-**X t/> 4^ X 


2 


0 — 2 V —3 


X ^ v ^' X y +^Ac. whkdi was to be Inve^- 


gated. 


From the.aeries heierbrdlSht «it,;':Aigr power oy 
root, of «if other compound quaDti^,^\ w^raer bi¬ 
nomial, tiqnt^aial, Ae*. is ^waily deduct *f P 

be put to lipresent the fim term of k&y mim quan¬ 
tity, and Q the quotient of the rest of the terms di- 
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4 



Uft 


or rlKoim} rLusvrs.. 

% liw Stilt dMo 1^ ^Qsatity ttaeif will be ex^ 
lArf by. or P4|Pf^ «iid the e power 

dicreof ^by wtiiili Axarefere is equal to 

l-x(i+«Q+|,if^xe'+jx^xi^ X 

&c.)* I^^bat 

iww iiw j i i if i tin^ 

Iptt' iSMtl V tM ft fioMMlon, ft* in the notfttion of 
imotl^ die tiieorein iMee riven viU be rendered mwc- 
ftfwA ftUMte miBBindiww ibr pr«etioe» ii^ instead of o, 

ftftftetkn ftga. belofafttituted; ~by whkii means it will 

- ** ' - i ‘ 

-hMine I*^xf5®^»t‘f^x(l + *Q+-x 
* r " n n <» 


Jft—II 


Sft 


?5^55^!!^^Q4*+ ftci) vhoae use, in converting 

Iftfical quandite into mfimte series will appear from 
wMknvB^ Cm^es. 


EXAICPt^ Vtl. 


lOi), 



H €xtnu$ iie SfiMtt Root 


■• 1 









i^'ift^ded bm or 

iit«>A.aegeM fonn, 




. / 55 ^ “_i 1,, ^ ' *"* i 

' Itt-have Pxea*, (?=-lp m = 1» 

**)> k m > « f ^ ft 



THE UMUmt OF FTHQlKa FL^HTS. 

and n=s2 : whence, by substitntiiig these values'in the 
last general equation, we get ' « 






o> + x“|* =ox(l + i»<jjj rf I X —i X""* 

it* *® *■ 

X |x—|x j + &c.)=a + 


X* . X 


■ + 

actly with thoae found in Art. 97 an^ ^ 9 ,,^ diluent 
meuods. 


5*» 


8a« • w lag^ Which seric agrees 


EXAMPLE VIlI. 

101. Let It be required to extract the Cube^Root of 

w att Infinite Seriet. 


Here by comparing 6*1^ x 1 — ^^ *( = 6*—^*1^) 

with P" X r+^% it wiU be P= 6 », Q = —^ 7 , 
mscl, and n=3: therefor^ by subetitutionj we get 

(=:i X 1 — = ftX G + 

-ix|l+^x|x-jx -^+fx-ix-4x- 


TX 


v**‘ . . . v’ iQy*‘ 

X j;^+&c.)=6-^ - ^ - ip - 8^ 


&c. 


9' 



■■ . 0^ mw^v9 nti?KT»v 

■ '■■ '■ . •iy' , 




f. 






EXAM|!#,'E I?, 


lose. Let tie XittmU&y le emverted into on Injinite 
^ ^Muhe " 


•K', 




■ 


Ia ^kiii^CMe ^ ipvfa fixst^transfonned 

X 1 T- «kd i—aftervaidft com- 
» at * a* 

wiA I+Q}% J® m = — 1, 









■«t 7-« -g- 


{'\ ’ 


•» ' 


.:.f.. 

;; .^: 


- + Ti X—+—i X 

* . ' * 

4-Ac. Wldch therefore, mul- 



iS? D6^ 

V- s&xj 

WSi 





^ 8tf* 16al 
e quantity pro^psed. 



xw 

tj^Riper ^ dbp 9 i^ here, that, 
^ propoflcl quantity are 
kt qlao, affirmative uid Ipsa 

jr f*« 

negative and mitive, al- 
‘ toomial 

oTvdie 9i6ta, pfter the 

. , . V > .* - 




4 


tHE 


bT 

J 


the givra qotQtt^ be negetive, tmsA both the tans 
fiffimmtiTe, the ebpe chaii§» altezostel^r; but ^ 
onlj the fint be sirarraaBfe^ a4 w teraUj^sf the equal 
eenee wffl be poptive. 


EXAMF1.E X* 

» ^ 

• . 

104. L^t the Quantify proposed 6e tile Trmoinital 


Here, by dividing the rest of the SeriM by the OiM, 

&e. our given qiiamHy is ' leduoed to 'Pl^ x 

1+31+3^;* Therefore, in tide sMte P=P, Q = 
^ + Sx’^, m s=:"lf and f»«s 3: wlience (fay safasUtu- 

tion) P+2P+3P|^ sr a; X (1 + * X 3x+3p* + 4 x 

+ 4 X —i X —i X 3x+5Pl* Ac.)* 
« 

„ „ , , *r + 8i« £7+3ip*1* , 5x2r-i-ar) 

, X .1 + —g-g— + -gj— Ac. 

IVliiich, reduced to siaq^ tenm^ is = ce + -g. + 

mr* , 

T'lr**- 

I t 


103. When the proposed e^quressicKi consists of a ^ 
tional, multiplied by an tireponal qn^tity^ the senes 
anserering to die irrational one amll oc ftest found, mad. 
nOerwax£ ntolttplicd by t|^ redone} qudnd^ : hltt,^f 
two, dr a^Bre, oomporeo^T srrstiond quantities are to be 
drawn inib.reeh oUier, th«^ take die rerire ay^erihg 
to eadi quantity) separately, and multiply them jtoge^ 
thdr; obrere^g* always, to nesriteot ail Such “terms 
whose isAoes wc^d exceed that'* re dts last, or highest, 


1 S 
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tena, which the sefioe sought is proposed to be coft- 
tmued to. 


' EXAMPLE XI 
106. Aft tht Qtumti/jr propose he 1 x f — 

PiiBt we have s: 1_!_ ^ — 

10 10 X 20 

OxlOr^ 19x29.1^ 

which, mui. 

tipHO by 1 ^ r, produce* f+T x = 1 + 

9x 29jr» 9-40*' 9.19.69a* 


10 10,20 19720.30* 10.20. SO. 40 
9r 29**= 1«*» 8988** 


&c. = 1 4 - 


10 200 2000 80000 


—&C. 


EXAMPLE XII. 

107. Whert the Quantity to be cxpre$$ed in an h^tmte 
Series u or a*—jr*!* x 


r^l 5 


Here we have, —x 1 — — =so (x 

c* 


K 


l + |x*»~ + I M - J 


. ** 


g* X* t, 

*'2e»"‘8o’~J5» *®- 


+hc.)ssa 
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TfiE HAimKK or 7 X.USKXi. 

1-4 


And T* 


1-* ( '= <r' x r-* "1 * 5= e- ( 

J cc 


Af 

1 + -I X - 5 + -i X >i* X J + *c.)^= i + 


r* 0y4 5 j;^' 

. 5 pt+-^j+jg^ &C, . Whence, moltijplying these two 
values, one the other, we get 

T 


a , a 1 . 9a • 1 . 


5a 3 1 1 

16 c’‘"ISS?"‘l 6 <r*c^ WS^c 

first terms of the series sougiit 


x'j* -f &c. for the four 
- • ■'? 


EXAMPLE XIII. 

f 

108. Let the Q^ant^^y to be expounded be the MuUtnomialy 

or It^nUe Series, + ox^ + 5i^*"++ ftc.!*; 
whose Exponent o denotes any ATim^ whatever, wkoU 
or broken, positive or negative. 


Here, dividing by the first term, the given quantity is 


tmnsfonned to 14*ax" + 6x**+£jr*‘ + dr^"t-&e]*; 
vhidi, if ar*4'6r*" + cr^ &c. be puts^, will become 

X1 +^1"; which last ej^resskm (by Art. 99) i8= 


ft. /i. .® 0 — l^t>“-2 

a:^x (1 +©y + ^ y + -T-X—=—X 


1 " I " ’ 1 « " 8 

xy^+&c.) Whence (for brevity sake) ^uttii^ Asoy 

^ t\ ® ’ 

j X 


V e — 1 

B*yx— 


_ .-f' e-1 t> 




3 



r 
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1 ^ 


TX|B MUJRHMJNP WWPISQ 


Of 


V 1 9 9 8 

—^ j r ,,.,. X ■■■■ ji '-, &c* andtobltituting ibr^, there 

X 8 4 

opnites out + IkipAtt' ^ ^ _ 

4^ +^A^'' 4* ii + &« X 1- 

a7+S3+7SFx *»^’*+A«J4-iB«wl»«iSCo*F5? 

r 

xa#H-4.+ (A(+S!Ba^+ltBic+dCa>e+3Cap^4D(i'& 

+Eo»xj^*"'+fe) 

■ V 


EXAMPtE XIV. 


7V> ertroct fie’^iS^uare JMt ^ a^—x% and yrom 
Wfiee to rte ^ dt t/'a®—a% w <?« 

' ^^finpeeding W in the value 

of* in «n kfttito wries vili be found to be a— 

li]^ i pvu i i «d —^ ^ 

# 

^1“™* there&i* (by Art 


t* .a^ 


afi 


8x9 


Ti) i. * - 55j- igjf-iiga? 

be 

>■' ’( ' 


— &c. 


A . 



Tss uiksfvEti 09 monro rtuEirrt. 


EXAMPLE XV. 


110. Ldit be rrqwr^d to ^rwmaU the Fhient of 

^__"^l ^ IvfMUe Smita- 

j* 

It appcan, from example Oiat the ^value of 
expros«d m a aento^ u —+|r«j5— 

(8?“W~8S) * “ 565?-? 

f 

ii - Wo) ^ *‘ + **• Wluci tsloi 

. ' 

therefore multiplied by ^ attd the fluent taken (by 

the common method) wc get 

, /Sff 1 1 \ 

^n+8'^V8c*’“i5? 

(i&“ W“TO"I^) 


X—^ + 

n-f-* 



i 


IdO 


* \ 

TBS MAKBBB rfiBVlNd* VtUBKTs. 


JBXAMPLE XVI.’ 

ft 

111. ii it propo9td to app r oxim aie tht Fluent of 

-f + iid* X 1 "*“' A 

m a SericA. * 


Herei if A bp putsv, B=#t>x^-^,C=st> 

* X <v 

t>-8 ’i.-lv'#-8 t)-8 . 

x-j~, D = t> X-—x-g-x-j-, the quanuty 

3 f + ur*^ + &!♦+»• ie l’ expanded, will 

be^:3 + AiU^* + A* + Ba' x + 

Ac +3MBai + C<Pxac^^+(A4+2B<ic-(-B6®+3Ca‘'6 


+!>«*) xa^*** +ftc. a* appears fiwoa Art. 108. Thero- 
fiae tl^ espresnca being aanltiplicd by and the 

floent tatm (as usual) we shall have 




Aaa^’**'" . AA+Bu® X af^^*^** 

■ |i . T* ' " ' ■ j '»■ + 

JW + « + ^ 

Ac + > (V X 


jw + m + a 

AB. ' 


jK7+ai+4n 

qtWBtity l^apoHd 




4P#*+* 

pc+m 



+ &e. ftr the 


A 





( Wl ) 


SECTION Vll. 

Fluxiom in finding tke^ Areas 

qf Cureu» ^ i > 

CASE I. 

112. Let A R C 6e a Cumt of anv Kind ttlme 

OrdinuiUs art ptrpeniicidar to anMj^ AB. 

Imagmc » right-line hBg ^perpendicular to A B) to 
move parallid to itself from A towards B^ and let'the 
celerity thereof, or the fruxion c^the abeossa A&, in 
• any proposed poutkn of that line, he deno^ hy bd^ 

then it will ap¬ 
pear from Art 4t. 
that the rectangle 
(bn) under bd and 
the ordinate hR, 
will express the 
oorrei^ionding flux¬ 
ion of thej^crated 
areaa6R; which 
flwdon, if A 
and 6 R ss will 
riier^iire be ; 
trom wnence, oy sunsiitucing ms y at d (aooosdxng to 
the equation of the curve) and t£ng the fluent^ the 
area itsdf will become known. ^ 

CASE IL 

y ' 

113, A R M be any Citw t*Ao#e Ordimtixs C R, 

C Rare all referred to a P^int or Center. 

Conceive a right-line C R H to revolve about the 
given center C, and let a point R move al o n g the 





m i»s o» v&raovft 




mi line, to n te traee out, et deaorifae the proposed 
cnrveiim AB.M.* 

Notr H ts evident, thtf:, if the poiat R was to more 
JfkoBi any politioii Q, withwt diangh^ its dieacdon and 

vclooitr, it would 
proceed ^iaag the 
tangent Q S (in- 
ttead of the curve) 
and desotUse areas 
QfC, iQSC about 
center C, pro- 
portiottal to the 
times of their do- 
ser^vuon; because 
thoK areas, or tri- 
anglea, hmng tbo 
samealntu^CP), 
are as the ha^ Q& 
and QS, and these 
are as the times, 
because the mo¬ 
tion in the tangent 
IM aupiBaition) mmid be unilom. 

Uenco, if R S be uken to denote the valbe of (z) 
dto flwn&oft of the curve line A R, the odnrcsponding 
flapdon of the ana ARC, wiU be trub npreaaUed by 
Art. 9 ^ toi^bnidy gnmted triangle QCS*; which, 
putth^ the perpwwimln (C F) mwn from the center 

to the SB will thoefine be (» 





^; Aon aAenoe the ana itaatf mm be detonnined. 

* * 

ajsce' injinai^ mm tho rJoe of i eannot be 

ofm con^ without some 


eomputed^lfiniD the to PPc g iy ofm^ cor 
^lonUe, the two Jidtow^; aamw ssw ga^ 
of Ae-MNL, mSltaopmisfm finuid 



or ihe fluxion 
more eommodi- 


■ 

ma, tafc—^ and 
mil lin of a^tdi^ ifcaaSbad about the oenutr C> at 


s^eib ^R F and a SB flio 





' m VSHPXIta A%%M3, 


nny dUtanoe c {si Q B). These expiesaums are 
rived &aai that above, in the following manncf ; viz. 


^ :y;:.y (pH) : f (RP)*; theeefore and^Aru 35. 

^ t 

consequently s: ; whidi is die first ex pres sion. 


Again, beeanse the oderity of R in the directum 
the tangent is denoted hj i, that in a directum per¬ 
pendicular ta C Q (wherry the point R revolves about 

C P 

the center C) will therefore be (=s x fo) = f An. 35. 

sz 

whi^ being to (i) the celerity of die point N 

# 

(about die saiAe oentm:) as the distance (tar radios) 

JCIL(y) tothe radius C N ('a^ we shall, by multiplying 


extremes and means, have — and consequently 

fl ~ ^; which is the other expreanon. 

9a 


The method of ^plying diis^ together with the pre¬ 
ceding forias, will appear at Urge from the Mowing 
examples: wherein x, and », are all along put to 
denote the abscissa, ordUate, curvediae^ and me area 
lesp^vely, unku where dut omtraiy ia expuessly 
specified. 


EXAMPLE I. 

, ** 

114 . Let Uheprtipomi^^eUm^iheiirea^arighi^ 

A H M. ^ ^ 

• < ' 

Put the base AHaaa^ (be pmencheuUr 
and let A B fzj any portion of the base, espsufored 
as a fiowing ouantity, and B R (y) be Ute ordfoiate. 
Of perpendicular, ooMpQiidiDg: 



TBE VVt OF.7t9Xl<yKS 


m 


ihmy beeaose of tht Mmilar triangles A H M and 
ABit wfll be fl;6;:x:v = —: whcbcc y< 

V, « 



* 

* (the fluxiem of the area ABR*} is, in this case, =• 

—; and omae^pently the ducat thereof, or the area 
a 

t Art. 77- iMf 38: ^ rf* which therefiuce, when x=a, and B U 

with H M, will become ^ = 

«Ka the whole tnaoj^e A H M; which wc also 
' ItiMiw Irom other prindples. . 


EXAMPLE 11. 

ns, ' La Cant 4RMH, wkott Area you would 
n. ftc tAe pommof AraAokt. 

^ ? t * 

In wliidi CMB the relation of A B and B R /'y) 
beii^ exprened by ^sox (where o is the parameter) 

tArtU9.ve thmcb get'jfssfl^x*; and‘ therefore w ( = j/jct) 

i 4. 


4 f ^ 4 t 14 

SB«Wwhence ae t X as 4 a a? x a? s= 





' . . ... , 

IK VTftnmd akcaV 


t. .• ' 


* r 

^cauM a*x^p=^) ssjxABxBR; heniC^ d 

is ^ of a rjBctangU of lAe aam bate and tUUtyde, f 
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M . 




The area is here found in terms of «; bdt it will^ 
many times, be more easily brought oi^t in terms of y 
(without radicai quantities) as in the very ca|e last 

pro})osed : whore x being = ^, we therefesre have £= 




; and consequently 6 (yi) 


: whence «fs 


^ ^ X ^ = ^x^^s-jxABxBE; ^ 

as before. « > - 




EXAMPLE III. 


116. Let A R M f' preceding fgure) be a Para~ 
bobi of any kind; whmof the genera/ Eypa/tion i j^. 

■ f 

• ■ ,» k ' ' 

Thetefore, by extuictu^ the root, or divi^^^^eacb 

< .■\V' .. **r ' —— 

exponent by iM"«» we h(t«f y ';^ a x ^enoc . 



Tn vsx » 


X ; asd conaequently te (the true 
ine&t,. Of atfli} » a x ^ = 

-i- ^4* _ 

X j‘*^Xxxiw+ft 1H + n ^ m n 

o<+&t JO + So ^ 10 + 2n ^ 

AB xBR. 


No D^tkae his been yet taken of any constant qtun- 
bty to be added to, or subtracted hrom, the variable 
one/first frond, in order Id render it complete, agreeable 
to ^ oboortation in Art. 78 
BtU that no such oonrection is required in an) of the 
weceding examples, is evident from the nature of the 
%ure; because, when x and y aie nothing, the area 
(u) oQ^t aka to be nothii^, which it actually is ac- 
opniing to the equationa above exhilnted. 

fluent frond in the soaoee£ng example, 
bawmr, stand |B need ci a corascuon. 


EXAMPLE IV. 

IVI- When U tepnmoeed to find the Area of the Curve 
, ARH»|f%08e Equation u i*—g’i* + g*y *=0 


Ham,' He gmm equation is redoeed to y :xi 
» n 


XXi: 


ibenc» a (» ?EEl 

a « 

t7. whereof * the fluent (by the common rule*) is — 






witich, when jrsaO and «(s=0, becoiMt — 


< 7 *’ » 

—; this therelbre subtracted from- ^ - , kaves 

fl" o* — x^l* * 

-g-—* for the dnent corrected, or die true 

value of the area A B R.* < 


•Art 7a 


When the ordinate B R ^ 


— cc’ 


becomes 


equal to nothing, and ^loinddes with H, then sc will 

b^me=a=AH; andTOcrefore the area of the whole 

* 

curve A B H will be barely =s — = A H*. 


h 

* EXAMPLE V. ' 

118. Let it he retm^itd to determine the Area rf tke 
hyperholkal Cwroa whose Equation fr s 
ar^\ 


In this case we ht-ve ^ ^ 

,, 4.9 - 4 , ■ 


a • X t * 






—O ma also be « be spreater than m: there- 

«iuh«e no t^eetion in this case; 
. ^ aiea AM.BB, indudod beween ‘be wmptott 
A M »« »»«, “'^biate B B, being truly defined by 


X x" ) the ^quantity above determined. But 


be less *«»'«, thin die *bw *=0> ^ be’ 

; »-+•)..: Whence the area 4'« R B 


” .Asa 

1 , 




[^betweenthe or- 
r the other asjfinp- 




VIVtotMO JMMM* 




ifuidon o£ part AM KB bab^a * 

<£ ita luppimeot BRH omt odbrnueatl; be 


— — . « t « . a?Xa< t ** 

a • X « " : inieieof the fioMit ** — 


1- 


M 


ssa 


«w^ *— 


X X 


m—« 


the area BKH:^ which ifsnte no 


corcecdon: because, when x is iafiniiy! , area 

B R HasO, the said fluent inll also entitelty vanish. 


seeing the value x ” (whidi is a divisor to a 
18 then infinite. * « 


«i+«\ 

•V 


EXAMPLE VI. ' 

4 

119. When Ut it he rtqwnd lo determine tfte ifreo ^ 

efte drcular Sector AOK- 

> 


Then, putting the ra^us AO (or OH) ^ 

I % 






*' 




(«^ ttia^ 0 R|fi wbwcf 

.: J- - 


Z- AO^iAR : from which it 


.^. » ,• f 2. 


':jte area itself ta ^ 

• ‘ ■' ®»k'’ ' 4. • - •' ! i * 11 

.wears Aat the mea of My tmiilt is exprc^ by » 
■ xStMgte wndwi^hidf % cifB^tafawu* ai^ Irnlf the 

diaiMiar: ;;!?*«■■ ■ ■;.v\;v:,'. 

• 'xsS' ■■ ;■ 

* _ *« • * * 




R.XAMPLE VII. 


.■■■» 

■'»: _ f. 


*‘y* 


(A > 

h- 




■ :-t ,, 


^5 
»v ' - 


’ % 


nrwoiea to aeurmiw 
m mgariihiuc Spiral. 




. jiW Ae riAt-line A T touch the curve at J^; apon 
why^, from the center C, let faU the 
C T: then, ^ si«« the nature nf Ae curve the 


> Ilf 


■* ' 



^V>. ■ fc' ^7' *' ’^' ' 




. ■> t 

, t 

.•1 





’V ' ■ 

% V, Hine« the aitib of A T 

Woovita^: wd thercfiwc the 

e''t^ - '.”■ 




H 


IX ncimxft AMA*. ISl 


EXAMPLi; VIII. 

121. Let the Curve A KM be the Involute ef^ given 

Circle A O Q. , * 

In which case the interested part of the’^tangait 
H P ('O being oyoty where equal to the ri&us C 0 fa) 



of the genontting mdo, we Uierdbre hawe CP ff) 

_ __ , avv*x*Artns. 

1/C A IWw ; wheaee A ( » ^ ) 


dp* ' 

SQ dte required area A CR; ^* 

Whudt will dbo ^reu the area A R O gebeiuted hf 
the radius it evaluti<Hi R O; because R 0 being s= 

. * v 9 





l$f T8B ir»B OT FLmtlOK* 

A'O, the sector ACO 

^ the trie^ CEO (iRO xX)C) which 
^ equil mientities tong sucoesuvcly subtracted from 
C A R Oy ditte rmaoM AO Ess A C R. 


* EXAMPLE IX. 

IStf, Let the turve CUB., vkaseArta CBgC,you 
^ UHmldJi$td,h€the.S^M0fAxek^Q^. 

Let A*C be A taogent to the curve at the center 


\ 


< 



r, about vbkh ceatar, with any ^u» AC (=a; 
wppoaaadiaiteAj^ tobea*acnW; 

(a^mhAi A« ooniapoodnig to any pwpoaed ordinate 
blTE tothat o^ate in a giW or oonttant 

ratio (aB(f^ ta * to a) iw>ve * (Ag) = -f ; 


» AiTlls. 

< R B g C 


ma oonaequently *« ss 




'/ »• 


tN FtNDlNC^ iKHEAt. 




123. Lei the BmuHimifidu 


Figwt) 5e + 

.7 . ^ I . . ^ • '*\ . 


ft' 


Theo^ i 
we shall have 

• .'"S . '* 


•* '.I**..- 

^ '-‘i-w. 


SB 






n 




V 


U' 



^ aad^«rd^ 

4 4^ ^ ^ ^ ^ theani 


case. 


EXAM#tE XJ. 




124. Let it be prcpoe^ to JM ilk Ardi ofia Sat»~ 

oirAe A K£H. 


’v' 


*' 


■• •» 


Here, putting the-^iame^: K^ssa^ A B«x, and 
B Rsay, he, (09 U99dj^ ,ew.|«|vej(* (B H*X Jt* 


'• ¥ 

IS»^ 

* 


.i- 


s 


^1 

Vi 


/» ^ 

\ 5 *^ 

^ \ 

\ 

UiiAJ 

V 

A 

1 . , .j^,,^,, .i,,.^ 


% 


B 









A? • 

' I -x 

..I.-,' ' 


, '"' ^ ' i i2/ 


(ABxBH)^« 

<t*x^£xl-~ 


.-. whii^ .tb^ 

* . ' %';,■ .''v‘ 

hind described ih Art* 38 and SS| tbitt *atbittt ef ditente 

' - ' fe.^’''' •’ ' > 


'. t 





I 


Itt 


•AiVfO 


4ltK mz OT* TtySXtOfiB 


m 


let ^t^tlucdbre be reaolv^ iftte «n iq* 
met|* aid you wiU have == x 


* * ** ^ ^ ^ i/i 


*♦< 






ST "* S5^ T i®* ***) ' 'Btoin vhenoe the fluent of 
term being aoDorfii^ to /he ecNpnon 


n 

nediod, then will 4 Kw out u 


X (-r " S. 



g - to - p? 


fi‘ Sf 


— &C. =• the area 


‘ABE. Nor, vrtMiartts^a^ the ordinate BK will 
with the n^ilit O £ $ 4ii which case the area 


beoomoi * f <2 I^IT^ x" (I — A itw — 

^ftc.) « (0,8866 - Oil - 0,0089 - 


O^QOi*7 — t^OOOilb^) WB ; whieb, multiplied 

by pwm iir tli^ttea ai tho semi-circle 

,AEH,iwriyr^ 

At ^ ft wgo i fl g aeri^ in flbdtqg tb^luren of the 
vdwfefiWl^t co«»er g ea but tlowly, a con- 

Si4erabte AWber tsf tnnm ou^t tberaflun^ to be taken 
to bnve^ tbn condnsm bat ^jokndiiy bioct, the five 
first temnf above ebUeeted Miim sufficient to bring 
out no iBMib than tipfoa fUm oTjgnw that e«n be 
d^endai on. fW whicn may bo of use to 

ennaidfr, wheyier, br c o nj uri ng the area of sOmO mt- 
ficuibr portkia (AfiK) of the saidquadmat, that of the 
wMe may net be Mneed; when ar brii^ smafl in 





)K FlNQlKG AtSAll. 

romparifon of a, the. series may have sudi s rate of 
cunvcrgeney,^ tha( a amallee MWkm of terms ieill be 
suificient** * ^ 

Now, in to this, it » %«]! Ipu»«^ that if the 
arch AR betaken WfAJS' 

BR win be =s I AO; ;and consequently A R (jrJ%: AO 

—O Bt«: A O— V'KT; e5hyi,ifthe radius AO 
be expounded ^ unity (to Adiitate t^e opeiatie^^ 

- * , ^ tbit, thenme^ will 

in the ^foreracnooned 


will he =OyldB^46 veiy 
the value of % beii^ substituW 

yat* ^ i 

0,0693505 (0,6666^-0,0138975-04)091003 - 
0,0000042 - Ae.) =r 0,0693565 x 0^0531046 
0,0452931 ..ss: tl)c »ea AJd B t whii^h, addod to 

areaOBU {=rO B x fS R=»i/i x f « 0,2165068) 
givib O 4 S 6 I 7994 , for th^ area ^ the sector AOR; 
utti tr^ile whereof, or 0,785^02.(boesuse A llsr^AR) 
will therefore be the eemtent of the wholo quidirant 
VOR: which number, by ti^uag f«mr terms of 
the series 6nly, is true to the last demroa! 

This oonoiusion huy be othenrust bronjiht out. 


te. huMs 


ss 

to the 


wherein die oo-slnb 01^ (autead St 

wiD be the oonverg^i^ler rarlah|p)'<^asi}sti^ 

Fer, pqttiog O B'w: end ’P \Q a tto 

have y (1 !bR »V0R*^B« ^ and 

coDsequenUy (yfj the 6 uxidn of area ABf^ f Art. 11*. 

Ac. * frtliw/*the 'toPto tolf ii » 

*♦ Siifi ‘ «»« ' 7 »'' 





■T 





< 


136 THE tIftK OF FLUXIONS 

Kovy if X (0 B) be assumed s | A 0 (so that the 
aordiER may be sn |AE) and the value of ft (AO) 
be expounded fay unity, we shall have 

x’ (=X.XJ‘= = , 1 » 

% 

i> (a:X»K«»=s-I^) s ,031« 

i’ * ,00TO125 

s’ a ,€019581 + 

x" a ,0004888- 

fte. 



/ 


Which values of the pmn ot s famng icspecttvely di¬ 
vided by 6, 40, ns, 1152, 2816# &c. there wiU r^ult 
0^6000000 - 0,0208863 - 0,0007812 - 0,0000696 
* 0,0000085 « 0,0000012 - 0,0000009, &c. = 
0,4788057, for the sorea O B R £ in the forementioned 
dreamattece, when OBs£|OA; from whidi, de¬ 
ducting the triangle OBR (sV^x 1=0,2105063) 
the remainder ,2^7994 will consequently ^ the area 
of the sector E 011; the treble wheteof (because £ R 
is fterf ve |A£) vKU give the area' of the whole qua¬ 
drant, 0,78539^ «c ft^. 

* # 

b!k:am;p«<£ *xn. 

V * 


125. Let ike Curve, lsko$e Area ym mMfiud, be the 
‘ Cie^ioed JPtocjes; whereof the Equatim 


Art.llB» 


> 

♦ 

Hew we have « (jd*) « 


V'o^ 




ts VIXUIKO ABSAS. 
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— X 1—— < : which besAgtiione of the kind 

that admit of fluento 'in fiziite ^nns,^* lot it thesdforc * Art. 83 
be Tcsolved into an i^ftndto aenesy and foa will i»= ^ 


xh . X 

— X 1 + 

ai 


. ^ 3*» fir* ^ 8«jr* 


+ &C, = 


S' 


1. xSi . SrU , 6^ , ^ *•' ’ ,, 

"^18? ■*■ 

1 ’ xz 

area ieself) will come out s= x 


u 


+&c.)=»»\/i X(I + ^ + + 


i 2 a- 880 * 


5i^ 


88a 


-+&C.) 


EX AMPLE XIIL 


126 . £ytthepropai^CiarveCBJiB.be^m^aNvtli^ 
tluU (sfupponng AB f7m(y^ ike Sim of the Areas 
CSTBC and CDGBC aasumi^ to a^y {leojn’t^Kwed 
Abscissas A T and'A G, shall be sqaad to the Area 
CRNBC wkm corrtspcmiiag Abscisssa AN u eoiot/ 
/o, A T X A G, IVoduct of the Meagurts <f the 
two former Abscissas. 

First,’ in order to ^terraine the equatioa of the 
curve (which must be* known before me area cab ^ 
found) Jet the ordiiuites G B and N R move parallel to 
themadvcstowardilp'; aikd> h^o^ pat QQcsjf, 

f 1 



4 


« 


1S6 THS 0 S£ OF FLUXIONS 

NRssJj ATaeo, AG=:;»y *ud AN^u, the fluxion 
of llu area CDGR vill be repreticnted by .yv, and that 



♦AA.n9.of the area CHNUlg^ca:* ahich ttvo cvnros'MonH 
must, by the nature of the problem, lie t-pnl to t uch 
other; because the latter area C H N H, cxceedik the 
former CI^B by the area CSTB, uhich is hfro con¬ 
sidered aa a conatant quantity ; and it is eudent that 
two oMtiwiow, that differ only by a constant quantity, 
must uways have equal fluxions. 

Since, thereforeias-eii, and a = a«, hy h^pnthmu^ 
it.£3no«« tbat^;s?«a, and that the* first equaiioo (by 


aafastitvtXBg §at d) tiSI become w or 

hotly vt3K2M,M]8t is, GDkvAm^XEx A5« : thcrc- 
htt 90jf NS • • AN ' ^ 

every orda|hta </ the otHwe o reciprocally as oor- 
rttymidmgabottaaa. ' 

Now, to Bad the area of the curve so deteiintned, 
pttt B and ^cq, siwoa A G (1 -i-x) 

■; AB (1): :SC (1 /: GD fy) mi 


oonsequently it 


sa & X 4-i — 

.) Whence, BGDC, the area ttsdf 



IK Vnn>IK6 A&EAS. 


wLUbe=tx(x- -y—^ + WhushwM 

?6 «> K t> ^ 

to be found. 

1 1 may be here obierved that the ereas of the spaces 
above mentioned, arc analogous to, and have the very 
same properties as logarithms ; and thbt those spaces, or 
logarithms, may be of different icMnas oc values^ ac¬ 
cording as you take the value of the hrsts atSmate BC, 
which may be assumed at pleasure : thus, if B C be 
takenss AB=:iUiity, the curve will become an equi¬ 
lateral hyperbola whose center is A (because thon A G 
X GDss AB^) and in that ease they are called hyper« 
bolical Icgaritnins : but, if BC be taken=0,4343944B 
(so that the logarithm, or the area of the space 
CDGB, answering to the abscissa AG, when expressed 
by the number 10, may be expounded by unity, or 
AH ) we shall then have the common, or Briggesnlann 
of logarithms. 

From these logarithms (^ven by the tables) the 
busin<^ of finding fluents, is in many cases, very 
much facilitated ' mr, if the fluxion given am»e^ to 
agttM' with the fluxion of any known logarithmic ex- 
pri^ioii, Its fluent may, it is evident, be bad by the 
tables, ready calculated, without the trouble m an 
infinite senes. 

But, nov. to know what kinds of fluents are ex¬ 
plicable by means of logaritliiiis, it will be necessary 
to observe that, the iMxitm of ks^perbolic Ugaritlm 
in alusays expressed £*c jlMXion of the correspondis^ 
numbery divided by that nuw^r: this appeal^ &om 
above, where (y£) the fluxkm of the area (or lo¬ 
garithm) BGDC, when BCsAB ssl, is truly repre¬ 


sented by 


3 


; whspB 1(s: AG) may stand fi>r 


any number whtteri^; and fur its fluximi. 



tRfi OfiU CV FLUXlOKt» 




BlKWe the Bneni of 




«ill be expressed by 


«J»e hjrperboCesl k^thm of it+\/i‘±a": for the 
flnxioB of the number itself, being i 

J i_ 

X this last quantity, divided by that 

number, < ^ves fluvion first pro¬ 

posed. 

It also sp|«ars that the fiuait of ~ . • will be 

truly esqmmded by the liyperbolical logarithm of a + 

r+V^ax+4f®i bacaase the fiuxion of the nuntber 
. ./s — - o oV + ji 




V^«(tr+ X* 


i • 


V^g YTT 'Vr^ ^ + a + j: , which di\ickd by 

* i. 


that number porodooes 




Lxkevrise the fluent of ^ ^ represented by 

*■ *■ 
the hypdj^kai kg|iviflmi‘ of because, the 

fluxbn df tt;, beam 

^ ^ a—a:'* 

if theefttnefae therefim dieUed lift sb^ 

Sg^ g—x _ / 

«—*l*^a+x fl^xxo+x 



TINDIX« AREAS, 


Lastly, the fluent of 



will be denoted 

<# 

0 


by the liypcrbolical logarithm of 


■ - .... ^ . 



here the fluxion of the number is • 


4-xa 


l/o^ + a- 


X 


o+\/a+jc® _ »x fl—\/a- + 4:2 

a4-v^a«5^l^ t/a' + x* o+y^JTj^® 
+ 2axf 


v/a’+i-xa+%/ a* 
« — t/o 4 x-^ 


; which divided by 
72axi 


a4-t/o' + x® t/o- + ap^ X a + 

0+ +2^i_ 


o-t/a ✓a-' + x’ xa+ V'a^Tx^xa - v'o^tx® 

TSorx 2ai , ^ . 

— -r-===ir—--rr~ ——7==r thc fluxion proposed, 
✓a^ + i^x+x^ xt/a^+i*’ 


These four are the principal forms of fluxions; 
whose fluents may be found fiom a taUe of loga¬ 
rithms of the hyperbolic kind: which table, upon 
occasion, may be easily supplied W a table of fhe com¬ 
mon form: for, since the bypemlical lo^rithm of 
any number is to the common legariflim of the same 
number, in the constant ratio of unity to 0,484^44*^ 
(as appears from above) Jt follows that if any common 
lomntnm be, either, divided by 0,45429448, or mul» 
tidied by ita.rediprocal l^^)9fl|B509f yod will Uience 
(^tain thc hyperbolical loganthro oorresponding. 



14 « 


THE 081 or FLOXIOK9 


A 

E X"a M P L E XIV. 

« 

1^. Let it be reqtn^d to delermiiu the Area of the 
Cwrve: whose Equation is a-^—a*=sO. 

* 

* Art 12;?. la wbyi ^ beingswc have V ( 5 : 3 ^';* 



s^theuetaen^. 

But the same area (or fliuDt) nu^ be ibuiul with¬ 
out aa infinite 8cna^ far means a ^le of lo^ 
gartthms, agreeable to tne t^aervationa in the lost ^ 
arti^: fiir» aiuce it diere i^peam that file fluent of 

-p u tnfiy ex p ra aa eJ by die byperfaoHc logarithm 

of X ia^ 

fl—4* 0“—or 

will be c^BMifd fay .the same kgarithm multipliefi fay 
\ fa*. J|Hr^ example sak^ 0 ( as*AC) Iw 



Pt)9]>f)7G A«BAB. 
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takcnslO, and x (=:AB)=5; tl^cn will ?-i5i=:3; 

a —.T 

whose logarithm taken from the comnioQ tabW 
is 0,477lSi:h which multipii^ by the fliodu/v« 
S,30358509 (see the last ar^e) gives 1,00^1228 , 

for the hyperbolical logarithm of -; and this again 

c—x 

multiplied by 50 (la'O produce* 54^990614 for the ' 
true value o{ the area A B R C, in the aj&nrcs^ curcum- 
Htsnee, when A C = 10, and A Bss5. 


EXAMPLE XV. 

Ii28. Where the proposed Curve is that whose Equation 

Here, by reducing the given equation, we get 
therefore yx .=s 


a^x 


= ».* 


V'a'+a-' + 

ji 

IVhcncc the duent of ^—-■ ■■ 7 . — , being = hyperbolical 


ArtlU.' 


c 



log. of jr + v'o- -h i* (Cy Art. ItEG) that of' y-rj,/'..' 

will consequently be B«m^ Ip^rithit oinltapl^ ’ 
by a\ , ' ; ■ ' i. 

But to find whether tlie Bnent thus 
apt need a oorrectio%i' let jt be eakenssO; the t Art 



I 


m Tnt VftK OV ttCXlOKf 

0001 ^ viB beooBAe=hyp. log. a x which, there 
fteey must b 6 eubUacted, to heve true value of the 
ACBB;* and then thm results x hyp. log 

— X hyp. kg. a a: X hyp. log. 


• EXAMPLE XVI. 

« 

109 . I^tibepropo9cdtojlnd tkr Area ^ the Ifypcrbofa 
ABB, OM aho the Area the fyperboltccu Sector 
CAD; evppocing Oto be the Center^ cm4 A the prin~ 
etjpo/ Fer/<x (Serve. 

Here, patlisg the semi-transverae axis C A=o, the 
8 Csm.ooi 9 Ugate=c, and vre have, by tlir 




pt gpg t y of the mm» ''Sf (ts B D) = x® — a- 
mA {Iwwiirii t ^3^ — tf* as the fluxion 


ABDif \ ' 

X Bat to iBid At %Dki of tlvacctor CAD, it is 
4 |p be utomuTj iebmt as the oaid Mictor C B D — 

—IK, its Soxum will thenfoe be = 
w Sc _ aS * 



‘.v/ ^ .y^' 






IN FIKDIXG ARFAS. 
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2 


“r- 


2 


(because ?/ = which,* 


. c /-^ 

hy substituting for y and y, theft* equals —V/ 

® •. 

and —■ - is at length reduced to x 

<iVx~ — a" » 

■ M :r= : whereof the fluent (by Art. 126) is ^ 

K X* — 

X hyp. log. r + t/af- — a- ; whicli - corrected (by 


ac 


making a==(/) will become —' x hyp. log. ("x + 

m 

v/.i~ ^7) X hyp. log. a ^ ^ hyp- log. 


• .1 + \^.r' 




a 


= the sector ADC: which, subtracted 


r\v/.r- —O' BCxKD .V . • 1 A n T\\ 

troui- 3 :-(= -s-== tnanglc A B D) 


2a 


2 


— o' (ic , , X + V*- — a- 

leavo.s —-X hyp. -- 


2</ 


a 


hj» ilio required area of the by][>erboia A B D. 


EXAMPLE Xvkl. 

1 Let the C«ri:f propttsed be the Ellipsis A E B. 

I'hcn, putting the transverse axis A Bs=«, and the 
conjugate (2 C E) = c ,* we shall, by the property of 

the curve, have y (D R) = —t/fla—and tfaeiA 
fore a (yx) =s — X .V V jx—x- = the flu:^ion of the 

‘ . V.. 

area A It D. 


I 


■t. # 
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THE VSiE OF Fl.UXIOSS 


But knoim to express the fluxion of 

the corrotpon^hig segment A of the circumscribing 


6 



scmi-circle;‘■whose fluent is, therefore, given, by Art 
124; which being denoted by A, that of — x ' i - ^ 

will, consequently, be = x A- Hence, the ana 

of the s^nnetit of an ellipsis? is to the area ot tlif 
corrMpcmSng s^ent ci its circumscribing circle, as 
the lesser axis of the ellipsis is to the greater; whence, 
it follows that the whole ellipsis must he to the whole 
circle in the same ratio. 


EXAMPLE XVm. 

131, Ltt the Citrvt A B &c. whose Arw C A R S you 
tcott/d Jindy ht {ht Cimhoid of Nioomedt^s. 

• 

* Whereof the equation (putung BC:=a, and RV 
' (=AC s= J$ xY » (Vi de Art. 57). 

Wbit^, by rtducuon, becomes x =--— + 



IS V;N'l)l)fG AaiiAS. 
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A 



but, to bring it dorni to stilly more 
ainiplc form, make —y* ( = SV)=t; then^= 

— c"; whence, by substitution* x = — 7 === 
+ r ; and coi sc<jucntly i = 

\/l/: „ -i + 




a:. X — s-’ + G-'i 


X >/b'^z^ 


+ s = 


X a; 

tih-z 


h' — £• X V' 


+ ; 


ab‘Z 


and therefore ti ( 3 ;*;= v/fr^ - x (^l^. x\/'S^~ 

+ ; y/b- - z\ 


“ ' Al 


But now, to exhibit the fluent hereof; upon C, as a 
center, with the radius AC (hj let a <|uadrant of a 
circle AED be described*, and let 11 H, produced, meejt 
the periphery thereof in K, also let E i* be pandlebto 
A C, and let C E be drawn : it is evident (bemuse . C E 
(C A) = V R and E F = R S) that C F is also = V S 
= 3 ^; and therefore, E F being (= %/CE-— = 

it ap|x:arfi that i \/ 6 - — (the second 
L 2 
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TUK irSE OF FLUYTON^ 


• Art. 126. 


term of our given quantity) expresses the fluxion of 
the area A Ef C ;* whence, if to this arca»(found hy 
lAe taUt q/‘ SfgntnUs) the fluent of the first term 

p ——.,«or the hyp. log. of ht* added, 

the sum will be the whole area ARCS, thkt was to be 
determined. 


EX AM PL E XIX. 

. ♦ 

132. Letjt be retired to determine ike Area A S H A 
include fjy the common Cycloid A S M ahd its gene¬ 
rating i9fnu‘-circ/r A R H. 


Put the radius A O (or R {>)=so, the sine R R = v* 
the co-siuc O B = x. and the arch A H ( = 11 S, !)y tin- 
piroperty of the cjxloid) = ~. then A B being = 



*—2 “its fluxion will be—r ; whence ('^J that of the 
t Art. ARS w= —Now to find the fluent thereof, 

make • = — 2x ( s? the fluent? tf ^ 

- 



IN FINDING AK£A9. 149 

stmit) then w being = — zi — x5,* we shali have* Art. lo, « 
>/ ( = — cj.) = ttJ 4 - x£. Jiuf (by Art. 35) ~ 

(A II fluxion) I y (H It fluxion) ;: railius : co-sine ef 
thf angle A K H, or its equal JlOrJ;; OU (a) Oil f r); 
therefore, by multiplying extremes and meanS, wc get 
.t: = (iy: whence, by substitution ti (=tt}~hxz)=zw 
+ and consequently, by talcing the fluent, m = 

/ii 4- = — r:c -p qy= AfO x H It — O x AR= 

the area A It S. 

Hence it*folWs that the area (A E PA) when Jtli 
coincides with the radius FO, is barely = AOxFO 
= A ()•: and that the whole ajrai A M II F*V is truly 
ihfiuvd by-AUH X -OH, or by ARH x OH ; that 
is by four times the area of the generating semi-cirde. 

E X A M P L E XX. * 

133. Lft the Curve proposed (te the Catenaria DAB. 

Then, drawing B S and hx parallel to the axis A C, 
and ..VS and (bn |)cr[)cndicular to the same; and making 
{as usual) Ac=x, ch:=zy and A 6 =r 2 , wc shall have, by 


D C B 



the property of the curve, + : whence^jr= 

Vc" -f z*—£1, andx =.*-7===: from whkh the 
* l/a« + 


,v 
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• Art.ISi.value of y (which in all cun’cs is =r —i )* 

frilhherc be found = \/:*—=\/—x 

•V a' ^ z* y -i- :• 


•- 7 -.-=^=rr; and this muhiplial by + :* — u 


a': 


{ = bs ) givfs az — ( = tlH' rmangh* 

f Art. IH. = the fluxion of the area A .v fr.-f* From whemr, by 
taking the fluent, the area itself is founds*/-: — a' 

♦ Art- X hyp. log. —— ■ ~t' , * : J which thtTcfore de¬ 


ducted from^the rectangle sc = z' — tn/) 

leaves^a- r — -t- x hyp. log. 

" ^ f<)r the rc(|uirtHl area AA*'. But, since y — 


az 


I wc have ^ = II X hyp. log. 


4 


fi 


V'fl’ + 3 

whence, by substitution, the area, at last comes out 
= ^ V^o* 4 — a*, or = o 4 x hyp. log. 

r4 t/0^4.: 


•az. 


a 


SCHOLII-M. 

154. At the banning of tltis, and in the preading 
se^kms, we have seen how the fluxions of quantities are 
determined, conceiving the generating motim lu Ac- 
come uniform at the proposed position ; according to the 
$Art. ?.truc dennition of a flti.Nion:^ but hitherto no parti¬ 
cular notice has been taken,of Ike method of inere- 
snents^ err inde^nitcly Uttle paris^ used (and mistaken) 
by many for that of fluxions: in which the (^leratjons 
are^ibr the general part, .exactly the same; and whkh 
(though less accurate) may be applied to good purpose in 
finding the fluxions themselvca, in many cases. For 
which reasons it may not Ix^ improper to add here 
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!i few lines on that head, to show the beginner how 
the two methods differ from each •other; csjiecially as 
VC shall be enabled, from thence, to draw out some 
conclusions that will be of use in* the ensuing part of the 
work. • ** 

It hath been frequently inculcated in the foregoing 
pages, that the Jliixions of quantUies are always mea~ 
sitred by kotp much the quantities Ikausdoes would be 
uniformly cnigmtnlcd in a gi’t'cn time. Therefore, if two 

A - B / • 


-!•♦*».f. 

•M 

B 'cL 



quantities or lines, A B and C D be generated together, 
by the uniform (or equable) motion of two points B 
and I), it follows, that any two spaces BandJDd 
{.ciiuiUy gone over (whereby AB and C D are aug- 
iiu nted) in the same time, will truly express the fluxions 
oftlio generated linos A B and CD : whence it appears 
that the increments (or spaces actually gone over) and 
the fluxions are the same in this case, where the gene¬ 
rating velocities are equable. 

But if, on the contrary, the velocities of the two 
points, in generatmg the increments M b and N d, be 
siqqiosed cither t<i increase, or to decrease, the Hnes or 
incremlittta so generated will, it is plain, no longer ex¬ 
press the fluxions of A B and C D; being greater, or 
less than the spaces that mi^hi he uniformly described, in 
the same time, with th% velocities at M N. 

If, indeed, those incroments, and the time of thoir 
description, bo taken so exceeding small that flhe mo¬ 
tion of the |)Otnts during that time mayi^be coi^ered 
as equable, the ratio or the said increments W2&' then 
express that of the fluxions, or be as the v^^ty at 
M to that nt N, indefinitely near; but citnndt be con- 
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m 

cciv^d to be striclfy so ; unkss, perhiips, in certain par- 
tieolar eases. 

sHence we see that the dilffrcntitit method^ vhicit 
proceeds upon thescimlctlnitely mtle increnioni^; (aetuaily 
generated*) as we do ujwn i’u\^ins ((r the sjtna*s tliai 
idighl be unijortnl^ geniTattnl) litllr, or nothin^', 

fitmi the method ol' Hiixions, except in ihc mannei 
of ctmoeption^ and in point acenraty, wherein 
it appears defective: ana yei it is very'certrun the 
conclusions this wav derived are mnUumatiinilf/ (rue ; 
which has afforded matter of wonder to some .■ hut the 
reason wbf they ate s<» is very’ easily exjdained. !'or, 
although the whde amplctc increment i« nctunllv un- 
derstora by the notation and first (li-fuiitiun (of this 
method) yet .in the solution of' problems the esiu t 
me^ure thereof is mi taken, but only that pavi ui' u 
which would a^i^e from an nnifonn increase, aeuy afjle 

V • 

to the notion of a Hnxion ; which admits of a siriet 
demonstration: but. after all, the flill'rrvntitil mt thud 
has one advantage aU»vc th.it of fluxions, which ns, 
we |re not there obliged to introilucc the jirnjK'rtics of 
motion. Since we reason upon tin* incremems ihini- 
selvcs, and not upon the ipanner in which they may 1 h\ 
generated. 

It has liecn hinted alnnc, that, thou^ the incrcinentH 
of quantities are not, Atrj'c/(y, as the fiiisiuns, yet 
from them the rttio of, the fluxions may ht'deduced; 
arul it appears that tlte smaller th<M« increments are 
taken, tlw Heart? their ratio will approach to that of' 
the fluxions. Therefore, if we can by any menus, 
find the ratio to which the .said incrcincnts. by con¬ 
ceiving them less and less, do perpetually converge, and 
whidi they may approach, before they vanisii, nearer 
than by any aasignaDietBfteretid^, that ratio (called h(?e- 
after, for ^tinetion sake. Me ratio limiting that of (hr 
increments) w^ be, strictlyy t^iat of the fluxions. 

This will ipore partieuUyly appear from the fnllow- 
injj instances; wherein the manner of deriving the 
raCK) of the fluxions, that of the increments, 

is shown. 
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1". IjCl it ht jivffpmtd Ifi (ktiiT^hic the Ratio of the ^ 
Fluxiims of X ufid x-. 

• 

N^ow, if \x be supposed to be augmented by any 

(small) quantity i, so as to become a +^i, its square 

(i •) will bc^ugmcntctl to (.t4*.v) = r*’ 4- 2x.r -f i*” ; 

whence tin increment of will bo which 

thmfure is ro (i j the increment of .v, ha 2i‘ + i' to ]• 

lienee. Imhmusc the lesser x is taken, the nearer this 
nno approaches to that of 2x to 1, which^ is its Imft^ 
the raiio of tlie t!uxion;i will thcrolbre be expressed by 
, that ofS?j to 1, or, which is the same, by that of S.i.t 
to i (os iti Art. t\.) 


*2\ LO the Ratio of the Fluxions of x a/id a" be 

required. 


'f i cn, if j be augmented to x + j, x” will be aug 

, - n , n w — 1 

men. jd to x + x. = x" 4 - x 4 - f- x— 5 — x 
+ " X X &c. (ViikJrt. 

12 t5 

? 

99.) Whence the increments of r and x" wUl be Ui 
1 > 1 .. w «— 1 . ^ . n 

eacjt other as 1 to 4- x — 5 — x""* x 4- -y- 

1 ^ 1 


j< ” 5 -^ X —-i” &c. Where the stn^er x 

taken, the nearer tlw ratio will appmach to that td 
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1 to ; which appears to be its limit: therefore 
this last ratio, or thii of a to 7n'*“’ x, is the ratio of the 
fUuaons required. (Vide Art. H.) 


Ia'I it be proposed to determine the Proportion of the 
Fluxions of the Sules A C find B C, of a rif'ht- 
att^ledy pUne Triangle ABC; supposing the Per- 
pcndimlar A B to remain invariable. 



If C d be assumed to represent any incrospent ol‘ IK'; 
and Dd, the corresponding increment of A C ( = A D) 
ratio of those increments will be umvcmlly ex¬ 
pressed by that of the sine of the angle C D d to the 
sine of the angle DCd (h/ plane trigonometiy) and 
the less the incremetits are ,supposed to be, the nearer 
nil] the angle C Dd approach to a right one, or to an 
equality with B, which is its limit: and the nearer will 
DCd approach, at the same time, to an rqtrslity with 
B A C. Therefore the ratio limiting that of the 
incrtmints is that of the aiiKt tUP B (or ihdius) to the 
sine of B A C; which also «Kpre.sscs that of the requin*d 
fluxions, f Vide Art, So.). 

In the same way the proportion of the fluxions of 
other kinds of algebraicd and g^ctrical quantities 
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mny he invostigatwl; but it will be unnecessary to dwell • 
)t>ngcr upon tins head : 1 shall tlitreforc only add one 
other observation from hence (which will be of uso 
hereafter) relatiiig to the value df an algebraic fraction, 
in that particular cimimst;uic:j when both its irtitnerator 
and denominator bt'comc e(]ual to nothing, or vanislf, 
at the same time. Which value (it lullows from above) 
will hv fimnd the fiuxion of Mg numerator by 

th(U of the (h nominalor. 

siiftc the ’.alue of any fraction, in that cir¬ 
cumstance. is to be lookctl on as the limUing ratio to¬ 
wards which its tw’o terms converge, uCfore they 
vanish, and seeing the fluxions arc always expressed by 
tliat ratio, the truth of the rule, or position, is 
manifest. • 

^\n example, however, may not be improper: 

I*' — 

liOt, therefore, the fraction - be irropoundetl, to 

.r—a 

liiul the vali'c thereof when x-=a. In which case, 
the true value sought, or the fluxion of the numc- 

• • • « 2IV 

rator divided by that of the denominator, is =: 

And that this is the true value, maybe 
coutirmed liy common division, whereby the fraction 
proroscil is reduced to a -f« whose value, W’hcn 
IS tlicrelbre =2a, the very same as before. 



156 


THF trSE OF FLUXIONS 




t 


SEt'TION Vllf. 

4 

The Im of Fia. Ftona in (ke liictification^ ur 
Jinding thi LtnglLs^ of Curran, 

CASE I. 

185. Let a ( 'G be a Curve of unt^ ^kind rt’/io.M 

Ordinates are parafld to thvmx(lv{iy and perpirdi- 
cttlar io tht Jiu A Q, 

If the fluxion of the abscissa A M hi' ilcnotnl h 
M w, or by C n (etjual and parallel lo M mj and n S 



Q 


equal and parallel to C r, bo taken to reprcficnt the cor- 
rospondiDg fluxion of xlie ordinate M C ; then wdl the 
* Art. is diagonal C S (touching xhc curve in C*) bo the line 
^ whi^ the generating point fp> would dt^senbe, was its 
motion to &x}iiio uni/orm at C / Vide Art. 48 and 
which line, therefore, truly exprcs.ses the fluxion of the 
+ Art % Space A C gone over, ficcortHng to the definition, f 

Hence, putting A jM=a’, C M = y, and A C = :?, we 

• have z (= C S = \/Ca‘*-fSn-) = x/THTf ; from 

whkji, and the equation (rf the curve, the value of z 
My hcdetmmned. 
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CASE IL, 

136. Ltt nil the Ordinatts of the proposed CMrt'e 
A R M referred to a Center C-. 

Then, putting the tangent RP (Inteicepted by the 
pcrjK'ndicuIar C P) = /, the arch BN, of a circle de¬ 
scribed about the center C=.v; the ridius CN (or 
(' \i) kc. (Vide Art. 113) we have : : y: \y (C R) 



: / (R P*>; and consequently c = *^; from whence* Art, as. 

the value of z will be found, if the relation of y and t is 
given. 

But in other cases it will be better to work from 


following equation, vii. i =5 \/ f'~ -f ■ ■7 —-,. Whinh 

^ a" 

k thus derived. 

Let the right-line C R be conceived to revolve 
about the center C; then since the celerity of the geno- 




. Whiuh 
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neratinc point R in a direction perpendicular to C U is 
to (jc) the celerity o£the point N, as C R (y) to <’ N 

(b) it will therefore be «trulv re|>resentcd by ^: which 

a 

being to ‘(^) the ederity in the dhtetion of C R, pro- 
♦ Art. 35. duced, as C P («) : R P (/)• it follows that : : 


• f/** t ^ 

s- ; t"; whence, J)y composition, -f y- : y* ;; 

n • 1 « • 

+ ; therefore '^^-4- + y ' =• ‘^1^, and 

consequently + y- < ='^) = a*' was to 


be shown. 


But the same conclusion may be more easily dedtiml 
* from the increments of the flowing quantities, according 
to the preceding scholium. 

For, if Rm, rm, and Nn be assumed to rqirescnt (i, 

jJ^and x) any very small corresponding increments of 
A R, C R', and B N, it will be as C N (o) ; C R (y);; 

i (the arch N a) ; the similar arch Rr =And, 

if the triangle R r'm (which, while the point m is re¬ 
turning bn^ to R, approa^es continudly nearer and 
nearer to a similitude with C R P) be considered as 

rectUmeaiy we shall alsoobtain s- {=R m^=R 

‘U'X' 

whence, by writing i, and y for 

X, and y (according to the scholium) there comes 
out i* =: 4- y*, as before. 
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EXAMPLE*!. 

137. Lit the Curve A K M, wftose Ijength t$ sought, be 
the Smucubtcal Parabola. * 


Whereof the cquatiou being or r = 


.f . 


• g i . 

wc thcncc have i = -"1 ^ : whence c (= * )• Art. 135. 



= y^-f r^.^L. Whose fluent 


(found by the common riiJe) 

tf 

corrected (by making y = 
8a 
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i f 

k ' i 


EXAMPLE ri. 


« 

138. Let the Cvrve proposed he a Parabola of any 

(other) kind. 

Then j = being a ^general equation to all 

a * I 

kinds of‘parabolas, we here have i = 
therejfore i ( = -f x^) a= \/= 




HSyt»-S * 

1 + — 1 " j i whose fluent,' universally o\- 
pressed in an inflrute series, is ^ - 


2«—1 X 2a* 


wy 


•• + 




&c. = z. 

•ft ' 


4it-8x8o**^^ X 16c^- 


But, when ^—2, the index of in the given 
fluxion, is either equal to unity, or to any aliqttot part. 
of it, the fluent may be accuratdy had in finite terms, 
1^ Art. 84. 


1 ' t 

For, % put^ = 0 , 'and 






ss c, our 


, fiuxktt^^ +X y) is, in the first place, 


' I' 


jpe^uced to 1+ey^ x y; which, being compared 



4 


IN rxKDllltO T«< XiKK4itji» OF CUUVfes. 

*^th a H- X this geseral e^^rettsion in 

the aforesaid article, we have o =s h, 0 s n =s \ 


m 


m r= dsK 1, ^ SS ra — 1 SS 0, or — —*1 si 0; 

V 

whence r= t, a? (r-^mj^v and con^i&ntly 

d X 


sne 


r"— r - 1 XMZ^^ / ^ 

X ^ - -==- •f^“»Art.? 4 w 


1 


• — 1 X C 


I-hey 




7 T Xy* 

X (j/ • ^ + 

V —jxc 




t’ — 2xv’ 

—r:r , - - • ., - _ „-:j &C.) s= the floeot of 

i> — *- X f — I X r - ' 

- - 

1+r/ X jff which was to be determined, , and 
'vhich wiil (it is plaiii) always terminate in v terms, 

when 0 , or its equal g tt a whole positive 
number. ,1 

If (<feri«!d from p bo stib- 

stitutad fix its equal », the rauad^of tke curve, will 
be flanged to az^=s^^; which, If o be ^pouli^ 
by 1, 8, 5, 4, successively, will become 
ax*s=y, ex^siiy, ar*==y«^ Ac., resppctivdyji in afi 
which cases the length « the runio Be . 

accurately had fnmTthe fliiejt above eilii * 





* v* 


V 
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Moreover, if « be assumed=2 (or v=i) the gc- 
equatioD,' Cfs will then become v sc 

answering'to the commem (or conical) parabola. 

B'l 

And therefin| in that case ^ ( =z 1 + —[ x y J 


a’ 


«*= y\/ 1 + 

^ \ a* {a b 

/ U • J T > y X 6* + y- 1 
(by putting = = J X 

*’y+.y*y = i ^ ^!yy + y’y ^ {b\'/. v +y\v 

V'i’+j/- * Viy+jf* ^ v'Ax+jr^' 


+ 




1 • . i*yy+y’y . 

= T into —r==-f 


wy 


t/Ay -fy ^ Ay+_y^ i/A’' + y 

where, the fluent of the first term (of the fluxion 

so transformed) being=jV*^Ay+y (or | ,y+ y^) 
by the common rule; and that of the second term 

»Art !96. s= 4 A“ X hyp. log- ♦ it follows that 

o 

the length of the curve will, in this case, be c= 

4 v/A2 + y .111. I y + + y* 

^ ^—^+i*xhyp. log.*2-^-liL 

■ . 4 


V 
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example III. 

139. Let the Curve propoeedbe thelmmluU of a Circle ■ 
whose nature » such, that the part P R of the taneent 
intercepted by the point of contact and the perpaidicular 
t F, IS every where equal to the radius C O of the ge¬ 



nerating circle: therefore i ) being hfflie= . Art. m 

yy A V* . 

—, we first get z which corrected, by mafcing 

P=a (= AC) becomodJ!!^ (^) the true*, 
measure of the required arch A E. 


u % 
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EXAMPLE IV. 

140. In which the Spiral of ATchimcxics is proposed. 
Where the value of t (A T) being denoted by 

7^ to. «) ~ g« i ( = ^0 

y- . • 

—I-Z ; which duxion b«ng exactly the 



M 


ss&e as that csmresdng the arch of the oommon para- 
4boU, fbuncl in Article ISS^ its fluent will therefore 
• truly xcpiaeBted by the measure of die said arch, or 


fi X hj^ iog..sjU^f±i, 

cxhilnted. . ^ ' 


the 


JiJS- 
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EXAMPLE .V, 

141> Let the Curve be a spiral whose Equation is ^ 
a*"*^^^* (Vidt Art. 136.) 

In which case x being = it is evident 


« fl / ▼ 


a?- 


• 4 A . j .u f wy* 

yV/ 1 -i- - —i and therefore sa; y H - 

^ a- 2m + lx2a«" 

TO4y4-'+> ffiy***'' 


+ 


&c. Which value 


xSfl'** 6m+ 1x160'’"* 
may he otherwise had, without an infinite series, when 


♦ 1 


— is a whole positive number. Vide Art. 188. 
2m ^ 


EXAMPLE VI. 

14!2. irAcrc, the Jiight-sine, Versed-^inef Tangejitj or 
Secant of an Jren o f a Circle, being given, it is re~ 
quired to find the length of the Aiih itself in terms 
thereof. 

Put the versed-sine A 5*=5", the right-sine R 5 
the tangent A T 
ssst, the secant OT 
scs, the'^ch AR 
= z, and the radius 
AO, or RO,=s:*a; 
also let Rn=i, n r 
*= y and R r = 5 .** 
since the angle 


R b, the triangles r R n and 0 R ft 


r » R ( = right 
angle) =sO ft Bj, and 
r R » ( right- 
angle—nR 0)=0 
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are therdbiecqui-angular; and it will be, Ri (y) ; OR 
(aj T: R» rxj'; Rr (z) = -=-r^= (be- 

^ y v2tu~T' 

t 

cause, by the property of the circle 

Also, O 6 (y^ d- —; OR faj it nrfj/jRr (s)=^ 


tThesc two values exhibit the fluxion of 

V^o-y- 

the arch in terms of the versed-«nc* and right- 
Mue respectively; but, to get the same, in terms of 
the tangbnt and secant, we have (b^ sim. tnangkn) 

OT (=s=v'aHT^) ; OA (a) ;; OR (a) : 0/;= 

o’ o'" • , . . a* rt- 

— = —7t=asar: hcncc A 0 = fl—*-7z=r ; 
« s Vfl* + r 


a-8 


O'tt 


: whence 


>hosc fluxion is Uiereforc ss 

O' + 

(again by nmiiar triangles) AT { = —a-=0 


OT (=s» + :: R« ; Rr = 


n-8 


8 


— a- 


a"t 


+ 


Now, iVom any one of the four forms of.fluxions 
/ ^ . cjf , a t ' a^s 

\ V'^x - 


here found, the value of the arch itself (hy taking the 
Hitet, in an infinite seiies) will likewise become 
J^Down. , 

But the third fann* expressed in terms of the 
'tangent, being endrely free from radical quantities, will 
be the most ready in practice, especially where the re- 
ouired arch is but small; though the Scries arising from 
tKe first form, always converges the fastest. 
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If, therefore, ^ ^ ^ amverted to twi in¬ 
finite series, we shall have *? = / — ^ 

G*. o* 


3fl- » 60** 7a^ 

^ &c. = A R. Where, if (for exoTnpVs sake) A R 

be supposed an arch of 30 di^rees, and A O (to ren¬ 
der the operation more easy) be put = ^mity, we 


&a and consequently jt = t 


shall have t = • = . 5773502 (because O 6 ( 1 /I) ; 

5R(0;;OA(i):ATff;=i/J) 

, Whence 


(=/xr-=/x4) 

te .1924600 


= .0641500 

r (=t>xr==|') 

= . 0213833 

t‘> (=<-x/“=i') 

= . 0071277' 

t" 

= .0023759 

<■» (*<'>X(«=Q 

1 =.0007919 


1 = .0002689 


&c. ■ • _ 

And therefore A R = .6773502 - + 

.0641600 .0213833 , .0071277 .0023759 , 

—-— + —9-IT- + 
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+ 
+ - 


.0007919 

13 

0000097 




. 0002639 . 000(1879 . OtK)Oi293 

‘15 17 19 


, C00003> 
23 ■" 


= . 5236987 : which mul¬ 


tiplied 6 gives 3.14}592 -J- for the length of the 
scmi-pcn|;herT of the eWe whose radius is unity. 

At Article 126, certain forms of ftuxions were pointed 
out, whose fluents arc explicable by means of hy|K;r- 
bolical ^aces, or a ^ lof^tritkma: w^icli forms, 
it i» fll)serrable, agree in every thing, but the signs (and 
constant qttantides) with tbo^ exhibited above, for tlic 
of a drde. And these last, lAe then), may 
serve as so many (other) theorems for finding fluents 
by means of a tabh ^ sitirs, tangatts and aecayils. 
But, as such! a table » usually calculated to a radius 
of 1,000000, itc. (or unity) Uie ibllowing etjiiatious, 
derived from those above, Ixijng adapted to that radius, 
will be latha more ooimnodius. 


I 



r » ..1 

vaoic- w’ 

J 

fVersed-sinc^ 

tS * 

o • 



1 

4* 

B 

- w 

: jQ 

I 

1 

• 

t- 

i la'J 

- 

t 5 

< «C \ 

' Right-sine 

1 1 

\ 

W 

aii' 

p 

1 

tn 

3 

M 

fi- + 

mm 

es 

Tangent ^ j 

H 

• 

' 

. 

ft a#v 

> 


(IW 

. . 

.S3 

Secant 

1 



^ •' y 


is —, and 
a 

radius unity 


The way of deducing these expressions, from the 
fosegoing ones, is extremely easy: for, if A be put to 
^notc the arch whose radius is unity, and whose 

verscd-sine^ right-shte, tangent, or secant is ~ (ac¬ 
ceding to the difetent cases here specified). Then, 
because similar arcs, of unequal circles, arc as their 
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radii, it uill he 1 : ay. A : (aA) the length of the 
arch AR (see the Jgure). Thercfcrc, the fluent of 
ax aw 

«>=*; being* 

» 

tip 

^aA (A R), that of ^ must necessarily he 

— A : and in the very same manner the other forms are 
made out. 

• * 

EXAMPLE VII. 

140. Let the proposed Curve be the comnum Cycloid, 


Then, if the radius A 0 of the generatiag*semi*circle* • See %. 
^bc denoted by a, wc.,«halJ have B R= Sox—ar®; and- 

ax 


the fluxion thereof =s 


: which being 


( ax N , 

==^ the fluxion of A R or its 

cijual U S (given by the preceding article) we 
2ai—ri Cx2a— X x 


■'*'* j^xSa—xl* 


i ‘ 


2a— t 1 , fl>r the true fluxion of the ordinate B S 
of the cycloid. 


Hence 


—~ = •Art. 185. 
X 


X =2j^xx *i; and consequently, by taking 

^ Ji _ 

the fluent, s = ^ x = 2 ^2ax = the arch A S 
of the cycloid. 
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El^AMPLE VIII. 

*144. \Vhertin it is required to determine the Length nf 
. the Arch of the common Hyperbola. 

In this case (the semi^transverse axis being repre¬ 
sented hj by and the seroii^jugatc by cj wc l\avc 

=: Six + X-; and therefore x =5 ^ +y 


— b: h%nce x =: 


hi 


c c* ^y 

nA* + = ,y\/i + 


=, and z {— V'y- + x*) 


by 


c" X C' + y" 


c* 4- cy 


; which, 


by converting 




c* + cy 


into an tT^niU series, becomes 


y i/l + ^ ^ ’>y _ W &e. But still 

we have the square root to extract; in order thereto, 
let it be assumed = I-f Aj/-+ By* + Cy + Dy X-c. 
Then, by squaring and transposing {Vide Art. 9?i) 
there arises 

1 + 2Av- + + 2Cy" + &c. \ 

+ A^y* 4 2ABy + SACy* &c. f 

4 B^* 8cc. ^ 0 

-i-gx^+yx^,«4xy+5.xy&c. ) 

M b' 

Hence A = = - { A* = - ^ 

b* n _ A n-. ** • a. 

; 8?' ^ ^ 2c- 

&c. ta Therefiwe i ( = y 'y/1 4^^ &c. =y x 


1 + Ay + B5,4 &c. = ,^ + gxyy-(g+ X 
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,y!y •+* 



il 

4c"' 



And conse> 


quently s = ^ + 




X 



lOc^ 



By the very same way of proceeding,* the arch of 
an ellipsis .inay be found, the equation of the two 
curves didcring in nothing but their signs. 


SECTION IX. 

* The Application of Fluxions in investigating 

the Contents of Solids, 

145. Let ABC represent any solid; conceived to 
generated (or described) by a plane PQ passing 
over it, with a parallel motion ; let H A (perpendicular 
to J* Q) be token to express the fluxion of AH (xj 
or the velocity with which the generatihg plane is 
carried; also let 
the area of the part 
R m F n of the 
lane intercepted 
y, or contained in, 
the solid, be de¬ 
noted by A: then 
it follows, from Art. 

S and 5, that the 
fluxion of the solid 
A E F, will be ex¬ 
pressed by A X. 

From whence, by 

expounding A in terms of x (according to the nature 
of the figure) and then taking the fluent, the content 
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of die solid (vhich ve shall always hereafter represent 
by s) will be given# 

» But, when the proposed solid is that arising fr^om the 
revdution of any ^vefi curve A £ B about A H D, as 
an axis; the fluxicm (s J of the solidity may be ex¬ 
hibited in a manner more convenient for practice: for, 
•Art. 124 putting the area (3,141592 &c.*) of the circle, whose 
radius is unity, =£ /?, and die ordinate E H ^ V* it 
will be 1* : :p ; the area of the circle EmFn, 

which being wrote above instead of A, wc ha^ e s 
The use of which will be sufficiently shown in the fol¬ 
lowing fbuunples. 


EXAMPLE I. 


146. Let it be propoeed to find the Contait of a » 

Cone A B C. 

Put the given altitude (A D) of the Cone = fi, and 
the semi-diametcr (B D) of its base = h: then, the 
distance (A F) of the cirdc E G, from the vertex A, 
being denoted by j, &c. wc have, by similar triangles, 

b^ *. 

a \ b ;; x:EF (V) = — Whence, in this case, ^ 

a 

{ = r- • and 

consequently «. = ; 

0(m 

which, when x^a («AD) 
gives£^(=pxBD’xJAD) 

for the content of the whole 
cone ABC. Which appears 
from hence to be just J of a 
cylind^ ef die ^amc base and altitude. 
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EXAMPLE jl. 

147* Where, iet (he Solid pn^sed be a parabolic Conoid* 
or that arising from the Revolution of any Mind of 
Parabola about iU Axis. t 


Then, from the equation = y, of the gene- 

rating curve, we get " x i", and « (=i>y*^) 

g*—•*« li* Ii—w 

=2>o “* X ijr* ; and therefore s = pa^ " x 


•f i 


9.n 

m 


= P<^ 


m 


Sm 

21 + I 


mx 


+ 1 


Sx + m 


=:pa 


m 


X J" X 


which therefore is to {pfx) the content of the circum¬ 
scribing ^lylinder, as m to Whence the solid- 

generated by the conical parabola (where and 

« = 1) appears to be jufet | of its drcumscribing 
cylinder. * 


EXAMPLE III. 


148. Let the proposed Solid A F B H be a Spheroid, 

In which case, putting the axis A B, about which 
the solid is generated, =:a, and the other axis F H, 
of the generating eQtpsis, s= 6, it fidlows^from the 

property of the ellipsis, that a® 6* :: x x a — a: 

(AD X BD) :y (D^®) = ^ X a -: whence 

" • oft® ' 

wa have i ( = j^i*) axi aftd* 

G . ' i, f , 

s ST ^ X |o4?* — ss the segment *A IE. Which 
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whoj A D (x) =s A B (a) 
become* x ia’— 5«0 

^ Twi* = the content 
OT the whole spheroid. 
Where, if 5 (Fii ) be taken 
ss a (A B) we idiall also 
^ pa^ for the true con¬ 
tent of the sphere, whose 
diameter is Hence a 
sphere, or a spheroid, is 7 
<n its circumscribing cy~ 
linder ; for the area of the 
circle F H being ex^tfcssed 


by—, the content of the cylinder whose diameter 


pif^a * 


is F H, and adtitude A B, will therefore be 

of whid) i/wM, is eridentfy two third parts. 

♦ 

EXAMPLE IV. 

140. Lit the Solidy tekose Content you would find, be 
the fttfperbolieal Conoid. 

}p _ 

Then, from the equation, y = x ox + x% of 

f 

the generating hyperbola, we have s igfi )= 

. nfp ■ 

xooME.+ x’x, and consequently x 

7 the content of the conoid;* whidi, therefore, is to 

• If 

X ox + X* X x) that of « cylinder of the same 

We and altitude, as ^xtoa + ’ Thi* ratio, 

if X be extremely small, become as' 1 to S very 
nwlj: whienoc u maybe inierred, diat the content 
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of a very small part of any solid, generated by a curve, 
whose ray of curvature at the vertex is a finite quantity, 
is half that of a cylinder of the same base and altitude,, 
very nearly: because any such turve, for a small dis> 
tance, will differ insensimy from an hyperbola, v«bos^ 
radius of curvature, at the vertex, is the same. 

This might have been inferred, either from the com> 
mon parabolic conoid, or the spheroid, in the preceding 
Examples; but other observations would nbt allow room 
for it there. » 


EXAMPLE V. 

150. In which the proposed Solid is that arising from the 
notation of the Cissoid q/* Diodes, abou^its Aits. 

Here, y’ being = -,* we have s (p^i) == 

7}t^X • 

‘ -. But, in cases like this (where the denominator 

a —I 

is rational and the variable quantity in the numerator 
of several dimensions, it will oe necessary to divide the 
latter by the former, in order to obtdu the fluent, by 
lessening the number of dimensions: thus, dividing 
pi^x by —x + a, according to the manner of compound 
quantities, the work will stand thus : 

-x-f-a 0 ( —jjarx—pfl’X 

px*x— 

+/Mix*x—pa®xx 


+pa*xx~-pa^x 


+j>o*x 

J 

t 

Where the quotient being—and the 

remainder ya*x, the value of the given fraction 


Art 66. 
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>* 


will ihefdbre be truly expressed — px\v — paxx — 


paH^ 


pa^x 
a—x 


whose fluent, properly corrected, is 


— rpx* — hpoff^ -- pa^t ■+ pa* X hyp. log. 


(I 


Vide Alt. 126. 


a — .1’ 


^ EXAMPLE VL 

151. ^ Let the Solid be that Jrom the Rotation of 
the Conchoid of’Sioomsdes about its Axie. 

The sub-taniKnt of this cune bemes; -— 

« .y 

(Viifi Art. and 57) we have jc=- ~=±^ ^ and 

—y* 

~ v'F^' in order for the nmre easy find¬ 

ing the fluent thereof, put Vh' — j/* = w ; and then, 






y beug = and y = 




Vh^ 


U’ 


, we shall. 


pab''u 


by substitution, get a = ■% + p xb'-u — u"u- 

Whence, the fluent of being expressed by 

the arch (ii) of the circle whose radius is unity and 

t Art 14di sine-r,*!* the fluent of the whole expression will be 

■ j .■ , b 



finite. 
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, EXAMPLE Vn 

l-'iS. Whtre it ia required io find the Cojitent of a pa- 
rnhdk Spindk; ffemratedby the rotati&n ojf a giver 
Parabola A C B (^ui iU Ordinate A B. 


Put C M (the abscissa of the given parabola) = 
and the semi-ordinate AM (orBM) 3=^,* and, sup-, 
iKising E N F tobeany section of the solid parallel to DC, 
let its distabce M N (or E P) from D C, be denoted 
by w : then, by |hc property of the curve^ wc shall 



have A M- {¥) \ E P« (w-) ;; C M (a) \ C P - 


aw 


« aoj" 


ther^oreEN (= CM-CP) = o--,- = 

b' 0 " 


a X b’ —10* j o 'C' XT® ^ 

- 7 ^-, and consequently p x EN® = ^7 x 


6^ — 2 6* tO' + = the area of the section E F: 

which multiplied by (tb) the fluxion of M N, givw 
ptf 




^ X — ^b' w-w -f w^ib for the fluxion of the 

» • 

lyj'j _ _ ■ f 

solidity,* whose fluent, ^ x — -5 b^ w* + i trS* Art 145. 


b* 


when to %eoomes = 6, is ^ 
of the solid. 


Spa^h 

w 


^ half tho 


content 
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■i . 

■ ; ' ;t 

EXAMPLE Will , 

153. Lei the SMid A C B E the last Jlg^te) he a 

Spindk^ generrUed the RMoiim ofRkt Seginent of a 
Circle^ A C B, tAemt its Chordy or Ordinate^ A B. 

Then, if tbo radius p £ be put « r, O M ss d, and 
E P 33 V &c. *(as bel^) wc shall have O F ( = 

vnffE c«e pe) _ and EN (0 P - O M) 

' _ c 

OB t/r* -«r — <? .* tberefta^ Sy in this case, is = 

pA X V^T^—X + — 2 dV^r-—jc® 

pit X r* — d® — «* — pa? X 2 rf V^r*— IT- — 2<f ’: 
whenoevUie Huent of the pore, pw x %d\^ —J<f- 

( =i 2dp X 1 C X r-—w® — d = 2dp x ic x E N) 
U2 beinff exp^ieafied by 2dp x ana MXEC* the fluent 
of th« adtokj or the true value of «, will be ex¬ 
pressed hjT jne X ftc*—2</p x area MNECy 

or by itse^al pxMNx A N®—2pxOM 

XarWmNEC: vhieh, when MN= MA, gives 
px:^AM*-«p xOM X area A C My for the con- 
. tebt of half die solid: where the area ACM may be» 
finmd by Art. 134, or more easUy by the common uble 
of the areas of segments of a circle; to be met 
with m meet books of gauging.. 

y 1 

EXAMPtE IX. 


154. Let 


Solid 


it be proposed to find the Content (f the S( 
t A£G B ; whose four sides AH, AT, CH, CF, arc 
'* p^eSurfoces, audits Ends A DC B, EFGHgiven 
Redangles, parallel to etch other/ a 

Let the n3es A B and ^ ^ hose, be draoted 

hy a and h; and those ^ ^ ^ ^ 

and respet^vdy; iii<n:#er, let A express the pwpen 
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dicular beigkt cit solid; and let »^S^ns^ered m 
variable) be tlie dlstsnoe tf (I L) loy lection tlidieof 
(pandlel to the base) fim the pluie £ Q* 



It IS evident, troin tlu* nature of the figure, that 
the <!ectiott I L ns a rectangle; and that 
A ^::ab-kh.im-EH::BC-hg.ML-hg. 


a—c X* 


From these proportious we have I M—E H=»—^ 

»DdML-HG=Eil5: hoiw IM 


+ c, and ML= 


h 

h^dxi 


4- d; and consequently the 


area of the rectangle (it) =r ^ - x x* + 

ad—Sf X X + id* which beiiig multiplied by« 

h • 

* , , , dxi* 

i, and the fluent taken, there results -- 


4 . fld— ^ j of IP G L. 

"T ———' S|. » • 
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wlikih, when x A, becomes * 4 

—+ cdh'= + ad + ic+aS X =) 

AB X n>+EH X EI'"+ a5+EhV!®^' X iA= 

the quantity proposed to be found. 

If E F (dj be supposed to vanish, and the lines EH 
and FG to coincide, the planes A E H U and 1) F Ci C 
will form an angle or ndge, at the top tof the solid 
(resembling the roofe of some buildings, whose ends 
as well as sides run Hip sloping) and, in this case, the 
content, found above, will become more simple, lieing 

then expressed by 52flA 4 Ac x ^A, or its equal jZ^VB + EH 
X AD X AA.* • * 

fiutfif EF be sup]>o^^ £H, and AD = Alb the solid 
will then be the fnistrum of a square pyramid; and its . 

content = a« + ar+r^xAA, =AS^ifBxEH + Ell- 
X AA.* from whence, by taking EH=0, the contnit 
o£ the whole pyramid wtxise base is^A B-, and its al¬ 
titude A> will bSm be given, beings AB^ x ^ A. 


EXAMPLE X. 




155. Let the proposed Solid be thati commonly k nown by 
the Name of a Groin; whose sections paraliel to the 
base are, ul squares, and whereof the two sections 
perpendicuhur to the Base, through the Middle of the 
opposits Sides, are Semi-Ofcles. 



Let bcdejho 
any section paral¬ 
lel to the oase ; 
and lot its distance 
A b from the ver- 
> tex of the solid, 
p' be denoted by x ; 
alaalcto represent 
the radius A B 
(or BN) of the 
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circular section A B N A, perpendicular to the base. 
Then, bn being (by the propeity of the ci«le)= 

2 (u — j*, the side of the square dfj will be ^ 

Sl/Sflo: —j's and the'ft&re the area=4x2ajc“.r® ; 

whence 8 =r 4i'x So-v x*, and consequently «as'4aj* 

— ™ : which, when t = a, becomes = the 
Or' *3 

content of tjie whole solid. 

If the solid be a groin of any other kind, or such, 
that its two sections perpendicular.to the bas^, through 
the middle of the opposite sides, are any other curves 
than 8cmi*circlcs, the content may, ^till, be found in 
the same manner; and will be ^ways in proportion to 
the solid generated by the revolution of tnc said curve 
about its axis, as a square is to its inscribed circle. 
• But, if the foresaid perpendicular sections be curves of 
different kinds, the sections parallel to the base will 
no longer be squares, but rectangles;' whose sides are 
the corresponding^ (double) ordinates (of the respective 
curves. Thus, for instance, let one section be a cir¬ 
cle and the other a parabola, whose ordinates, to the 

common abscissa r, are expressed by V^dx — x- and 

t/ox,respectively; tlienthesidesoftherectangularsection, 

parallel to the base of the groin, will be Sv' dx — x* and 

2V^ax: whence the area of that seHion is = 4x 

^ ad axi and therefore s = 4 x x vod—ox : 

where, by taking the fluent, * « z= 

iBd*- ad — X d — x]! x 16d + 24x 




15 

content of such a stiUd. 


the true 
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EXAMPLE XI. 

4 ” * 

15& Whereiike Soiid iB A C B irrepotnf u a kind of 
Cone^ or i^yramid ; fonaed by conoeivinc Ki^t-iincs 
to be drawn fretn every Point in tbc Fflrimetcr of 
any given Plait B DC, to a given Point, or Vertex; 
A dxrve thft Plsiie. 



Let E F G be any 
fiection parallel to B1) i\ 
wboee perpendieular dis¬ 
tance ( A Q ) from the 
vertex let he denoted by 
r; moreover, let tlw 
whole given altitude 
(AP) of the solid be put 
0 , and the area of 
tha base B D C (which is 
abo supposed given)= b. 

In me first place, it is 
eafiy to conceive that the 
planes B D C and E F O 
mnet be timilar; and 


thenfore, swoa abailar figures are to each other as the 
a^uarea of th«r like ate, or dimenuona, it fidlows 


dut AP* ; AQ* w: :BDC ^6; : EF G=;^’. 

* * a® 

^ 9 _ I Afl 

Whenoe « » and ooosD^piently a = — =: 

• - * 

#hen Thoefere. the aolidily of a cone or py- 

ranud, let the fi^re of its base be what it will, is 
afaraya had by jpatutiplying the*area ef ^ base by t of 
fhe ahitu^e* 


FlKDl^C THE tONT^SITS OF SOLIDS. 

EXAMPLE ;CII. 

157. Whcrtit {a‘ ')propOHd to tftc CotUent of lh$ 
Unguta E F G C, ^ off ftottt a One, ABC, 

by a Plane E F G passin^through tbe Base there'-^ 



• Let A D be the pcrp^umkr height of the oone, 
also let A M be perpendicular to H E, the axis of the 
section F £ G, and let FA. G be another section of tbe 


cone, through F G and die vertex A. 

Since the solids C AFG and £ A F G, whose bases are 
FC6, and FEG, come under the form speHned m the 
preceding example, their contaitB will therefore he ex 
pressed by F C G x |A B and FEG x jfAM respective* 

ly: whose diSerenoe, —-«--r, 


is the solidity cldie migida C E F G: where the baSin 
FCG and FEG being conic sections, their areas'll!! he 
given by Art. 115, 124, and 129, from ^enoc tbe whole 
will ^ Thus, if H E ^ si^posed parallel to 

A H, the section FEG, th/nt being a parabo^ its area 
will be=£f X F G X E H whence the sglidity of tlie * 
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se^ponent EPG A !s= • xFG x E H x A M : which 
being deducted front of C’ F G A (fouiul by help of 
the common table of circular segments) the re¬ 
mainder will be the content of the tingula. Hut, if the 
axis E H produced, cuts A B, the section F EG wiU be 
- a segment of an ellipsis EFKG; whose conjugate 

axis (supposing B N and K L perpendicular to A D) is 

• Art. at. =- 2 t/ii N KL.* Now, in mder' to compute. the 
content, the easiest way, in this case, let the ratio of 
£ H to E E (which is givtm by trigonometry) be ex¬ 
pressed bx that of m to unity, Kid let the ratio of CII 
to C £, be as » to unity : and fropa the common 
table of segmnUB (adapted to the circle whose diameter 
is unity) let the areas 'answering to the versed sines »i 
and «, be tjdcen and denoted by M and N respective¬ 
ly : then the area of FEG being = if x EK x 

f Art. 1242 X K L, and that of F C G?= AT x B C*',*!' the 
’ content of the unguiay by substituting these values, 
^willbecome=jArxB C® X AI>—Jif X EK x A M x 

2v^£N^xlCL: but, since AM ; AE; :KQ (perpen¬ 
dicular to AC) ; KE; andAN : AE;:KQ:KI, it 
Mlows, by equality,^ that AMxKE = AN x KI; 
whence the content of the is also expressed by 


BCV X A D-I X A N x KI xS/EN x KL. 
Which, if H be supposed to coincide with B, and K I 




with will b 

0.j|0X2/EN7filD)=sO.26179 


8f 





&C. x^C x-B C X A 1)-2A N x /K N x BT). 

section EFG is»an hyperbola, its area 

f |ay wl^nd by means of a tabic logarithms (in- 
te^ iS i table of segments) whenoe the content of the 
wiU likewise Ik had in that case. 
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EXAMPLE 3MII. 

• 

15H. Let AFC, or A GD, be a Cttroe of any kind: 
whose ArttLi and the Content tf the Solid arising 
its Rotation about its Axis or Ordinate A B, are 
^ both known; it is proposed tofndy front thence, the 
Content of the Solid generated by the Revolution if 
that Curve about any other Line P R parallel to the 
said Axis or Ordinate A B. 

Let A P, F Q, and C R 
l>e uLt iK'qicndicalar .to A B 
and to the axis of notion 
P Q R; also let A P (or 
E Q) =a, A E, considered 
• as variable^ ssw, the area 
AFE, or A£G=J[f^, and 
the solid arising from its 
revolution about AB, ss 
iV. It is plain that the 
area of the circle gene¬ 
rated by Q F will bc=/> x 

P * = ;) X a + E l?l* 

= pa^ 4- 2/i« X E F + /? X p 
E1'' ’ ; fronr which de¬ 
ducting the area pa^,. ge¬ 
nerated‘by Q E, the remainder, x E F+j^E F® 
will be the area of the annulus generated 1^, £ F: 
whence the fluxion of the solid generat^ by AEF* 
is truly represented by 2jja X E Fxu.%&xEF^:f- 
and, in the same manner, it will appear tint the 
fluxion of the solid generated by A E G is 2pa x EG x w 
~-^ptb X E G-. But the^uent ofEFxwforEGx tJ) 
is sethcarea of A £ F (or A E G)4 ol^ 

pw X E F'^ (or pw X E G*) equal to (N") the givto kiKd 
arising from that are8;§ therefore the flumit of theg 
whole, or the solidity required, is 2poJf-f A, in the 
former case, and %paM>^N m the latter where 



Art 145. 

* 

a 

» 

‘Art. 145. 

< 

Art 113. 
Art 145. • 
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in estlier cttO| ex|Hresses peripheiy of the cylinder 
dsaoribed AB, fbout the exu of rotation F R. 

^ Henoc» if A B C and A B D are equal and similar to 
each other^ ^en the value of &c. odng the same in 
both cases, it fidlovg that the mteot of the solid go- 
Aerated fay A F G wiR he expressed by ^tpa x 2J/, or 
tpoxamAFG. v 

Now, if (fer example's saka^ A CD be supposed a. 
^de, whostf semi-diameter is d^ the area of that 
dxde bemg s: pi^, the sdid generated by its revolu- 
tiem (representing the ring ei an anchor) will therefoK* 
he ss %>o X pS^ s: 2p*od*. But if yon would know 
oemteut oi the part generated hy the upper semi- 
oirde B A C, or the lower one BAD, let ue content 


* Art 146. of h Sphere whose semi-diameter is d, he wrote 


£» AT, in each cS the two foregoing expressions^ and )ou 
wOl then get-l- and 

Agw« tfAFC audAGDbe taken as right-lines, 
you wffl have Jlf =(or«nd 


% 


tArt.l46.Ar=tpxBC*x5'AB (orjixBD'X V AB)f: hence 
the iduL ganemted by the triangle A B C i8(=2po X 

f xBC‘ X AB)ttpxABxBCx 

» 9, 

R B+ j ^ C; and that generatfad by A B D (=9pa x 
S >|-xBiyxAB)=i/x ABxBDx 


^ Lastly, letABC(toABD)be oonddered as a pa- 
Ifab^ whoaa oidxDate it A B, am axis C B (or D B): 
t Alt. ^ being hwe = k AB xBC(or^ABxB D)J 

|Art.ts9.«BdAf s ^x ABxBO*8 (or ^ x AB xBD*) 
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it follows that the solid generated bjr ABC will he 

X 

5 . ‘ 

5BR+2BC 


{=:2;«JXjABxBC + ^ xlBxBCn=^ 

15 


ABxBCx 


15 


A BD =B 4pxABxBDx 


> ^aad that generated 

5BR-2BD 
15 . ‘ 


SECTION X. 


77*e Use of Fluxions in finding 

of iSWtc^ Bodies* 


the Superficies 


159. Let FAPreprc- 
sent a solid generated by 
the re>*olution of any given 
curve AF about its axis 
A H; also let a circle, 
whose diameter is the varia¬ 
ble hoc (or ordinate) RBR, 
be concaved to move uni¬ 
formly bom A towards 
FF, and to dilate itself 
so, on all sides at the same 
time, as to geneq;^, by its 
periphery, the proposed 
supo^ciea R A R; then, 
the length of that peri* 



(= ^/Jy) the celerity 
with which it moves by i 
the fluxion of the superficies 
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wnM be imifemly generated in the time of describing 
Zy win therefore be truly Tepresented by 
* Hence, if to be taken to represent the whole surface 
It A R, gmerated frofn the beginning (according to the 
^method observed in the three last Sections) we shall 

Art, IS&have tr=:S/^iae2j^V^+ tf'- ;• whence tv itself may 
be found. 


EXAMPLE I. 

k' ' . 


160, lAt it be propoted to determitU the convex iS'wper- 
, Jic^ of a Cone ABC. 


Then, the sesni-diameter of the base (B D or C D) * 
; Hang put ss by die slanting line, or hypothcnusc, 

A C=:c, and F H to D C) — fcc. we shall, 

from the siinilarity ^the triangles ADC and HmA, 

fArt I59.have 6 ; c;(mA) : z {H s= 2: wlicnoeio (2/^)-(- 

6 



This, when 


■/i- 




y = A, becomes '= pch 3 = p 
X D C X A" C = the con¬ 
vex superficies of the whole 
* cone ABC: which thcrc- 
^|pie is equal to a rectangle 
nnder half the circumforenoe 
of the base and the slanting 
line. 
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IN PINUINC THE StTFE&FtiClES OF SOLIDS. 


EX AMPLE •II. 


161. L(t tht Soli^, whost S^fface ytm would Jind^ 
he a Sphere A E B H. 

. - • ' •?' 

In which cas^ putting the radius O H=a, A F=rx, 

H = &c. we shall (by reason of the similar tri¬ 

angles O H F and H m h*) have y (F H) ; a (OH);; • Art. 68 . 
• oi 

X (H n») ■. z (H A) t= — : th^%fore w {2ptfz) = 

31 


9pai ; and oonsequentlv 
the smMjrficies («t) itself 
=i2;)aj'=AF x Peripk, 




=i2;)aj'=rAF x reripk, 

A E B H. Which, if the ^ 
whole sjjhere be taken, 
will become A B x Pe- 
ripL AEBH=four times 
the area BEAHO. 

Hence the superficies 
of a sphere is equal to 
tour times the area of _ 

its greatest circle: and ■" 

the convex superficies of any s^ment thereof, is to that 
of the wkolty as the axis (or thickness) of the seg¬ 
ment to the diameter of the sphere. 

. EXAMPLE III. 

162. Wherein let the parabolic Conoid be proposed. ' 

The equation of the generating parabola being 
or we ]iavc £ = , and therefiye 

.■( . 

2iwy ^ 

hence w (^pyz) = —^ x a* + j; whereof the 


t Artist 
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fluent is j wkidi corrected (by 


supposing 


Art. 79. ^ give* for tl|e superfi¬ 
cies sought. ,, 

" EXAMPLE IV. . 

163, Let it be rc^wrcd to determme the Superjkiea etf a 
• Spkermd* 


B H#*, BC=y, F C and ^ superficies ge- 
by P G D) s «.* theu, fim the na- 




tureof Aedlip«s,weluiwy*» *”V^<** whence 




I 
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a-xa^^X’ 


±>/ a^—a*—c^xE* 
a l/a® — jc* 


aV^ a'—E* 


(by putting (the eocentridty 




a- — =,6) = 


s/i-' 


therefore, in 


a v^ - — X* 

• f 

this case, «? (%^i) = \/ ^-x* ^ whose 

a* ▼ 0^ 

fluent, in an infinite series, is Spcjr x 

But the same 


1 - 


b'X' 




'WF 


2 , Sa* 2. 4. 5a* "" *T4.6. 7<i“‘ 
t fluent may he, otilertrsse, ve^ easfly exhilnted by means 
of the area ^ a cinde: if firemt the center 

with a r,'.dius equal to p a dtde S £ R be described, 

and the ordinate B C be produced to intersect it in £, 

It is evident that B E « ^ and that the 

fluxion of the area £ S H B will be e^^ressed by 

* - •!* ? which being to x - i', 

the fluxion before found, in the constant ratio of 1 to 

their fluents must theUfefore be in die same ratio; 

fl- 

and so the latter, expreasing the superficies C F G B,^ 
will consequently hci= X B£SFH ss%9 

X BESFH. " - . . 

This solution* it may be observed, obcarns only in 
case of an oblong s^ihemid, generated by die rotation 
of the ellipsis about its gitoter axis; fiur, in an Mite 



m 


the irsE OF rLV\i^}t9 

generated about the lesser axis, the value of b 

(l/'a*—c®) will Be unposstble; since, in this cQSi% 
•HF is greater than, HA, But if wc here put b = 

- - flC 

V c- — a*, and rf = -j-, the value of w (Simnd above) 

a 


wiH become =s. i/— + 

« o« V 

_ %>c 


~ d ^ • whose fluent may be 

brtn^ght out by help of a table of logarithms: 
fixTj *let die variable part i ^d ' 4- a* be trans- 

5^AXd*4-a^ d'-'r.Tt+.r^a 

mrmed to ( ' v , ‘v :"■■ = .. = —7==:=- -) 

+ x*' Vi} + r • Vd^X‘ 4 r" ^ 




tor of the first teite (now m a given 

tatio to the fluxion of the quantity under the radical 
•Art.77, Sign) may be had by the common rule;* by which 

m^s we get^^f Vd-x- 4* x\ for the true fluent of the 
said term; to whit^ adding the Huent of the other 

id}xx , 

196), there arises \ x /ir+p 4-X hyp. log. 

(t' 4- t/d* 4- x^), far the Huent of t* V^d- 4- • Jit>d 

9pc pcx 

t AATS-^Iiis, corrected f and multipided by gives - ^ x 

■•' . w. • u d o 


id^xx 


so that the numcra- 




V.' “ 


+ pfid X hyp. log. 


X-^ 1 / 2 * + X- 


d 


, for the 


anperficies in Hus eaae^ whera^ the pn^osed spheroid is 
an oblate one. ^ 
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EXAMPLE ,V. 


164. Lei iht Solid, who&e Sl^^tlficies is sought^ be the 

hyperbolical Conoid. 

L*et the semi^ransverse axis of the generating hyper¬ 
bola = «, the seini-cfi«^ugate =s«, and the distance 
of any ordinate from the center therwf ^ x ; then 
from the i^turc ^ the curve you will have y s= 


s =. 


— V x'^ — a'^ ; whence y as -7===—»- i 

a _ ^ aV^t- - 

i ^a- + X *' ^ j „ >' SpeSc 

- ; - y-—= -. and w (%>yi) = x 

a V.I- —u- f o 

which last v^ue, if put = 
a' 

a'‘ 4^ "?'’ ^ comnaodiou^^ express^ by 

2 /jf*V _ ... 

' v^.t — d* ; whereof the ' fluent, by proceeding 

^ ^ * 

as in the latter part. of the*Nforegoing ex^ple, will 

pc.t V^ar-—d- , ' , 

come out -ts c-^—_ — pen x nyp. fog. 

_ , . * 

(x+ VX' — d^) : which corrected (by x ss a) 

pcx. f- - ^. 

becomes '■-t~vx- — d- — pc- — ped x hyp^ iog. 


becomes 


, the true !nei|^e of thc-,required sirper- 

a-\ -^ y 

a 

fleies. *• ' . 

EX A'Nf PLE VI. - 

. t 

165. Let it be propos^ to ^nd^ke Superfic^ iff ike 
Solid called a Groin: ’ Art, %!S); 

Let hedefhe any aectipn of tHe solid piib^el to ^e 
base thereof and let x denote its di^staiidb from the 


f 
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THE USf Ot VLCXAONS 

vertex A, also put z equal to the correspouding arch 
A X the semi-circular section N n A, &c. whose radius 
4- B or B N let be denoted by <t. 

A . 


f’ 

'> 



which value, mnluidied by (2 — x*) that of 

Art. (=26n) gives 2 <hc* &a me ffuxum of one ^ the four 
equal {Convex supeidiciet by which the solid is bounded- 
Hence the whole supetficiras ^xdudiiig the hasc) comes 
out =s 8<i' f trhidi therdbre is exacuy equal to tvdee 
the hase. 


If the tdid be supposed a groin of any other kind, 
such that its equal sections, throu^ the middle of 
the oppofite^jti^ are other curves man circles, the 
supemcics $uli be had in die same manner; and 
will be always in primc^on to the superfides arising 
from the revolution <» either tif the said equal curves 
about its axis, as a sqm^ is to its msenhed drcle. 
Tbti% the super&^ of a parabolic conoid being as 

« ^i..'' 


the l^n, stmptfsme the generating 
curve Aw^ ^ be f ^panl^O^ wiQ thereAne be = 


p X «• ±Jj^ 


superficies of 


^ ^ "Ait. 162 ) the convex 
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EXAMPLE YIL 


166. Wherein ht it be required ioyind the convex Super- 

Jicics of a conical Ungula E C F D; formed bi/ . 

Plane D F E passing through the Base of the Cone, 

Let a right-angled triangle AO M (whdsebaseOM 
is the radius of the circle B D C E) be sdbpo^ to re¬ 
volve about /he axis AO; whilst a right-line NP, 
drawn perpendicular to 0 M from the intersection of 
A M and th(‘ arch E F D, traces out, upon the base of 
the cone, the curve line E P G D. 

If MPOAN and 
mp 0 A ft be consi¬ 
dered as two po¬ 
sitions of the ge- 
•\craring triangle 
indefinitely near to 
each other, it is 
evident that the 
space MAm, ge¬ 
nerated by A M, 
will be to the 
•space M O m, ge¬ 
nerated by 0 M, 
as A M to O M,' 
or 0 B. Wl^Dce, 

M N and M P be- 
ing proportional 
parts of A M and . 

O M (because is .nj^lel to A 0) it is likeadse 
plain that the ^»aces MNiem and MPpm, generated by 
those parts, will be to each other in the same ratio of 
A M to O B. And, siifce this every where holds, if i 
fcdlows that the whole sp^ (ENM) &c. ^Derated by 
MN, will be to that (ErM) generated by PMs as AM 
to OB: and so the whole required 8uperiicie£,(generBted 

Wf 

by AM) is truly represented by x area iSPGBCi^. 



oS 
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But now, to find this area E V G OC E, it is^ob- 
servalde that the area of the plane D F E (being the 
S^ment of a conie<^»eetion) is given, by Art. 115, lii9 
or 130. And it is Very easy to apprehend and de¬ 
monstrate that the area so given will be to that *>f 
E G DH, as the radius to the co-sine of the angle uf 
the inclinatioa of the said |dane to the base, or as 11 F 

* I-f f 

to HG. Tfi€reibre, seeing EGDH is3= x EKO, 

wehavcEPGl)CE( = ECDHE - EG 1)1I) = 
EC'DHET— X EFD; and consequently v 

EPGCDE = ^ X KCDHE - x 

EFD=the convex supcrficic.^ that was to Ik' found. 

If the point H be si>itix)scd to coincide with 1$, 
^ ECDHE will become the tchok circle CB ; and KDF 

will become a irhole ellipsis, whose greater axis is HF, 

• Art. il. and its lesser axis =c 52 X Therefore, the 

+ Art. iJivarca of the former figure will l)o expressed by p x BO',+ 

and that of the latter by p x { BF x V^r)Bx<lG ; 
and the convex superficies of the part BFC' will 1 h- 

“ OB - oft ^ BP X /> X ? B^ X 

v'Ofi X O©) = ft X AM X OB-ft X AJ|>1 x i lUi x 

/ckJ 

\/ iVfT * ^hich Ixnng deducted from; (p x AM x 
OB) die sgperficies of the whole B A C, thcre 


rests p X AM x JBG x* 


%/!• 


for the superficies oi' 


the oblique cone HAF; which from bcncc’is also given. 



iJJ FtNDlNG THE sUPERFlCTRS OF SOLIDS. 


S<:holium. 

l()7. In most of the examples, delivered n 
the lour last sections, the part of the pro])OSC<l 
next the vertex, 
whether a curve, solid, 
or superlieies, is first 
found ; from whence, by 
taking the* altitude (x) 
of that [)art cijual to (a) 
the altitude given, the 
content of the whok is 
deduced : but, if the con¬ 
tent of the lower segment 
(UCED) of any figure 
^ (AHC’) arising by taking 
away a part (ADE)' next 
the vertix, be required; then the difierence between 
the w/i >Ui and the part taken away (found as before 
i.xplained) will he the quantity sought. 

Tims, for example, let ABC be the common poro- 
/Wa, and let it he proposed to find the content of the 
part B C F. 1) included bettfecn any two ordinates 
H C (A) and I) 1'* (e) at a given distance B D (d) from 
each other :, then, the equation of the curve being 

(U ue have a = and therefore yi 



o 


a ’ 




whose fiaeiit is a general expression for the area 

comprehended ^eween the vertex and the ordinate y: 
whence, expounding y by 6 and c succeteively, we get 

^ and ^ for the corrcs{K>nding values of ABC anrf 

A I) E; whose difference —is the required area 

B C E D: but, to express the same independent of a, it 
^willbc,bythfepropertyof theeurve, ft- *. c*i;AB ; AD; 


1?)7 


Art. n >. 



* 
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whe&oe, Jiiydivision, 6* ; 6’—;: All ; 111) id) aiid 

c**” 

^mscquentiy —^hich iirstMaluc being 


x</ 

' ~ Ik- ■ 


wrote instead rf a, there results BCED = 

_Sd 6'' + 6c+c* 

“s’* 64^— 

After the same manner, the segments of ether Hgurcs 
may be found; but in many cases they will U' more 
readily hid firom a direct investigation, without either 
finding the whole, or the part taken away- 

Thus, in the case above, if the excess of any or¬ 
dinate R P ^x)ve D £ fc) be denoted by rc, wc shall 
have, by the property of the curve, e- (BC- — 

DEO :cT^FI--c* (HP-DE );;DBfd;: DP* 

whose fluxion (d x 

I • — r'-' / 


rfx^cte-fiP* 






multiplied by c-btc {=PH) gives d x 
2c*fd + 4ctt?«> + 2ic*io 




for the fluxion of the area 


DPRE: whereof the fluent (which is 2dw x 

will, when *c=6-c (or RP* lU ) 


b- 


be truly expounded by- 


%d y. b — c X t Jc -t- ■ic'-’ 

.%i fc»+6c+c^ , 

or Ua equal — ^ —ttt— ’ ^ 




640 


,« fin* anodier example, let C ^ he consi¬ 

dered as the bwer frustrum of an fa^ctlmcre, whose 
center is the point B : ,^then, R P being here denoted 
by Id, we 4 ji|d}' have j*- (==BR®—BP^) *: i*— ip*, 

'1 _M_,n ___ r n 

Art I4a.|ufed ' consequently ♦ sb p X 6 Hp — ip®tp; whose 


i 
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__ V __ . 

fluent {p X — $■ tr’ =* ^pw xS6*—w" a= ypwx 

gi'j + ^ jMT X + y" = I p X BP X 

^BC''-1-PK“) is the true cdiStenf of the part C E D c c; 
which win also hold when the figure is a spheroid. 

This kst method of finding the content of a por* 
tion of a figure renibte frwn the vertex, will fie of 
service, when the general valne^ for fhe whole, can¬ 
not be expressed without an infinite sSnes; because 
such .1 sciies, in that case, not converging, beccmies 
useless.’ 

By dividing the whole proposed figure, A H W, into 
a number of such portions, H V,.G T, F S, &c. the 
content thereof may be obtained, when to find it at 
once, by a series, commencing finm the vertex, would 
be altogether impracticable. 



But, to render such an operation as. ^drt and easy as 
may be, it will be proper to find each part (DQ, ^.) of 
the figure, by means of a series proofing botJi ways, 
from the middle ordinate (M N) between the twd cor¬ 
responding extremes ((?Q and DR) ^ •• 

Thus, let the value of MN (found by the property of 
the curve) be dOToted by fl and let the value <» D R, 
in a series, be represented by a + Ajf-P^' + dac’-f ei’ 
+ &C. where D'; then the area M DRN will 

be represented by the fluent of + 


m 


Ax». 93. 



»00 


THh OSX OF IfLCXiOKb 

dt* 


&c. or by 4 X o -f - 4 -^ + 


+• ^wT And 


2 3*4 

by wrbing —r instead of 4, the ordinate CQ uiil hi'c\- 
pressed by a—6x+cr’—iLr’itc and the area AU'QN 

4 

, ij: cx* rfi* fi* . . 

byorxa — — + — r whence tlK 

fS 8 4 5 

are«rDRt}'‘ui = Or x a + ‘‘j- + '"f + t \» 

♦ 3 o « 7 

Tbefc&rcyif DE- E F, FG> and O I! U 

eadk a BC (2r) and the areas D LT, &c (found 


c i 


/r' 


88 above) bcjdenoted by 2r x rr f 4 . Xt tnd 

0 »i 


or’ 


(\ 


^ 2x X a 4* 4* ^^’c. respectively, u loilows that 

3 3 

the area rR + DS4-ET will lx,‘ represented hy x 


fl + fl+d &c, + 4X* xc4-f + cAx. 4'M‘ * 


c + ^ 4- € Ac. 



|I « (=0 ?» ’*'« 5>y **» property 

^ « (M N) /ilNvinS* e: /I - pS and 
♦ / 


An example will Uiow 
tho'^uae of tins last f\j>rc^ 
sion : let C H W V 
portion of a qUitdrant 
HAW oi a circle, whose 
baw .H C ^conoeivtd to bo 
divided into four equal 
parts) is cqua^f half the ra- 
duts AH, i^escnteil by 
unitv. Then, putting CM 

(533£)M:=6w=« H= 0 

^jr, HM (3=i) =s P% and 

of the 


cir- 



I 


IN (ISDtKO THE. tUI^KRKICfKd OF 

V 


=aL 


DR (= 1 / HTr« - fflH) 

\/l — p‘ + 2 — X* as 2 /j X — T*; which,# 

in a Bories,.is ( =s « + . + &c.) 

r< 3fi8, * 


=s:a + ^ ^ X x“ Ther^jb^ in this 

case, /> = -^, c = — i ^ -£-, Ac. IVhidi value 
rt 2a' 2a* . v-. 

of r, by writing 1 — a* for its equid will be 
leduct'd to — . From whence it is eho evident 

that c 3 = — (supposing a (mn) ^ I — y‘) 


1 


Consequently *ir x « +* d + « ^ -f* ■? x c + c + c 


* a , 

Kc. + ■( X <’ + ^ + e ( = a + *« X 2 jr 4 * c + c X 


2^*X \/WZ 

1 *■ ■ 1 

g'x 55, /55 t 1^*7^ 

.. C 4 V gj ^^^6 


1 

4 - 


_ 63 ^ 64 X 8 X 3 T 

64 V gj 64^V 64 ® >' 

\/S5 + 1 1 

; 3 X 55/55 SlcWM 

✓55 ‘ 


3» 

/66 + V® 


■§2 




8 X S5 X 55 S X 63 X @ 


0,48730=: the ai^ CH W Q, was to be fotmd. .; 

■ti 

This cxan^le, chosen as an Ulpatrauotf^'^ fore- 
going hideed be wrought fhe cotflmon 

way; whence the very game oonciusiqa is fought out 
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( Vide Art 124). mISiod is Idbo ajmlicabk to 

sny other c4ae, ^diedier the part proposed to near to 
•the vertex, or nsw^ from it; and w|iether the figure 
itsdf be a cum, so&d or supetfidea; since the mea¬ 
sure thereof msy, always, be expressed by the area of 
a curve. ^ 

There ia-jiBotha^iri^) wd! known Co mathemati- 
aw, w h apl y the ana oi a cum nay be deter- 
mitted, by means of a number of equidistant ordi¬ 
nates ; whidi mediod, derived tom that ttf differtnerst 
majy also,^used tojgood purpose, in cases l^e those 
dtiava specified: but, Uhaving been treated of by several 
otkrri, and aw in my MtShematical DissrrtaiiaM^^ * 
chena^irill excuse me, if no fimher notice is taken of 
it here. . i 


SECTION XI. 

Of the Uai q/'> P^uxtons in .Jinding iht 
CetUers CHrdimtff, Percasdofiy and Oscil- 
laiim of Bodie$. 

168. The Centtf of Gravity is that Point of a 
Bo^, which, if it were mspendod, it would rest 
m iqicidirio^ in any Fbdttoii. 

. . 4 , 

liSKin. 

169. Pi n *♦ be oqy NundHnr ^gtaemjl^eights, 

kS^iUgatqniidUx%bULincf(n‘Roa)AM.)mpmUd 

^ th Eq«$ibnd, ta dn^ Witkoaio/ 

, O'; lodkenMme the Pottfion of tkal FieaU 

SHttfe (iy Jfetftashft/ the ^iirce of any w^tTp; 
to raise Uie i^podte ehd ^M) W the Wance, is aamt 
wei^ mco its*£sti^ (BO) firom the ful- 

'' ' - ' 'r' - ' ■ 

* A ne# dnyou bf^this vriSrk is b preparation. ^ 

. r- 



tN FINUIKO THE CENTERS OF GRAVIffY, &C. 903 

cTuixiy we shall, ironi the Quality' of these foroes, 
have pxOB + yxO C+r xO D awsxO E + < x OT?, 



_ . __ ■ 

that is p X AO—A1J+^ H AO—AC^^X AO—A©=s: 

» X A K—Xo+/X AF—AO, and oonseqnently AO= 
pxAB + yxAC+r x AD + sxAE-ffx AF 

From which it apj>cais, that, if each wagfU he nadti- 
• plied fj^ itjt diiftance from the end for any ^ven point J 
of the oxtSf the sum of cU the products dtmded by the 
sum of all the Wrights^ wdi give the durfonce y ike 
center of gravity from that end (or point). 

Ncde. The products here mentioned aie, usually, 
called the forces of thei. respective wetghtt; not m 
respect to their action at the center Q (which is ex- 
pressi'J by a different quantity) but with rwavd to the 
effects they have in the ctmdusiou, or the value of 
A O; which appear to be in that ratb. 


PROPOSITION I. 

’170. TV determ^ the Center tf Grav^ f a 

PUau, ShiperficieSf or SoUd (admitting the thi$ 
bnher dipole of beh^ affected^ GravSy). 

*• 

Let A M B C be. the propoi^ figure, md 6 the 
ebnter of gravity theret^; throu£^ whk^ j^i^hd to 
IbrisoD, let the line BF be draw%^interaeGting 
A C, at riffht-an^es, in O; alb let A K and N M be 
perpen&uLir to A C, said parall^ to £ F.t^ 




ISO# 
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171. Cascl // 
rtf Ji^tn A MBC 
bta pfane^ let it 
be sup|)ose(1 to rest 
ui jF)!yiit/t6rio upon 
the line E K ; anti 
then, if the luic 
M N he of^sulcrttl 
as a weight, its 
force ffiffinal o- 
Aott) »iU b<‘ <*x 
prts*>e(l hy» M N 

(brawn into its tIitUDCo (A N) from the mtl of the a\is 

ami 
fiuMon 

I gives if/xx tor tno nuxion ot tm lurce of the 
l^bne A M N, whose fluent, when i _ v (, c>cpn*shc« 
die fliroe of the wbde |flatie, or tin. >ani of all the 
products of the ordinates (or vtight^) by thtnr re- 
Elective distanoes liniD A K »hi h fluuu being, 
divided W.iIm- area ABC, or the fluent of 
jri (acov^ag m tbregeiiig Lemma) the^^uotieiu 

dnB give (AO) the distance of the center 
tiCffntvtty flrom the line A S. 

jyt Case % be « suit’d; let M N he a 

Moaon thereof 1^ a wne BorpeDdicti|ar to the ho- 
ziiai; tW» the^ensi« liitt%N»ion beiog denoted by 
the foMf diereaf (oonsidered as above) will be «(- 
1 by ixf and twi fluxion ofiibe flirce of solid 
whoMiflifeaitK disuloflby meontant 
bool w the flhehi of j|i, nve« jkO Ih this 
e|se. BoS»^ die wdid be tba hsJr (or of 

andsitlbain the InMioQ of a oi^ Altf 
its axk AC; then (lidimyii.dieiNfeaof tl„ 






IN KINDINO THB < KMT BUS OP URAVl'tY, & 0 . 

17U. Case 3. If tke Jigur^r^poHfd he Ute curve-dint 
AM B; thciu the force of a parji^e ai M being CKpressed 
by A N or MQ fx; we shaQ (pntdng AMisiU) havc^ 


z 



'i'hcrt, ihl* periphery of the circle ge|p»ted by the 

jioiiu M Ixin-; ^ VpV) it follows that- ^‘ = 

' JJW. 


!:\ AMPLE L 

'<prupusedhe thi.iao9ctlesTriangltAl^» 

It is exiiknit tl < wnter ^ 

of gravity (O) will Ik‘ ^ 

somewhere in the per- 
iieudicuhn \ Q and, 

if AQ=r«, hC = '* AN 
= r, a.itl -M M Tz t /. tlu n 

y being = we >hali 

have, Case 1, AO ( = 
fl u, yTl \ _ flu, x\jt 

fu.yx^ fiL^i * 

=» when xa=:AQ, 

K » i . 

AO * a 

^ Q = “g“ ’ ^ ' * 

^®n‘ihevcry same manner, Ae center of^aasitT'oT 


an^ Othef <plano) triai^ will appw to. ^l^ 
altitude trian^ ^ 

i' i-t. 
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EXAMPLE 11. 

« 

LAiUFigiifnprvipoKiihat^^ 


H«. = !!_±J X t = 

/B.jpt JU. n ^ % 

tlie dist a n c e <it tlie center of gravity from the vertex of 
the earn, 

« 

EXAMPLE III. 

1T7. Let B A C fre n Stgmm oj a Cirtle. 

HilBiy if the niaoM dieveof be pat sc r, we shaU 
hAvc jf (N M) «VS7 — X* ' whence the fluent of 
yti jr*> w3L by Art. IBS, be frioixd « * 

X am AKJMi'vhkh divided iy A N M» 
/ Nil* 

■ Art. in.g^m tberafiBre, when 

B AC ta atemi-cirolc, 

hecoim =. jgg. X 

. Marly. 

^ TIE^i i j j iV p Su^Mthrespeettd 


ft have, Jin. xf, f Cte S) «s fluent 

** 




IX 


% 


riKUKG 1H« CBXTWU OF eBAVlTY| ftc. 


m < 


E’XAMPI.i It. , 

m Id ABC (irt *• Wrece^<^)*»'9>»««»« 

a StgmeM vfa Smftt, «r Sphere^ 

In whieb ewe, dawtiw the •’fife ^ »j>het^_ <* 
spheroid, by 0 , end the «& of d»* |^ wer»^ 

curve, when OhellipeiB, by b, f 

. =*Ar..m 

and therefore * fii. \x 

X *«r »**„ AO. , 

Jai'—ita* 4* ''‘3*'“*^ * 

If the fohd bo tn hypabolicd eo^t^ d«s distsnre 
(AO) pf its center rf gwity fitom the vert^' wUl 
dto be esLibited by (he exmewa h«e tapnght out* 
when the wwrive i^s are naraM to positive <««0. 

179 . In Soaecasei where the ^«re cannot be divided 
into two pasta, equal and like ttteoA otte (aa a rarve 
i» by its axi^ &c.) the posiHOB of two liM E 0, eo 
(«* like enwfag fcwre; b* detei^, oa 0 ^ j 
in wlaae intivteetioB (G) the potter of gi»vity wUl be 
found* ^ • 

EXAMPLE V. 

Let ABC U a •'W**'* 

"lt«ean, ftomFi;.*, thbt (A0)thed^ oT 
EG^^the’W^ i oxpeeaed 

b«t to flndehe oieition of «« 
kk Mn bepmiel to «o> of AC* tlwaa, 



, ( THE UbE OF riJlXIOKh 

NM tf A<; bo ik«otctl by A, wo 

a'~7 

, • ! 

» 



shall have M «=sA— t, M « x N M xy=A — i > 

X 


^ — « t*" i 


for the 

a — a— 

fluxion of the sum of the forces in this ease (Vidt 

nr' 


/ 




Aru 171), whoso fluent i~--\ ' 7^ 

* ‘ Sl« + 1 


X a 


-i 


nr 


SB 


u 




^ % Sifl +"1 " 2 


7U 

SS“4- 1 


^ * ^B + O 
by the area A B C (ss 


or ? ^ (when x = A^ dividod 


4ft 

BCkAC 




V \ 

f-} 


JLti 

4n4-« 


BC ftr the true va^ of Co, or O G. Which, in 
case of 'Bie anarndb parabola, where it is f, and 


'Atiere^AO ^^i^xAC)s«si AC, will bccome^CB. 

Beiiile X jbe^e this ii^eet it may not be inmopor 
to .take notwe, filfi, whatever ^nc you fimna your 
ca^u||i(ioDs upon, bff suppo^iDg the figure to rest, m 




4K FINDINO THK CfiVT^to OF OmAVI^, Ac. 

Equilxbt^^ upon that fme, tM wy s$am period |br th# 
place of the center of gravity, iHU b« detenOtned^ 
l^O. Thus, let 
0 be the point in 
the axis A C, t»f 
a given curve 
B A dotcr- 
mineJi tiH above, 
by supposing the 
figure to •revt 
upon F jH;r- 
pendicnlar to 
A C; and !«t 
R S be ai»y o- 
th(T line pavmg 
through tne powt O j then i say ^ sum of tbe mo^ 
mrntfi of the |x»ticlefi on rath aide of H S wItt, almtf be 
•ef|nal For, if fVom tao points, in any ordinate 51 
piIMallydiHtantfinom the middle paiQt!^, ttroperpendieulftia 
m r and « j be let fall upon R S, the efficacy of those tw 
points, in reApect to RS, will be represented bj 
or its ecjudl f^NH rsuppoaiiig NH alsp perpendicular to 
RS) Wfaenoe the effit^ rf all the particles in M Q, 
will be expessed by thdr number miutipHed fay N H, 
or by M Q X N If : which is to their efficacy (M Q x 
0 N) when Tcfcrrcd to the line E F, in tbe cvistant 
ratio of N H to <> K, or of the sine of the an^e 
li O N to radius. Whimce it' is evident diet the farce 
of aD the ordinates ^ tl^^hole curve) in Rie fonper 
case, must be to that in the latter, in the same ratio t 
but the said feaee, in fhe one coeoy k ^uaf to nofliiog 
by hypothesis, ^Ksaferc h must k lifaeii^ so |a tw 
other: «M ^pomdfjpmtlr the sum of the e tsw fW fg of 
the particles, side of ^ S, eoud to %a^ <^er, 

''Much a,hex the same m^qa^the tbiiig miy'befhoted$#^' 
in a sM: vhetiee it vofL appear that disitt is ictuaMy 
sdA «^3ced) point in a body as the center 
is dehntt'he be: whl^' however ev(d^t%s^lWacha^ 
ideal ooDskbratkmt, is not ao aaiy IlNenacRtipdl^ gto- 
from the resblutKm of tbi^ t 
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TRft IfAK or riliXIOVk 


PROPOSITION II. 

ISl. T<* JiHermine iki Cint^ ^‘Pri+WMiOM of tt Rodtff. 

The Coat«r‘^ Percuswoli Is thftt m the axis uf 
smpocmtm of a VUmittog (or re^ ol-ving) body, at which 
it nuj be »topt, hy m iimoweaUe (^stacle, so as to 
rest tngywm in tqtmhio lut h were, without acting upoti 
the center of 

Rf. X point of hiispen- 
1 gy. \ ***®*'’ *be WMiter 

g r—Q , Y [/. iQ\0 \ k of gra\itV) and 

^ «I' 

/ the bod\, by the 

/ plane ttiuTcm the 

M i avih of suspension 

<> (1 S i^erfonm us 

luotifltt, to wluch neotion let all the {larticles of the 
body be coneeved to be transferred in such parti> thereof 


sitioD will Dcitber affect the place of the center of gra¬ 
vity the angnlar motion of the body* . 

since the angular velocity of my particle P u as the 
distance, or radius^ O P, its mrce in the direction, 
PB, per|Mttdicular to JP, wiUbe expressed by P x OP 
Tbmfoie tile effic^ of tld^ force upon the axu, at 
B, in the perpendscidv dircctiait B N /supping the 
axis ffSmt at C the center of percussion) wiU be F x 


axis at C the center of percussion) wi 4 be F x 
OP X whflse power to turn thn Jito^ allCut the 


OS’ 


OP 


point C k therefore asP>tOPxg-g x B(' x 

OFxBC ^ OP^xW^gB p OBjx^ 

g=-«Px-3; "OB ""65 

—PxOPt; which, if P Q be made perpendicular m 



* A V ' 

IN FINOT'Ne THE CKNTI^S OEfcRA’ntV, ilc- 

OP* 

O S, will at last (because = <) Q) be reduced to 
P X OQ xOC— By theaery saa^aigura^t* 

A ^ 

the force of nuy other parl^le r will demoted by 


kii 


'•i' * 

f 


PxOQxO C — PxO^^ &c. Scai' But, as all these 
forces must thstroy one another (by the pature 
problem) the >.utn of all the quantities P x O Q x O C 
. • _ 

P X U Q X U vS:,c. mast therefore bcss&c sum of all 
the quantities P x OP ', 1* x OP* &e. and consequ^tly 

OC ?• ^ the 

P X () V ^ P X og + &C. ftc. 
precixling proposition) the sum of all the quantities 

P X O Q 4- P X O 0 &c. is equal to G G x 1^ the con¬ 
tent of (be body. Therefore OC is likewise 

P X (H»* +1'* X O -M^c. 

(5"6 X Aiirfy V 

The sanu otherwise. 

Since the force of the particle F, in the i)erpendioular 

OP* . ^ 

direction N B, i« defined !>v P «^ual, 


•• V 


P X OQi the sum of all tho^antitics P x P x OO* 
^ Sit. will express the force wtiiidi, acting at Oper^ 
l>endicol«r to is HufHcicnt to slop ^e body* 
the center qf HOJ^ensivn O being any way alfo^ed: 
thi8^‘sum, db3rerore, dj^awi^ into Od ( = Q C , 

P X 0^ + P X O y ^ Ac. &Bv) is as the cfficat^^^ 
the said fwce to turn the body about the J^t 

the force ^ the particle P, in the B IVwing 

P X gg, Its efficacy to turn the b^y abou| tlie same 

r 2 





ik«^# n«f( or ri.vxto)ii> 

pMnt ^|^e4iontnury mitf) is os P xO P*; und^oiwe- 
i{V4M)|^the ti>9eMy lif ail the {wnicles u the sum of 

al],|)le ^ttuitilies PS<OP*, &c. Therefore 

.(itthoa wd pjyctitm being equal) we have (><' x 

P k OQ 4^ X 0<i 4^ = P X 0P4 X • + Xc f Ar 

For the Cem^ of OscUla^, it will be requisite t(» 
premtae the ibOoving 

V ' Lkmma. 




I Si. ftr*> rxcuiltHic Mtftll C amlV, 

iir<a^ ou t<.<h ***hcr oj^ inmns of an Linf (or 

B7rr) t't to oihntte ma viAical Plane It () I* C M, 
about the Certter O ; An r(^nfrr(! to iettrmnit hotc 
mudk the Mott<m 0 /iheHntOtie^tfirUd Ay the otket, 

i.rt C'H and P^J he pT- 
Hindtcular to the htirizoiUal 
me OR ; also let PB and 
'(’S be perpendicular to OP 
and O V rps|>octivciy. 

If the force of gravity 
be ^|enoted by tnitv, the 
forces acting in the di¬ 
rections CS and PB, where- 
dto wdghts, in their 
descel^, ere ac>^)piyd» afloordinfe to As rcso- 

g|. 

MorMisir, inli|b the velocities »xm0Mn a the ndo 
«f the rtfcii and OP^ if'the" foicsaid forces were 

to be in flSrt* ratio/tlf f was 

r OP , A, - OQ ^ . . 

Qg, mtoad % I say, m that case, at is 



wdgbtoL 



tiV FIKSING rm CSNTKftS «dff &C. 

out alpQ^g each other, or Vting ftt all oh ftc fifie 

of con^umcation P C (or P£). ^ejtoeas 

.OQ , OH OP*. . , . 

« above ^ ^ ^ ^ aocda^l^e 

Am wher^ the weigfai|; P . acta'u^fti^ifiir Hne 
wire) P C, in the feecti oyP B y^ybiCT mt Matiplted 

the weight P gives P x for t!^ iyt»- 

solute fore? in that direction^; which, the 

1* I j* -**■ w Ti ' o O^ OHxOP 

|>crp<3idtcular direction N K, is r x ^- —> 

X ^j g; whereof ihe part acting upon C, being to 
the whole as O B to O C, is truly defined by P x 




, 0Q“ oii:^oF^ , 

OC ■ oc* 

't 4* * 

If P be supposed to act upon C by meihis of 
stead i»f P B) the conclusion irill lie no way di$»reht: . 
for, let F (to shorten the operation} be put to denote 

. . /« OlFO^ X Q ^ .u a 

the force (P X ^ -— m th. direction 

P B, fovtpd above, dien the action thereof upou. F C 
(accor£hg to the principles of mechanics) will be ex¬ 
pressed by F which there^ ^in the di- 

^ ■' ^ ‘^radiui , 

rection S Q, |terpefl®^ar to OC, ts x 

S. PC6 ^ly. PCO PCQ^ ,, 

;^pc* ^ 

samernkyort- 


,, ^ co-r. CPB 



" Me . i?ciy 


. ’? ■ ' 1 '-s* 
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} 

* IMlOPCfs'lTION in. 

1^. JV dcierm^ tht Gattet of OxciUatton of a Body. 

" Theflibter of osdUacion in that point, hi the axm 
^ line) of nuqpliimsion of a vibrating body, into wbkdi 
if the whole body was contitetcd, the angular velocity 
and the time of vibralBon would remain unaltered. 



Let L M 9^ a section 6f the body by a plane, per 
pendicular tu the horizon and the axis of motion, 
passing through the center of gravity G and the iioint uf 
mygiyion O ; and su^^posc all the particles of the Ixxly 
to be transfeired to this section, in such places of it. as 
^ley would he pn^ected into (nrthagraphicrdfy) by T^r- 
pendiculaSiiUhng thcrC6n. (IVh^ aiij^osition will no 
way aflhet the co^luskm, the iE^^lftr rao^on continuing 
thb same). ^Tepreom let C ^ coatcr df osciC 
jjidant ^ thgt pAt ^the axisfl^ S whore d 
of^nuHte-itai^'naUi^ i^ht) may bd Jplat^ m ap to 
be nlmer acc«B|ated ^ xetordety^ the e^on 
aKierpltrtiCka^ inatUqj^^^uale m the phnuL Then, 
’ if, &hm CAndaie^ P in the plane 

^two p«n)enm^an C ^j»ul PQ be fail h|xm tie ho- 
niontif Ibe the '^irce of* I (or weight) 

at F to accelen^ ine wn|^ at C, wpJ facoormng 
to lie rqneaeiifai by P x 




IS (INDlNa THE CHHTKRS OP EEAVI'^Y, &e. 

<)Q“ X OP* ■ rw 

iiC " --OC^-* s^pposmg GN per- 

peiidicular to 0 R, will tko ^ ex^nmA by P x* 

()Q ON OiS 
UC 

0<^ X or; X 00 - OK X OP* . . 

- o(; x ()fc^ -- "“y 


OG oS’ " ^ * 




• • 

manner the fora* of any other particle P will be re- 

OQ xOG X OC "ON xOi>* 


OGxOO 


presented by P x 

Ac. Ac. ^ 

Therefore the forces of all the particles de¬ 
stroying each other (hy /igpqtAesuJ die sum ol' all 


iho quantities P x OG x OQ x OC - ON-x QP* 

+ PxOGxOQxOC"ONxOP- Ac. Ac, must be 
equal to Tiothing: whence P x OG x OQ x OC + 

P X OG X OO X OC Ac. Ac.« P X ON X OP* + 

ON 

i* X ON X O^* Ac. Ac. and consequently ^ 

^^Oh+iK. i 3 ut(^yArt.l 7 lwdm)the 
PxOQh f‘x(Xi+ft«; ^ ; 

saraofaUthel^iumtitii* PxOQ + t* i*e^u»lto 

llie content m the body mulujiietf % fhc distance 
(0 If) *>f ^ oBot^of gravity fioin, line L M 

(pferpe^ular toOC); t^tmee 0€ it 

t>xOP»+j* xOt^&c.Ac , PxDP+t>xQt^Ac.Ac . 
' DN OGx6oi^^ 

Which expitfeuon contimi)|% the tame in all inclina- 


Slo 



, rmm^ caii; w ftcxiows 

tiopMI the axis O S, th^ poiiu>C, thus determined is 
e fised iWBt, igreeable to the dc^nitm; and appears 

L be Ute^ me with the tenter of percussion; sec 
’ 


I" 


ColtOntAKY. 


18i. If PIJ, W) &e. be perpendicular to OB, tib nu¬ 
merator of the liraction found above, ^ will beoonte Px 

< 

(0G= + GP*-80G X (’.1>) + 1>X(OG +G1’ + aOG 

fflb)+&c. &c. (siueel'l* =0(1 -f GP -20Gx 
GD &C.) Which, because all the quuntid^pF x ~ SOG 

xGD + ex'20GxGl)&c..il'x -GD + exG:j>&c. 

. (by the nature of the ttnter of gravity) d»troy one 

anothfl^j will be banfy = F ^ U <i- + P x 


OG* + G^^ + &C- &c. := f'4 p + ^c, X UG +P X 
GP- 4* P X Ol^ + &c. = maits x 0 (t’+Fx (tP- + 
P X GP*+&c. Whence it is evident that t 'C is, also, 
. miut X OG* + P X Gl^ + P X gP -f ivc. Kc . 

-^ ^ J 


„„ PxGP»+exGP‘+&c. . 

^0G+--- ^ «>n«^qu«.tly 

_ P X GF+P X GP*+&c. 4c. 
flkM# X OG 

Whence it a pp ea rs that, ^ bo^ be turwd iMH H$ 
oAtfer of in a diroction perpendnuhr (0 the 

axis ^ the ^aee of the ceiUer ^ osMffo/tVm 

will remain tmalUred ; necause the quantities P xOi^, 

P X GP* arc no way aflepto^^y such a motion of the 

body. , 



w 


IN 


FlKUlItti fiRAVlT^, &C. 

It alao^wpeani fAof tU cetUer of gnt~ 

Ail of o$ciiiiiiml^i£ the^ime of the bo^s 
nioiton rcmaint unoltigred) ie ree^prwsi/^ as the dis^ 
tance of ike formr frim ihtpotnt*ofltit^erd^.j.Then~ 
/ore, / /W he /ipid lilof the tff*su^pai^, 

don is in the inr so p^jfdtedy^hfit mMeraHimma^ 

the most simile^ the tmlue (AiW/ in wsyother^ro- 
^^teif^sition ef tiat point «e^ Itktms^ be jgieen^ 6^ me 
proppiCtion^i^s ^ ^ 

185. to show how these wmchiskBis may 

W reduced to practice, we must first of ail.-observe, that 
the Ptoduct 0 / partide of the Body ^ the 
its diUkiTicefiopt the axis of motiap is ^erc) called the 
force thereefifits iffieacy to tuni the body about the 
said Axis being in that ratio). ^^ccordiQg to which, 
and ^ first general value of O it api>ear8 that, & 
the sum of all the forces be divided ^ the product of the 
• body into the distance of the center of grav^ from the 
pd^ of suspension^ ibe quotient thonec arising loM give 
tlfaisiance of the center of percussion^ or oscillationfrom. * 
the said point of suspension. 

The manner of computing the divisor has been 
already exvlained ; it remains therefore to show how the. 
sum of all the ftwees in the numerator may be col¬ 
lected: which will admit of several cases. Wherein, 
to Avoid multiplicity of words, I shaU always express 
tUt distaip^ of the center of gravity from the point of 
auspeiision by g, and the distance of the oen^ of per¬ 
cussion, or oscillation, from the same point, by C. 


186. Case 1. Lei 9S be a Line suspettded at one 
’t of *4 Extremes. 

iPhen, ii? the iMuft 0 P (considered as variable) be 
dmbt^ by X, the roxce*of .Jc particles, at P, will /t|a 
a5ot?eJi'^ defined by jt x x -; whose fluent (^x^) th^t^ 
lore .^atpTc^^ the force all the partldea in OP 
(or the sum of all the products, under each particle., 
^d -.square of its distance from O the point 
suspension), '" This quimtityj therefore (^h&i x be.^ 


rm 



S18 


TO 

P 


g] 


i c 


TRK USR OF VLUKIONS 

ooinesrsO S)? htiing divided by O S x J 0 ^ 
(eccord^g to the ror^oing rale or obscrva> 

t Q g» 

tion) we get » ) 1 0 S for the 

value of the true dkuncc of the center 

S tiaeillatiaa {ot percussion) jBtom the point 
suf^penskm. 


187. C'asc 2. Let AB he a Ltne^ vthrating in a verhcal 
PtanCf haeing iV« tvo Extremes A and u du~ 

font ^/Vwn the Point of Snspensim O. < 

If UG (perpendi- 
**cular to A B) put 
sso, and GPsx, the 
fbroe ' of x particles 
at P, will denoted 

by xxa^+ = ix 
OP :• whose fluent 
divided by or (or 
P G X O G ) gives 

) 0 + 

« \ war / 



fi 


da 


= OG + 


BG* 

306 


ssCf when X becomes as GB. 


188. Case 3. Let AJjfSQ be a eirekf mdratnw m a 
*wrt{ad Phne, Let P Q be any diameter diereof} then 
+O Q* beii^ = 2 tfG* -k3 P G*, Ac sum ctf Ac 
fonSes of two paaticSes at am Q (putting OG=a, 

and A Gs=r^ will bb «o X 2;-wbeoce k is evi¬ 

dent that the sum of the of all Ae pa^des, in 
whole peripheqr» will to eapmssed^ by theit number 

X a* + r®, or by a- + P x per^h. A P S Q : which,' 



In I'INUINC Ctttfl'fe.Eft Off CUAVITVj 3CC 

if pheyint =a 3,141 &c. iHll* 

be = a* -f. X 2/w = ipafr 
+%>r^ Ueaee lb» firftee^of 
tlie circle itsdf in alio 

being = Hctmof 

X r=jw r’ + Jpr* =:a*4-|r* 

X c**rcle APSQ. Now, if the 
two eK])rcs«ona thus fou^d 
be divided • by 4 x 
APSQ, and a x circle APSQ 
respectively, * we shall have 
f/i r* 

a + ™and a -i- for the two corresponding values 
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• Art. IHi 




,189. < 'ase 4. Let A U B E be a Circle bavijtg Ux IHone 
(alwaj^s) perpendicular to the Axis ofSnapensionOG. 


Let ALB be that 
diameter of the cii- 
clc which is parallel 
to the axis of mo¬ 
tion KS; and let EF 
1)0 any chord |>;uallel 
to ABandUS; whose 
distance (i P from 
the center of ^ the 
circle, let be dehotod 
by X; putting O G. 
= 0 , and AG = r: 



then, by the nature of the cird#, EF =r ■ 

who^ Jutanee^^ O fro m axis,of motion is. 

also given = V'a- + xt Hence it wnwars that tto 
force of all the partidas in the litfe EF (d^iHi in 

Art, 185) wiU be represenMd by a*-i-r« x2 v^rTITJe. 

Therefojf i x oM^ V'r^ - a:; is the fluxion of 

^the flicbe of the aplanc ; whose f^ent (when 


« 



2S0 , TMK tJ6« Ot FLUXIOX^ 

- ' * 

arisr)u x trmAEFBO^ which, it p 

be pu( fer the srcs'of the circ^ whose rti^us is unity, 

•will he + » h «b of the double /'pe r- 

•f Ipr*) is th^^ro^of ^ whole,eircle A£FH; 

whose fiuxuHi i|||MiT4 pr*r (lu^iMi^g r vsriable) being 

divided by r, we likewise %>a^r-t-pr* (= «« + Jr* 
X ^^FHJ for the foroe of the periphery 

A B F H. Bli^tbc center of gpvit^, whether wg re- 
gM^ the circle itself or its penpheiy, is In the center 
Qlf the ciicie; therefore the djistancc of the cenler of 
KRtUatiaQ finmi the point of suspension, n lU in thesi' 

two eaott be exhibited by a + ^ lind a 4* ~ rc'- 

4fl 

spectivcly. • 

If the circle, instead of being perpendicular tt> GO, 
ooiocid^ or makes a given angle with it, the 
' value u£ C will come out exac(i/ the same; providf'd 
the dimeter A B still contiaues piraM to the axn. of 
motiOD IIS: this appears from An. Ilii4, and may N*, 
otherwise, very easily demonstrated. 


m/ thi 

^C% 


that of the Curve. 


Here,putting Ar=jp, PN = v, 
OAs:d, OGsg, and 
AG ss 0 , the force of t^e parti- 
in MN wili be defiled by 

^ X d + xl*. Therefore the 

S fliwot ^ 4- ;wai be 

as thtf^dKiTe fo^ of thb plane 
» A lVr(or A E F, when X = 
Y ^ A 9h gmieqwently C = 

J vwk, th*. 

F «+i 


4 



IS FIN'DING THE CENTSM OF OEAVIT^Y^ &C, 

fm, when tbf.^point'^ suspenlion Ifi in the vertex 
will become C 'Let this value be dmoted 


by V; thoi, ^0 %stan<i|^ :^e centers, of gravity 
and oBcillanon being have Art. 184}' 


va X e — a 


S 


j dist^tt^ the san^ 




; o: :‘o -<>:(' 

% -«■ 

centers, when the point** of suspension IfTat 0» and con- 

se(|ucntlv C\ in that OBse, = g -j ?-?-!!—? ; 

" 5" 

fbnn will be found iimre commodious than the forcing 
in most coses. 

» m 

Ai^ the same manner the value of C\ with respect 

*of tho arch AJp F, 4iU appear to be 

, * Ju. d+xxi 

. ffxe—a ’ . flu. x‘*i ',, 

" ^ “7’ . 

It may not be improper to give an example or two 
of the use of the foregoing theorems. 

19L Li t, therefore, £ A F be first considered as. an 
isafK:e)cs triangle : in which ease A P (x) and P N {y) 

^ ' hx 

being in a constant we^ hate 5^ = — (supposing 

.. tr ' ^ At d+*l®x to5\ 

fi tl «■ j. 

'pi. + y ' ^ d + ^ ^ V 

or (aoom^it^. to the seoood i^m) 

^4. .na 


6<y + fMr + 8x « 
6d + 4* ;4 


because 

\p^ jfxi/ 


to 


4' 



Art. 175.be fcs*^ • 


THE tmc^or tunwvn 




we 


’ *> , 


h.„ (f(.,>”-i=.“)=5 + 


X* ‘‘ • - .* . - ' ■ 5- 


IT 


* X s ,/m. d +* X i 

> • 

; whence the center of osciJlation of the 


—, whtte g (sf+o) =r rf-f ; i. 

Again, becottip i and ;ie lie In a coostant ratio, we 
» 1 J**- X ^ 7+ xi* X i 

also awe —^rapAss— - 

Jlu. Tfx 

d + fr 

Htiei £ H ^rkl A F is given. 

1992. For 8 second eumple, let £ A F be sm^peset) a 

parabola of any kiod, whose equation is y ati<fr -j- : 

c*^ 

thai^ foccordii^ to form S) we shall Rrst have v (s 
jlu.yr^x^ * ^ Jtu. 


a + S X X 


/». jtri 


Jtu. 3^*^X 


11 + 3 


whence. 


V v>- n+lxx. I axe—fl 

+ Art. 17«.« biwg =- ^%T get C(3:g +- 

35 , ,»+se /r 


) 


g + 


«+lxx«‘' r. , . S‘‘4.1xi' 

;r+ 8 >‘ iTrsTg ■ 


But, widi respect td the arch of the curve, r ( =r 
JUt. xH y ^ /a. y/^ + 




jCh. jkI 




: from whitdi 


m •>. 90 

* value (fimnd by infinite seilla, and even withou^M some 
$Art. j ^|il|%be given.. 4^ 

<■ f y/ , 

193. Case6j /^^^preapaed 

: ttng (etfgt-^wqwjt'Ao tJm Utii^motion th Aiu moM 

be in ih Plata pf the Can>k % 


Then (by C& rael^poe of all particles in 
lltf iine f N j^Ke /Ac preoediiig defined 

by Of* X PN +iPN^, ay flTfP* xy + (retaming 



IN KINDINU THK CENTKKr OF ttHAVlTY^ JfCC. 

.L i V' '. ^ ,•/«*(?+x,yi+?!y’3c) 

the notation above) we have C= —- ~'- 

Jlu. d-^xxyx 

which, when the point of suspenskm is in the vertex* 

A, will beanie : let this (when 

found) be denoted by v; then, it appears from the 
preceding case, that the general value , of C will aiao 

be represented by g -i- 


c X i> —a 


In the same manner the value of C> with 
respect to the arch \i A V\ will be exfbunded by 

fu. d-f X c ■ , ff-xt?—n , . 

^» supposing e 

flu d+j X. g 

•flu. j* +,y* X i .\ ^ 

flu. x: ‘ . 

9 

194- Example. Lei the E^/uation of the grwii Curve be 

■' =• 

' . Af. yxx / 


y = 


I 


flu. c 


■h 


1 —" ,*4 # 


ft 




flM. C 


I—*,*+‘ 


n ft X X 

n + S 


+ 


X n+*_» + 2 X n ± ^xc^-"- xx^-* 

SiT+Txa-*-*- ~ ’’»+3. ^ 


w Hr i 


» + 2 


.i. 


V® 

X j: + X/^ ; from irfiich the 

" + » s'xsr+i * 

vdMe y C ts ’^iso i^ven^; aiid frtim whence it appears 
that if n be 'iexpou^deid by 0, e will become 

2x fty^ 2 X® + . ■ _x. , , ■ * 

_^.^aa_x- 52 -; in vbiiBb ease the fimu‘e 

will degenerste to a reota^e: but,lF ft fib inter¬ 
preted by 1, the figure £ A F will then be isoW;^ 





tRK csRor tLVXiom 

^ 1 y . 


taken 


trini^ and,» = ^ \i n 

^«= I, £hm com wil! be the ootanqj^ parabola, and v= 
5x f * 

T"*"! 

195. Cm( 7. tAe E F H ie a SM gene- 

noted i7otot»p of the Curve KAF <thttut ttf 
Axu A S ; Aovtw tto oasc HH p$4nU<l to (he Axis 
o/JITot^BOC 


It appean x^from Ca^f 4-, 
that tno Inrct! of all the 
particles in the circular 
section hh (paraltbl tv IIH) 
will be expressed by 

01*-^ri\Yxcirf/fAA, 

^OP=xPN« + jI\Vxp-* 
^ ^pbemg 3.1415, &c,) 
which, in aifabraie terms, 

ifc d4^*xy ‘4- iy X jf 
Hence we ha%e C s= 



• Art- iwr 


Jhu ^Ty 4- {,y* ^(dTal’y.v 

/«. 2+xx;^'i-i Jhi, d+jy,yx ^ 

Which, therefore, when the poMi of suspension is in 

conaequently Ccs^^ 

i4i. ^ llh ' 

Bvti^vkh regardtod» aiipemoifia of the solid, it 

is found, in Cfm ^ force of parti^ jn 

the periphery IW Uh fa exprjpmd by x 

prr^dL MANAaed*f~?*5Ci^Ry+l8jf** 


Ci^. 


IH FIXDIHC THR OliKTEllS OF GEAVlTr, Scc. 

• _% 

Hence the fluent of x xi, divided 

by that of d + X X e«yi ( = 

will give the true value respect to the cuive 

surface EAAAF. Which, putting v= 

is likewise eicprcsscd by g -f 


a x.v — a 


S 


) 


19G. Ex. 1. Let T. AT be considered as a Cone; then, 

“ bx 

putting AS=/, S F = i, and A F = c, we have 

z = “ ; and tl.ercforo C (= 

f ' ftu. d+Tx/i 

90d- 4 - 30/a + nf- + 36^ , . ' 

=--, when^ = /. But, 

with resjwct to the convex, superficies^ C will be founds 
32d- + iedf+ «/'■ + 36^ 
ilw"+ if 

IDT. 1'a‘.9, LetE AFf^-c. be considered a»a Sphere 
whose Cvnicr is S, and Radius A Ssr ,* in w'hich case 

V* being = 2rr—a?-, we have u 

^ ^ ’ \ Jlu. y-xx / 

fu. (r-x-x + rT*x —J _ 5-*“' + i J"-*? “ tV 

whence C is also gkea. ■ But^ v^n a? s 2r (or the 

7r 

whole sphere is taken) e s -£ : the^ore a being = r 

* O' ' « 

and gsOS, in thif case, we have C. (s= g -h 


a X 0—0 


5^ 


\ rx2r 
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THIE r>K OK IllXION't 





19ft. Let the Ft* 

i(ure firoj)Os<(i he a Soltd^ (jk 
tn lAi pn(tdfnf> ( aw, hiif ht 
its ^x/.t (j he hert pa* 
the ^\t\ oj' Motwn 

Then, ti UP (OG) Ik* 
put =z * 0,1 ioO, Ke = 

\ P = r, /tc 'ihr fern' of 
the particles ni thi’ tiiele 
N A! (paralie] to 1' I ) will 

Jk* t\hihite<l h\ -f ^ y 
^PjA -* IpjFfnth 

ra«'3) Ilcnu’wcha\c C’- 

fiu. rper^t/ I -f I py*j) 
ir Xjlu, pj/X ' 


g 

Moreover, with respect to the supcrfirici, the forct 
of the panides in the jicrjphcrv of the seid dwh M \ 
*Art. iM-ljeing + ^py\] »c ha\e, m this csm*, ( r: 

flu. 5 ip^,jr+^ ^ 

g Atupafletei £; 

M y- 

gAjhy^ 

199. Ex. 1. Let E AW he a Se^nunt of a Sphre^ 
a*Aoi« MaditaUr, tFw|ti^^ng=iiri ~-\\v.c «hall haxo 

rrrrj^Jf!^ - r t ^ 

*” (Srax— 0 *%) 

',• * ; kV—* 2(h^l5ri+&''X a 

g-xr—"^r—lOrxg 

' Which, when r is ex^nded, either by r or 2r, be- 

cAnes as if + for, the true value of C, i^hen 
^ % 



JK FTMDIXC THK CEKT£BS OF CRAriTY, &C. 

* % 

cither the liemisphere, or whok fipherc, is tahen. , But, 
with rcs))ect to the center of osciUation of the super- 

ficies thereof, we have i in this me = '’ 7Z~ • “” = * * 

V 2rx - x« 

and therefore^ ^- 


rx 

,y 


+ 


jf/<. 2 rj’ — X' X ri ^ 


yjiu..rx 


- S + 


^ X M Jfi 
rx —fofS • 




.1 = r, or X = 2r, becomes g + 

% 


which, when 


2(K). Ex. 2. LettAc ^o/id EAF be a Paraboloid, whose 

jT 


generaiing Curve is d(Jined the Eiqmiion y = 


C»T» 


flu. , flu, ' X X c 


• then C - =: X 4- 

x fu. x^xxc^- 


2n+lxi 


C" 


2H+lxj^»' 

—= g + =====—r-. Where 


^ 4« + l x^xc="~® ° ' 4rtt + lx^ 

if n be taken = 0, the figure will become r cylinder, 

and C = ^ : but if n be expounded i>y 1, the 

figure will be a cone, and C = Lastly, if 

n be taken ^ i, the figure will lie tKe solid’generated 
from the common p^pbola and C s= g + ** 


i- { 


m 

t 

Alt. lit. 



t 


THt «>«P. />F H.UXtOK> 
r 


SECTION XJl. 


V 

Of the Use of F^urions in ddcnnini/fir the 
Motion of Bod^e afficied htj Vaiin-pdal 

form*. 


P A 


PROPOSITION I. 

201. The mo/^olr, or it/oci/y, ttcqnxrtd a My 
freely dt»ethding from rest^ by tht forte of ok uniform 
gratity^ ie proportional to the time (f its desernt; and 
theqiocf gone otirr, as the ufuare of that turn. 

The fim part of the prc^Hisition is almost self-evi¬ 
dent : for, since any motion is proportional to the force 
by which it is generated, that generated hy the forci* 
of an uniform gravity must be as the time of descent; 
heOftnae the whole cncct of such a force, acting equally 
evesy inst^it, i& as that time. 

Let, now, the velocity acqutrwl 
during a descent of one sccoud df 
time, be such as would curry the body 
uniformly over any di^ance in one 
^seco^^and let A denote the dis¬ 
tance descended in any proposed time 
/; ifhicis time let be doDoioti by P Q ; 

and Qq=i: then it 

• , t 

will he, as 1 \ 1 1 h i (b t) the distance 

that weald hg vnifonhly described in K, 

witk^’^the Velocity at B ; also J : < :; 

hit =' i.* 

we get 


4*# 


c 

u 

- e 




i 


. B&id difftipice (hi) to hit 

^ '^y tiiing'di-fluent^wheteof 



IN CI:K Til I PKT/t FOIlCCft. 


,V 
’* • 


Therefore'the dist^icc dcsoencled . 

as the square -of the time. E,. J?« 


V-./ 


Otherttiut wiihoui i^hunw. 

C^ceivc th^rm (P of falling through A B to be 
divided into an indefuiMB^ of very small equ^ 
particles, repretented each^^ m; and let the ^Stance 
descended in the first of them be A the second c d, 
in the third d c, kc. &o. 1%^, the Velocity bding 
always as tho time from the beginning of the ^esoent, 
it will in the middle of the first of satd particles be 
defined by | m ; in the middle of the second by .1 i m ; 
in the middle of the third by 2 4 ot» frc. But, 
since the velocity at the midme of any particle of 
time, is a mean between those at the tjro axtreoni^ 
or betwixt any other two equally i^tntpte froni it, tne 



times, hen g respectively as the said mean celerj^ f m, 
1 2 j 7 % .3 i m, &€. it follows, by addition, that 

the distance Ac, Ad, Ac, A/, frc. ^edVor from 

.... , m 4m 9ib l6m 

the beginning, arc to one another as 

y * 

he. or 1, 4, 9, 16, 25f frc. that is, as tho^aiquares of 
the times. ^ ^ : Q. E, D. 


. 9 


CoSOI.LAST-1. 


over in one secon^ with the ^dxdty at im¬ 

pressed by htj the djatanco that^ ^ desm^ with 
the same vdocity in the time t will therofbve be ex¬ 
pressed by bt X t, at bt -: whence it^pe(Nn> tlwt the 
space AB which the Dody A^ u|^ i^ 

^ven time t, is just llfis half of that wm<^ vovMke 
uniformly describe with Uie celerity at B, ^'IheiuUne 
time. : ^ V ” 

Therefore, junce it is found from Cji^imdit, that a 
body near the earth’s smdace (where the gravity may 









t 


( rtrk vtX4>F fluxions 

be -takfan as uniform) dracends about 16 -rV foot in the 
foitt aecoa^, it follows that the value of 5 (is in this 
date) Ki£2xl6iy^S!li: and consequently the number 
of fiset descended in t seconds^ equal to 16 t^ x 


CoROLLknY S. 

203. It is evident, whatever force the body do- 
seemis bw, the value ■£ 6 wQl always be as that mrce x 
since a d^ble feree, in the same time, generates a 
double velodty; a^ treble foree, a treble velocity, &c. 
Therefore, aeeutg our equation i bt-^x, also gi\es t=: 




^ and i = it foUem, 

1. That the distance descended is, universally, as 
the foarce and the square of the time conjunctly. 

2. T^at the time is always as the square root of the 
distance amilied to the force. 

3. And that th^ fence is as the distance amiUed to 
the square of* the time.—And it may he furtner ol>- 
■ervedf chat whatever is here said with regard to the 
Cime, also holds in the velocity, being proportional to 
the tihic. 


PROPOSITION II. 


A 



204. Todetermimthe Velocity 
ctftd Time of jQacent of a BoJ^ 
elong an inclined Plane A C. 

Pfhm any point P, in A (’, 
dthi#rE]i«n X’Odimlar tothever- 
tio^ lifte A D, aild itiakc FB and 
CDpc;^ibldiciul» to A(',inecting 

A l) W 6 dud !b. Bmusc 

fbh pffteiples of mechamds) me 
force of graVi^ fh the direction 
FC, whereby the body is milde to 
de^cehd hltthg tne plahs, is to the 
ibitMe PM thereof, as AF tp 


f 



i-v centrip£tai- roucEs. 

• \ 

AB, or aa AC to AD; and sipce (Inf Cast 1. Ari, 203) 
the distances dcscendeil in cquaU times are as the 
forces, it follows that thc .tiine of descent tkp^gh A F 
will be equal to the time of thi perpendicular iesccA 
through A B: and conaeouentlv the time of descegt^ 
through AC equal to thatfwoogh AD; which i!fjKlv<hi 
by Prop. 1. Moreover, because the velocities at F and 
B, acquired in equal times, arc as tho forces, or as A F 
to AB ; and il ajqicurs from 1, thSt tlie velocity 

at E is ttf that at B, as A E 1 ^ A B, or as 


t/A K X A B ( = A F) : %/A B X A B (=AB) it fol¬ 
lows, by equality, that the celerity at F is ^ual to 
that at K ; which is therefore given by the prroediug 
proposition. Q. A'. /. 


CoSOLJyARY. 


20^. ] fence the time of descent along the cliord 
* AC of a semi-circle ACD is equal to the tiincof descent 
along the vertical diameter A D: and, if the chord 
I) (i be ot the same length with A C (its inclination to 
the horizon being also the same) the time of descent 
along will also be equal to that along the veatticai 
diameter. 


p R o p o s: 

206. If^from two 2\iints 
A and D, tqucdlv re7n(>tc 
from the Ccnler oj ^ttrac^ 
tion C, two HMes move 
with equal Cderities^ ike 
one eilong the RightMne 
A C, the other in a Cy.rt>er 
Hm DBQ, iheir Celerities^ 
at all other equal Distances 
from the Center, ^l^ 
equal. ; 

For, let CB and CE be 
any two such distances; 
let ihe arch B £ be do- 


TION III. 




^ TBE r8E«0F VLrXIOKf 

from the ccatef C, and also rb, indefinitclf 
ndfr to cutting C B in n; let the centripetal force 
0 t the distance of C B,or C K be represented oy ami 
the wlocity at B, by r. 

By the resolution of forces, the 'efficacy of the 
force .(/]) in the direction Bi, whereby tlu* velodty 

of the body is aecelerated^ will be ^* 7 - x f: alno the 

time of moving over B1 (being as the distance applied 

to the velodty) is represented by “ ; therefore the 

c 

increi^of velocity, in moving through bring as the 

force and time conjunctly, will be defined by J| ” x / 

BA , B n r t i 

X .—, or Its equal — x /. In the same manner, 

0 V ' 

the velocity at K bring tlcnotetl by u\ the time of‘ 

' 1' f 

failing throu^ Ec will Ik* rcpresoutctl hy .and the \c- 

Iv 

lOei)^ generated in tliat time by --- x/: which is to that 

( 2-5 X f) acquired in falling through the arch lib, as 

t 

— to Therefore, seeing the corresponding incre¬ 
ments of velocity arc always reciprocally as the velo- 
dties themselves, it ie manifest, if Uiosc velocities arc 
equa 4 in any two correspondbg positions of the bodies, 
they ifill be so in others, &ing always increased 
alike. But they are equal at 4 and I) by supposition : 
Therefin^ &C. ^ Q. £,»!>. 


* • 


. ^ fROPOSIT^ION iV. 

207. To find the katio of ihe^tlocUiet^ and Tivws of 
Deecent of Bodies, wi Curvte ; the F orce of Graui^y 


being ameidered he wiiform. 


'4- 


y I^et A B D represent a curve of any kix^,^ 
whkh a body deaoeivids by the force of its own gra- 



IN CBNTJIIPET\L FOBCES. ^ 

\{tj from A; let A C, R B, &C. be parallel, endC D 
peq>eudicu1ar, to thc'horiaon; mor&>ver, let R n touch 
the Curve at R; and let C B ^ V} A K = »f, and 
Jl * 

Since the points B 
and 11 (as well m C 
and A) may be looked 
upon ss eoually re¬ 
mote from pie earth’s 
center (to which'the 
gravitation tcmls), the 
ac<juircd in 
descending through the 
arch A K will (Inj the 
iast propositwn) be 

equal to that actpiired by t'tlling freely through the 
, right-)I tic C H ; which hist volocity (b) Prop# 1) is 

alw:iys as v^C H (or u'^), 7'hrrefore the celerity, 
whether iju’ body moves in a right-line, or* a curve, 
is always in the suliduplicate ratio of the ^lerpendicular 
desd'iit; and so, the time in which R w f teJ would be 
uniformly describeil, with that celerity, will be univer¬ 
sally as — j ; whose ducm is as the time of falling 
through A H. Q. £. /. 




exampIe. 

208. Let the curve A R D be any portion of the 
common cycloid; whereof the vertex is D and axis 
DC; and whose nature (putting DC=c, and the ray 
of curvature at is defi^ by the equation 

X DB=DR®. Here, wc have DR (= V^DB) 
= ST X c — «(*;- whose fluxion — a x 

, with a contrary sign, is theyalue of Rn or u>; 
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f »■ 

■- « 

X ■’ "}■. : wnAdc fluent, 

^/'cu - «« 

«t the lo#e8t point P, where « becoraM^c, will (by 

Art. 142) be equal to V^2a luultiplMdby 

half measure of the peri^ery of the circle whose 
diameter is imity. W'hich fluent (and cmiBequently 
the time of descent) will therefore contmuc (ho same, 
let the Bidi P A be what it will. 


tho^ 




PROPOSITION V 

209- To determine the Paths af Projt ctih.s near th< 
Earth*8 Svrface (neglecting the Rtsislancr uj the 
Atmosphert). 

Let 3 body l)c pro¬ 
jected Iroju the jwmL 
A, in the direction 
of the line A C, w ifli 
a vclotrii'y stifficient 
to cany It uniformly 
over the di.stance d 
in the time f ; v^nd 
let the space through 
which it would fredy 
descend, by its own 
gravity, in that time, 
be denoted by b; also 
Jet the sine of the 
angle of elevation 
B A C (to flic radius 
r) bo put 'ba= s, its 

ctwssieaBd, and the dietanee tbe point A frms the 
<r>dnTatr Mm (oonsidevod m a&ring po^el to itself 
along with the body) = i; then, b^ Trtjg-, H G (per- 

•r tX 

pendicuUr to AB) be :t and A G = — - 

Bocauic the projecule is turned aside, continually, 
flrom 8 rectiltn^ path, by the carth^a attraction, it 



4 



Stt5 


Tn czyrrsiFSTj^ fo2ce«. ^ 

must describe a curve-line AmCmB, to which AC is a 
tangent at the poittt A: but thA attraction, acting 
always in a direction i(m H) pcq>eD<fioidar to the ho« 
ruon, can have no e^t upon that part of the velocity 
with which the body approaches the line B C, paridlel 
to .H m; therefore the n^t-line H G (in whndi the 
body is always found) will omti^ue to stove uni^tnnialy 
to'w&rds BC, the same as if gravity wa^ dot to act; 
and the distance G m descended fiwn the taxq;ent A C, 
by means of the attraction, will be the very same as if 
the body was to descend firmn rest along the line G H. 
This being premised, it is evident, that as d : A G 

f X t) the time of describing Awt; 






the space (G m ) 


* through which a body would firccly descend in thdt time 
(by Prop. 1). 

6r'X- CJtd^x — 


Hena 


f'X 


e. 

value for the orditKite ta H .* by putting which=sO, 
cad’ 

we get X =s = AB = the amplitude of the pro¬ 
jection, But| by putting its fluxiofi equal to nothing, 

c^d* « 

we have x=:«rr- ; which substituted for a: in the 
ZlrtT’ • 

-A 

value of 9 h gives 77 - for the alritude D £ of the 

* 46r* 


pFojectkm. 


Q. E. L 


CemOLLABY. 


">1 


210. If another body be projeft^d, with the same 
celerity, in the vertical direction A S ; then, f beemning 

sar, the allifttde 6 f (hat prdj^fctidft will be- 



TUX VIZ jvr PLtfXIOKft 


> ^ A ( * 

^ ^ * f^hich call A, aiid let this value be 

tUbstituted in those of*A B and B £, and they will Ih'- 
4Aa Aj« 

«>rae and * respectively. 


Hence, if from the point Q where the line of di* 
rectiflfn A C ^ts a acnu-cirde described upon A S, the 
iiim SQ and Q P be drawn, the latter perpendicular to 
A B, the trkngles A S Q and A Q P being similar, wc 
shall have 


r:s ::h (AS) :»=aq 

r:.*::-(AQ) ;i^=rQ=DK 
r r- 

. r ; c --(AQ) :f^^=AP=i AB 
r r- 


TROPOSITION \I 

To defcrwune the Matio ^ the /Wcei, fcAcrr^ 
Sodita, tending to the Centers of etcen (Yrf/c.^, urc 
mode to revolve in the Peripherui t&rco/l 



Let A B H and a A A bo any two proj^ed circles, 

whereof letAB aadaA Ite aimuar arcs; in which, let 

« 
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237 

• ft 

tlte velocities of the revolving 4)odies be respectively as 
V to V I make and doA: paraHel to the radii AC 

and ae* putting ACse/?, ac~r^ and tlie ratio of thg 
centripetal force in A B H to that in a & A, as F to/. 

It IS plain, })ccause the angles A B D and ab a ate 
equal, that the velocities at B and 6 , in the directions 
B K and b A, with which the bodies recede firoon <^the 
tangents A I) and a d, arc t 4 each other js the absolute 
celerities V But those vclociues^ being the* Art. S5.' 

effects of die centripetal forces acting in corresponding 
similar directions during the times of dest^bing A B 
and a b, will therefore Ik: as the forces themselves when 
the times are equal; but when unequal, as the forces 
and times conjunctly. Therefore, the times being 

„ AB ab F F , 

universally as to or as to — Tbecause the 

I V V 


V 


R 


■ arcs AB and ab are similar) we have, a* Fx — < f x 

~: r ; tJ. whence (multiplying the antecedents by 
V 

j and the consequents by it will be, as F \f'.: 
r- IV 


: therefore the forces arc as the squares of the 
velocities directly, and as the radii inversely. 


R * r 


Otherwise,^ 

Let the indefinitely little arch A B be the distance 
tlint the bod^ moves over in a given, or constant par¬ 
ticle of time; and let . the oentripet^ force at B be 
measured by, twice the sabteuse or i^ace A £ through 
wliieh the body is drawm from the taOgent A D in that 
time.f 


t The velocity which any force, continued, fs 

capable of generating, in a given body, in a pvtn time, Js 
the proper m^sorc of the inteusity of that luifoe«* But tlus* ^ 03 , 
Velocity is itself measured by tfie spape tiie body would move 
uniforjuly over in a given time ; wmch spmeeds alawys the 


'CHE OF FtVXlONS 

\>y the natux^ of the cirple, A B2=A H x 
A Es= A C x$ A E, and conse<|uM]y 2 A : 

thmfiHe, the force is as the square of the v^ocity ap- 
{dfod to the radios of the circle {as before J, 


CoaOLLAET 1. 




V- 


212. Beci^ 

Ji r 


it follows that 


v w ;: VliF : \/r/, and 

* CoaOLLAET II. 

213. If the ratio of the periodic times be denoted 

by that o£P top i then the ratio of the velocities T, v 

B r _ 

hemg as ^ to —, we shall have, by equality, VUF \ 


V^r/;; ^ whence also 

E:r::FP^:fP'. 


double of that Utrouj^b which tlie bodj would freely di'scentl. 

Art. SOS. from rest, ia the same nme.* Hierefore 2AE is the proper 
measure of Uie ceotiipetai force, accordiojt as wo have as> 
sumed ft.— It is tree, when the forces to be compared are 
all computed in the same mantibr, from the nascent, or in* 
deAniteljr amil attbtettses of eont^poraneous arcs, it 
reatim ifhf whether we consider thoite subtenses, or their 
doubles, as the roeasurci of tbn forces, the ratio being the 
' 'Same in both cases. But when the forces so found arc to 
be compared with Others dcrivedironi a flutdooal calculus, 
it is absolatdy aeoetsaiy to taka the double subtense for the 
joeasnre of the fonBa.*^This Koto is inserted, that the 
learner may avoid the errors, wbkhaome very considerable 
nuUlmnatielaas hava /atten into by net properly attending 
‘ to thti partroi^. 



IK CKNTIUPF.TAL VUUrKfi. 






ConoLi.Aiiv Ilf. 

SH. Tf the measure of the force, or the vdocity 
that might be uniformly generated in a given time ( 1 ) 
he c\|*()unded by any power //" of the radius AC (^a) ; 
then the di'itancc tlirough which a body would finely 
dt'seend in the s^ime time, by that fbr^, uniformly 
oontinued, wiW be expressed by ^ a”.* Therefore, • Art 
the dlst:nuo:* descendetf, by means of the s.ame force, 
uuifonnly continued, l>eing as the squares of the 
times,i" it is evident, if the time of moving through t Art2oi. 
A Jf be denoted by that the distance A E descended 


t’ 

in that time, will be denoted by p x | ( 4 "; and 


so 


we shall have A II 


(/2AExAC)= Y 


!!±_* 

X ; 


V hich being the distance described by the revolving 
Ihjdy in tlic time /, it follows that the space gone over 

«+ > , 

in the given time (i) will be a - : which, there¬ 
for*'. i* the true measure of the celerity in ithis case. 
Tile same eoncluslon might have been derived in much 
f’euer words from C'arol. I ; but, as a thorough under- 
stainling hereof is absolutely necessary in what follows 
hereafter, I have endeavoured to make it as plain as 
jio'-sible. 


CoilOLLAEV IV. 


215. Ileucc ihe time of revolution is also derived; 


" +1 


for it will be as a - l-llSO &c. x 2a (the whok* 

. . \ . r 1 JI. 14 &c. X So 

penphrry) ., 1 . — 


»+1 
n " 


or 3.14159 X 


1 —11 


2 a • , the true measure of the periodic tima 
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« t 

*CoilOLLA]tY V. 

- 

A 

®16. Therefore, if it be exOTundetl by 1, 0,-1, 
— 2 end — 3 successively, ti«?n the velocity opr- 

responding will be as a, a*, t, a-“i, and ; ami 

the time of revolution, a& 1, a^, a, aud a ' re> 
respectively. 


Scholium. 

r 


217. From the preceding proposition, and its su!)- 
sequent cofollaries, The tclocitj^ and penodiv tinu of 
a body revolving; i% a circle at any given distance from 
the earth’s center^ bu means of its oten ^arrty, nutu 
be deduced: for let a be put for the spare through which 
3 heavy body, at the surface of the earth, descends in 
the second of time, then 2d will be the inca^ 
sure of the force of cavity at the surface: and there¬ 
fore tl^ radius of the earth being denoted by r, the 
velocity, per second, in <a circle at its surface, will Ix' 


VZrdi and the time of revolution: 


3.14159 Kic. x2r 


= 3.14159 .&c. 


X 



(seconds ); 

I. 


which two ex- . 


pressionj^ because r is = 211)00000 foct and d=16iV 
will tl^nefore be nearly equal to 20000 foet and 5075 
seconds^ re^ectively, Let g be now put for the radius 
of imy fCher cirde described by a projectile the 
eardt'i evntd' : th^ because the force of gravitation 
' ,*abore the surface is known* to vary according to the 
B<{uare of the distance inverady, we hav^ (by Case 4, 


Corol 5) :: (*6000’) the velocity (per 

soeond) at the st^lee, to 1^6000 x the VC- 
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locity in the circle^hose nufius i; R: and 
; (5075'’) th« periodic time at siar&oe Mo 5075 \ 

s/^‘ 


r\ 


rite time of revolution in the circle R. 


Which, if A be assum^ equal to (60r ) the distanee of 
the moon firtra the earth, iHll give iiSOOQOO’, or ^7- 3® 
nearly, for tfie periodic time at that distance. 

In like sort tht ratio of the forth of gravitetim 
of the moon, towarde the sun ^dd earth, hay be chn- 
pvtfd. For the eoitrifuga) forces in circles, being 
universally os tl)e radii applied to the squares of th« 

times of revolution, it will be as the 

^ semi-diameter of the Magnu^ Orhis dirided by the equare 
oi‘ one year (the periodic time of the earth and moon 
about the sun) is to (S40000 x 173) the distance of 

the moon horn the earth divided by the square 

of the periodic rime of the moon about the earth, so 
is 1, 9 to I nearly; and so is the gfavitatioo of the 
moon towards the sun to her gravitation towards the 
earth. 


Also, after the same manner, the emtrifugai force of 
a body at the equator, arising eartns rota¬ 

tion, is derived. For smee it is ^nd above, Qtat 5075 
seconds is the time of revolution, when the centrihi^ 
force would become equal to the gi^ty, and it ap- 
nears (by Case 2, CoroL 2) that & forces, m circles 
Having tno same radit, vc inversely as m squares of ^ 


the periodic rimes, we therefore havd, as 8 OIB 0 I* (the 
square of the numbrir of seoo^ in (23“ 5^). one 


whole rotation of the earth) to 5^61® (the sqihire of 
the number of seconds above given) so is she force of 
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gravity (wKi^ wc will ^enoU; by iinity) to ™--i the 

force i£ a body at the equator arising from 
m caitn's rotation. 

But, to determine, in a mort^ general manner, the 
ratio of the force of a body revolving in any given 


extde^ to ks gravity, we have already given 3.14 &c. x 

v/? 


for tVie time of revolution at the surface of 


the earth, when the gravity and centrifugal force are 
equal: therefore, if rthc time of revolution in «my 
cirele whose radius it a, be denoted by ^ it follows, 

from Corol. 2, lost Prop, that, ——•— -— 

* ■ —■ 9r t' 

• 3.14!- Ac. X 

* d 

:; the gravity of the body ; to its centrifugal tbree 

in th at circle; which, therefore, is as unity to 

STTi!' &c. X 2a - a . 

--; or as 1 tol.228X“ very nearly; 

where a denotes the number of foot in the radius 
of the ^posed circl^ apd t the number of seconds 
in one dstire revolution/,. So that, i£ the length of a 
sling, by which a stone is whirled about, 1 k‘ two feet, 
and tbe time of revelation | of a second, the force by 
which the stone endeavours to Hy off, will be to its 
•weight as 9> 324 to unity. 

From this general proportion, the centrifugal force 
and periodie time of a pendmm describing a conical 
surfacf pmf likewise be deduced. 


-i' 



For let § n, the length 
of the pendulum, be dc- 
tinted by g; dte altitude 
C S of the cone, W cthe 
semi-diameter CR of the 
base by o; and the time 
of revolutidn by t: then, 
the ffnroe of gmvity.' beidg 



t 


! N I^VVTlllPEXAL FOBr.ES. ; ^ 

remesonted by unity, the htce nith whieH the le- 
voiving body at B, the end of the pendulum, tends 
to recede mnn cenu» wffl be ^defined by 


,.vwf 


^ already sho^.^ There- 




fore, because the body is retained in cmde It Jt bj 

the action of three diffoKat powers, t. e the ceudi- 

^fTulETxSa 


Ibgai fi>roe 


TF 


) in the direction CR, 

'*** . ' 

the force of gravity (1) in a direction pstuel to C* 
and the force of the thread or mh R coiiqanmd^ 
of the former two'; it ibOows, fimn the jnincipltt of 
Mechanics, diataa SC/'cJ to CR (g)t so is the weight 
of the body at R. to the force with whIcJl it acts upon 

, , J ' ry a - 3 S. ft dfC-l® X 

the thread ot wire H S; aM as I t . »' ■■■■ " ■ 

ow 


:;CS,fc^:CRfa^: whence A® = 05"5c5® x 2ic, 
and t =£ 3.14 &c. x =1,108/6 nearly. " Be- 


eause dt^, or its equal 3.14 &c.|* x 2e, excesses the 
space a heavy body will descend, by its own. gravity, 

in the time t,* and since 1® • 3 ft &c.j* : I 2c : •4rt«o». 
STH ii.r*' X 2c ( = dt®) it therefore appears that, as 
ike square of the diameter of any circle^ is ip the 
square of its periphery^ so is tpsice the papendicuiar 
attitude of the cone, to the distance a hee^ body wifi 
freely descend in Ac time of one iohple ^ration of 
the pendulum, kt the base of the Gone» and the length <f 
the pendulum be whai th^ wUl, 

PROPOSITION VII. 

218. Todtiermine the Redio^ the «Fe/octti>s of Bodies 
descem&ig’, or aacendmg^in Right^mes^whenacederatedi 
orretardl^by Forces, tjaryingaoArdingto dgihea Law, 

Suppose a body to move in the right-line C H, and 
let the force whereby it k urged towud& C, or H, 

? at 
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bejfi %Ry vombk quttadty F: ininvover, let the vc- 
of the bo4y w rejnt»ented by e ; putting its 
dbtanoe CD, frinn the*point Cs:x, and Da = 3(. 

tH . Then since the time whtTcin the space 
‘Dd;,{x) would be tmiformiy described, with 


Ute veioaty nt D, is known to be a& —, the 


2 


tJ 


vdod^ that'would be uniformly generated, or 
destroyed, in that time by the force F (be¬ 
ing S6 the time and conjunctly) will 

Fi 

. consequently be a$ — : which therefore must 

[c . 

be uqual to, + o, the uniform increase or 
decrattse of« ederity in that time; and consequently 
+ tJii = Pi. From whence, when the value of F 
is ^ven in terms trf' », or c, the value of r will like¬ 
wise be known. Q. K. I. 


* COKOLLAEY I. 

219. 'Hence, the law of the vclodty being given, 
that of the fiMroe is deduced; for, since Fx = + ef, 

it is evident that F ss"+— • 

• .• ..f ^ 


^ r.-, 

COEOLLAET II. 

220. Hence, ahib, die ra^ of the vdocity at D 
to that lAwdjy a body m%ht revolve in the p^Tphery 
V of a dreie abt^t the center C, at the distance of C D, 

• yiill be known: for, if this h&t vdocity be denoted by 

^ • Xit*ie.», the wlue of f will be tightly exjpfetsed by — • : 

V - 

^dience, by substitution, wc have ± or 

% 
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+ V* X ^ = w® whefcoe w® ; v* ’. + -i-; —, 

* • “* 0 *’ 


V 


and 


consequently w t w ;: ; y/ —. Where, 


as well as above, the si^ of i nust be taken-)-or— 
according as the body is urged from, or towards the 
center C. 


It’' 


PROPOSITION VIII. 


. Supposing a Body^ let go fnma given Point A <ej|^ 
a given Ccurity (cj along a Ri^lMne CH, to oe 
urged^ either wa^, in that Lme, hya Force varying as 
any Power fn) of the disiasux a givfn Pohd C ; 
tojind^ ntdonly^ the Relation of the Velocities^ anj. Spaces 
gone orer, but also the times of Ascent and Descent, 


The ccmstruction of the preceding problem* bang re¬ 
tained, F will here be expounded hy jf", and we shall 
therefore have ± w (=:/«^ssx* x; and consequently, 

by taking the fluent thereof, + -^sb—-- r; but to 
° ““ J6 n -f- I 

correct the fluent thtis found, let x be taken = CA 
(which we will call aj then v being = e, the fluent in 

C’ fl"'*'' 

that circumstance wiH become 4* rr = —?: there- 

- 2 »+l 

fore the ^ent duly corrected ,is ±2+2^ 


J-+'—a*+‘ - . , • 

'-—,* Qrt)®«ic**-whence v- 


n+1 


*+1 


will' Art. TH. 


eome^out 




the 

y w+d- .. 

signs of c and x*^* must be alike, when both quan¬ 
tities inesreoM^ or decrease, at die same jime; that is, 


Vi' 
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* Alt. 9A>. when ^ Ibrai, 6<om C, if a repulsive one ;* but, un¬ 
like Wl len one increaaee while the other decreases, or 
t^&roe, tending to C,^is an attractive cme. Inthefor- 


mer case we therefore have o 

■'••• " 4 


=\A + 


n+l 


+1 


/ 

and, in 6ie latter, o=^ -f — 




a + 1 

ThO’value o being thus obtained, let the required 
time oi moving over the space A D be now denoted 


.t 


hfT ; then, since T is universally , wc have T 




' - So* 

"~»+T 


4-1 


, or T 5= 


v/eV 


aoemding to the two foresaul 


« + l 


cases lemotivdy ; (tom whence, by finding the fluent, 
the tune ki^ will ^ known. Q. E. I. 


COBOtLAEY. 

222. If the body proceeds from rest at c will be 

or 


ss 0, and wre* ^all '‘have T « 


ITS* 


XX 


"'•r . 


TT3* 







-20** 


I • 




✓2o^‘ - 




SCHOLIOV.^ 


229. Alth^h, the fluents vS thet eapr^onB givm 
above eumot be es^l^bite^ in a general manner, nin- 
tber, in fini^ terms, nor 1^ means of eiroulor ares 
ttd logarithms 4 yet, in some of Uie most ttsefuJ 

■A . ' ■ 'V . '■ \ 
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cases that occur in nature, tl^ may be obtained with 
great iacility. •' 


Thus, if in 




==* (expressii^ the fluxion 


of the time of descent along AD) n be expounded 
by 1 , 0 , — 9, and—3 successively, the fluxion itself 

Ml I ^ ^ 

will btcome equal to - 7 ==r • — 7 ==-:^, 

^ /a- - X' ’ - 2.x ’ 

V^-^a xai ^ axx 

~“ 7 ^ " and - 7 ==r respectively: whence, if 

/fljp-rr ^ / 

A K F lie a quadrant of a circle whose center is C, iqul 
A S C a semi-circlc whose diameter is A C, and DS Jl 
be perpendicular to A C; then it wilt ap^^, 

^ 1 ®. That, when w = 1, 

“ X 



and T = - 






the velocity (V^a — x-) 
at D will be repre¬ 
sented by D K, and the 

fluent sought by 

A t/ 


2®. That, when « =s 0, and, T = 


the 


— 2x 

velocity at li\ and the time of descent through AD, will 
each be defined by V^2 A D. 

*’ . 1(1 V auc 

3® That, when n»=s — 2, and T = 

DS 


the velocity will- be .. c OVTaC 

and the time of descent through AD,asV'^f^ x AS+DS. 


as 


Art. 142. 
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4*\* And d*at, when iT = — 3, and T 


DR 


cux 




{he iFciocity will be eit . a the time w 

/V C/ X w U 

, A C X D R, 

Hence the time of the whole descent through the ra- 

AX' _ _ 

dius AC, appttrsto boss V^3AC, x AF* 

AC 

or A C^. But the time of one whole rC-volution in 


• Art 9i£.thc periphery AR F &c. was found to be as 


4A F 


Uhl * 

AC - 

wnicn in the, four cases above specined is 

4AF X JiSy and.4AF X AC: therefore, if the time 
of moving over the quadrant A F be denoted by Q, it 
follows that die time of descent through die radius AC, 

will be truly defined by ^ x ii x » 


AF 


AC 


or <} X acQording to the fbreaaid esses respectively. 
Aa 


Lkmma. 


^4. The Areas tckich a reco/ciag Bod^ deacrihes^ ^ 
Rays drawn to the QtnUr of Force, are proportion^ 
to Uw Tni^ of their Deacription- 


Vtrr^ let a body, 
in any given time, 
describe the right¬ 
line A £, with an 
uniuterrupted uni¬ 
form motion; but 
upon its arrival at 
B let it be impelled 
towards the center S, so that, instead of prooeeding 
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along ABC, it may, after th^ impulse, 4e^be the 
right-line B a. • * 

Because the force, acting in the line S B, can nei¬ 
ther add to, nor ta&e from the celerity which the body 
has in a direction perpendicular to that line, the dis¬ 
tance of’ the body the said line, at the end of a 
given time, will therefore be the very same as if no 
force had acted; and consequently the area Be S equal 
to the area B C S, which would have beeif described in 
the same time, had the body proceeded unifonnly along 
B C; because triangles, having the same base uid alti¬ 
tude, ore equal. 

Therefore, seeing no impulse, however great, can 
aflect the quantity of the area described about the center 
S in a given time, and because the areas BSC,' 

describe about that point when no force acts, are as 
the bases A B, B C, or the times of their desmption, 
,the proposition is manifest. 


CoaOELAJtT. 


223 Hence the ve- 
^ocitj of a revolving 
at any point Q 
or H, ui tnverseiv as the 
perpendicular S P or 
S T, JalUng from, the 
enrter of force upon 
the tangent at that 
pomt- 

For, let two other 
bodies m and n be sup¬ 
posed tb move unifonn¬ 
ly from Q and K, along 
the tangents Q P bbd 
BT, with velocities ro- 
speetivcly equal to t^ee of the levolviBg body at and 
H; then the distances Q m and Ba, gone bv^ m the 
same time, wdl be to eadi other as those velocities; 
and the aroasQSmtmd KS« wiH be equal, famng equal 
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to those described revolving body in the same 

• Art- ;• whetKse Qm x sP being = K« x ST, it follows 

• that Qm : Rn S.T : SP ;: 

PROPOSITION IX. 

226. To determine the Law of the Ccntriminl /'orcr, 
Unding to a given Point C, whereby a Body may dt- 
scrt5c a given Curve A Q H. 



Let Q P be a tengent to the curve at any point Q ; 
upon which, from the center C, let fall the jKrqjciidi- 
cular CP; put C Q=«, C P=u ; and let the velocity 
of the projet^e at Q be denoted hy v. 

There&re, since tj* is always as (by the Caroi, to 

Lemnuz^ it is evudent, by taking the BuxiunS of both 

» 

quantities^ that rt) will also be as : but the cen¬ 
tripetal force, whether the body moves in a right-line 




s 
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«51 


or a curve^ n always ais (By 219 and 906) 

It * 

I'hcrcfore the centripetal is likewise as -tt-. Q»E.I. ' 

U^8 


The same otherwise. 

227. Let the ray <if airvaturc Q O be denoted by 
if ,* then, because the centripetal forces iif circles are 
known to be as the squares of the velocities directly and 
the radii inversely,**^ it follows that the force tending • An. 
to the point O, whereby the l»ody might be retained in 
its orbit at Q, or in the circle whose radius is Q O, 

will be defined by 4 r x ^ whence (by the resolution 


of forces) it will be 




(the 


s 


force in the direction Q O) ; , the force in the 

tt’Jtv • # 

ss 

dirrctioii C : which, because R s= -7 will also^ 73 . 


lie expressctl by 


tt 




Q. E. I 


An<Aher toqy. 


92d. Let be the indefinitely small part of the 
right-line C intercepted by thV curve and the tan¬ 
gent Q(/, expressing tne effect of the ccntriMtal force 
in the time of desenbing the area Q C n. Now these 
efi'eets, or the distances descended by means of forces 
uniformly continued, arc known to in the duplicate 
ratio of the times, 101 ^ of the areas denoung those 
times therefore, Ole centripetal force at Q, or thd^Art^t. 
distance desoeuded by means thereoY in a given tiai^^ 
will be as a 9 applied to the second power of tlte area 


Q C 7 , 


or as 


nq 


Cr^ X Qy- 


Tins expression is the same 



< 


$ 
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with that nven by Sir Jsaac Newton in his Frimipia^ 
Bmlc 1, Prop. 6.^ But, to adapt it to a fluxicmal cnl- 
^ cuius; let Q £ be an or^natc to the principal axis A(ji; 
«&d kc (as usual) A AQ=s, (or 

Qf)=i, Qqs^z; supposing eq (parallel to 1 'Q) to 
iutersoct the curve and the tangent in m and 9 . 

Since Q 9 is conceived indSnitcly small (or in its 
nascent state) the triangle nmq may be taken as rccti- 

• Art. 136.lineal ;* ahii the angle »srO Q P and the angle m= 

Qqi: whence it will be (by Trigoiomctry) as 

<y.CQP (u):S.Qqt (m)::mq uq; that is, as^ : 

y, mq [ nq 1=1 * which substituted alxnr 

CPxQv 

CQxQixmq ^ . 

gives —trt-—, for the measure of the centripetal 
CP*xQy* ‘ 

force at Q: but mq (supposing x to flow uniformly) i" 

known to be as ; theteibre the force at is as 

CQxQtx —y . , -siy , , . 

' C P » ' xQy> ’ “ “* 

sor is as the cube of (QCo) the fluxion of 

the area A;|} C 

The vei^ sainc theorem may likewise be deduced 
firom that^ven by our second method : for, jsinoe (H) 

* Art 68 . the ray of curvature at Q k imiversaHy*^ 






the 


0 

value c£ (there finind) will 1 h»^ by spbatitudon, 
becGQie^ 

This exprenion, in h[^|^ance Ictu simple dban 
-yr *9 $nt finmds ^ fyt ^general part^ more commo- 
practice. 
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CoftOCLAAlP 1. ^ 

229, ir the point C be so remote that ali right-lines 
drawn flrom thence to the carve may be considered as 
(>aralii'l to each othor> the force will then (making Q r 

—JOT 

— .1 y , • 

^- 7 ,; since s (C Q) in this case may be rejected. 


perpendicular to C ^) be as 


From this expression, which is general, in all cases 
where the force acts in the direction of parallel linesy 
it appears that the force^ which always acting in the 
directiam of'the. oriinaie Q E, toendd retain the body 

in its orbity is every where as —^; because Q C here 

X’ 

•coincides with Q E, and'Qr, becomes = x. • 


COROLLABV II. 

Because the force, tending to the point C, is- 

universally as (or the liarcc to any 

C P’ X Q O if/ *' 

other point c, will, by the same argumimt, be as 

c Q 

^.3 X QO' forces^ to differaU centers 

C and c (about which equal area^ are deaeWi^d in the 


same time) are to each other in the ratio (f 

&L inversely. 

cQ 


CF> 

CQ 


to 


CO&OLLAEY ^ 

231. Moreover, the ratio of the 'veloci^ (rt Q to 
the velodiy whereby the bo^ might revolve tn'it circle 
about the center C, at the distance C Q, is -easily 'de¬ 
duced from hence : for, since the celerity at Q *s that 
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• 

wlM|eby the body might revolve in a circle about the 
cerife O,. and the* forces tending to the centers O and 
are to each other 9 s h (C P) and s ((' Q) ; it there¬ 
fore follows, if the ratio sought be aasumetl as e to tv, 


that ^ ^ (hy Art. S12): Whetice also 

o* : «r‘-::itxQO (uBj ; sxQC (m'J andconsciiuently 

1 •• 1 • Vt V« 

(because R = 

« / 

The same prtmortion may also lie derived from Carol. 
S. Prap, T For it is there proved that ic ;; 

; a 6 d it appears from above, that 

——*.s 3 r ^ : whence the whole is manifest. 

u. 

If O L be made perpendicular to Q C, Q T> will bo 

r CFxQO\ uR ,QL *R 

^ ~ CO y = T» CQ " 




fore t) : w ;: Q ; C ; which is pother projwriion 
of the propo^ celeiitica. 

COBOLLAKr IV, 

the law of centripetal force being given, 
the nature of the tnyOotory A Q ma^ from hence be 
found; for since the fince ('P)m univenmll^ defined 

' / 6 . , —1 

by 'jpj-, it is evidtot that ■jgjj will be = the fiuent of 

. Fa ; vh^iy when F is given m terms of «, vr^l become 
known; anil then, the rdation between u and s being 
the curve itself is known. 
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EXAMPLE r. 


Lrt iht sivtn Curve AQH bt the Loeatithmic 
Spiralf and C tnc Center thereof: then m (CP) being 

in this ca.sc = ^*,* wc havc.J^t(=^x 
- = 

\/~ X™ ) = unity, llencc, 

it anpears that the force is in- 
verswy a.s the cube of the distance; 
and the velocity, every where, 
equal to that wncreby the body 
Inight revolve in a circle at the 
same distance. 

EXAMPLE II. 



234. Let it he rc^wtred to Jind the Law of the CeTdripetol 
Forccy u'hcrely a /ending to the Focus C, is made 
to revolve in the Periphery of an EU^tit AQDB. 


From the othcfr 
focus F draw P K 
parallel to CP meet¬ 
ing the tangent PQ 
(at right-angle^} in 
K, join F Q ; put¬ 
ting the transverse 
axis A B s <z, the 



semi-conjugate OD si ^6, and the parameter 


: then, C Q and C P being denoted as above,§ j jm, tel. 
we have FQ (s:ABr-CQ)=:a—«; whence, by rea¬ 
son of the similar triangles C QP and FQl^ it will be 
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« 




f — « X u 
# 


But FKxCr is 


•=:0D^ (by the nature of the curve). Henoe wc get 

o #X U' .. , 1 4rt 4 

—-=s 1 o*; and oom^entlv -- = —-, -; 

s . V ’ ^ " a* A-A h- 

whereof the fluxion being — ~ wo obtain 


//\v- 


•Art «T 
+ ArL2Sl 


. 4 *=-jxi= 4 *«i\/-t = \A^ 

.«*« a\ jw- . V ^ „ 

— Hence, it appears that (ht centripttai 

Joret », in4hu cose, aa the ajptarc of the distancr in- 
vmefy; <md the velocily tU Q w to that tehertd}^ tht 
body might describe a circle at the distance C Q, every 

wharcj in tie ratio ofT to A o\ 

If tKe curve had been ah liyperbok ; then x 


,a—s 


«« (imtead of —: x «-) would have I)een = 

9 

ana ao ^rr: —> the very same as bekwo. 

uU 6* S’ ps* ' 




Bat, had it beat a paiabola, the equation would have 


been 


a+0 


X «* = 7 (= wwJ 


2 


f.. 


the force, attf^ as But the measure of the velocity 

> - pgs 

in^thitroaae beocmag barriy 

* O' ▼ ^ ▼ O'' 

= i/2i it fiDows that tfe ndbciify w o jwmiAofo ts /o 
tAot whereby the body might describe a circk' fU ije 
wone dif toBce jTVtn the center, ^ the canskmi ratio 

l/%inmiiy^ ^ 
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V 

^ EXAMPl^E HI. 

• * 

QS6- Let it be required to Jmd the Law of the Ce$ar^petal 
Force, by which a Sody^ Utt/di^ to<n^ given Potnt^^ 
in the Aria, is made to deecribe a comic Section AQH. 



J^ut the scmi-tranfivcrsc axis (O A) =a, the scmi- 
ronjugato ?= b, and the given distance of the WUt C 
from the vertex Ar=c: put also the abscissa A£ = r, 
the ordinate E and C Qsss fo^ before). 

The area of the tiiangie £CQ being (=J£C x £Q) 


— its fluxion is thorclbrc =s 3^—; 

which added to the fluxion of the area A£Q« 
gives 3^— 3^ for the fluxion of the whole area 


A C Q destsibed about the center of force. Whence 
(by Art. 228) t|ie required t^tripetal force at Q will 

be as Which expressiem is general, 

let tho cum be of whaw kind it wiU. But in the 


case above, y btjiig 
a V^2ojr~x X*’ ^ 


a 


✓*ax + X'f we have y 5 = 


— O^JC* 


7 , and ry + ^-r-xy- 


%ix + x* 
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hi + ax ± cx 


; bid therefore, by substituting these 


values, we get ^ 






cy *4" ir ^* 






AVhish, iH'causc j- is constant, ^'ill also lx- a* 

O' 


n 


=r-j. From whence it follows, 
f«+OA + cx 

1*^. If c be = + o, or the center of force be in tiic 
center of the section, the force itself* wll bo barely as 
(+ *s) the distance 

2 “. If it be in the focus, tlien ac -I- ax ± cj Wtiming 
= C Q X fl, the force will be inversely as the square ot 
the distance. 

3“. * If the given jioint be in the vertex A, the force, 
will be ^ : which therefore in the circle (where a = 


rt 

S' 


will be as or the fifth power of the distance 
reciprocally-- 

4*. Lastly, if the point C be at an indefinite distance 
iW)m the vertex, or the force be sup[»oi«<l to act in thi: 
direction of lines parallel to the axis AO; tlien the force 
will be as the cube of O E inverselv. 


PROPOSITION X. 


23(>. To deletmine the Ratio of the Velocitits of Bodies 
revolving in different Orbits^ about the same, or dif¬ 
ferent Centertt; the Orbits ifiemseives, and the Forces 
S whereby they are described, beiTig given. 

I.iet A Q H be any orbit, described about the center 
of force 0, and let the force itself at the principal ver¬ 
tex A be denoted by F ; also let r stand for the semi- 
parameter/ or the ray of curvature at the vertex, and 
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lot (' P be ])erpciiilicu!ar to the*tangpi Q P. 

^ ■ 7,^- • 


. c o 

Then, the celerity at A being always ns r F 

(by An. 212) wo have C P ; C A :; ^ . F (the ve- 

bjcity at A) to , the velocity at Q (by Art. 

22o). Which answers in all eases, let the values of 

A (\ r and F be what they will. Q.*F. /. 

* 

Corollary I. * 

2U7. If the centripetal force Ikj as the square of the 

disiance inversely, or F be expounded by , the 

A v/“ 


AC 


velocity at Q will become x Kt —, or 

OP ^ AC* 

k/ V 

: whence ifw rcloctim, . in different orbits^ abouf 

the same center^ are in the sub-duplicate ratio of the 
parameterSf and the iuversi raho of the perpendiculars 
frmn the center of force to the tangents^ conjunctly. 

COROLVARV IJ. , 

208. ITcncc, if the celerity at Q bt* denoted by Q 

•/r 

:md C' (j k- drawiK then Q ti In-lng as . it follows 
that \f r is as (' P > 7 , or as the triangle QCf/. 
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r 

ther^rt tht areas destK'iM ahtmt a common cenier of 
force m a given (\me, otv in snb-dMftkate ratio tf 
^thepmmeters, 

COKOLX^AST ni. 

2S9. Lastly, since the area cS the curve AQHR, &c. 
• Art. 234. wheft an ellipse,* is jenown to be as (AO x O D) A O x 

t/ r X AO (supposing O to be the center') if the same 
be applied to V r* expressing the area deseribed in a 
given part of time (by the last Corol.J wc shall thence 
have A O >c ^A O, or A for the measure of the 
time of one whole revolution. From wbciice it appears, 
that the periodic hi (he species ^ the dlipsia he 

what they will, are in the scsquiplicate ratio of their 
princ^al axes. 

4 

^ PROPOSITION XI. 

240. The centr^feial Foroe^ tending to a given Point C, 
being as the ^ 9 «are of the Distances reciprocallyy and 
the Direction, and Vdocity of a Body at any Point Q, 
being given; to rfcfermi'iic the Path in which the Body 
Tnoves, and the periodic. Time, in case it returns. 


K 



It . is evident from Art. 234 aiid SSb, that the trajec¬ 
tory A Q B is a conic section; whereof the point C is 
one of t\v\foci. 



4 




IN CENTRIPETAL FORCES, 

Let F be the other ibcu6»« and upon the tangent 
P Q K let lyi the perpendic^lw C T and F K, and let 
C Q and F Q be drawn: also pnt the semi-transversc* 
axis A 0=0, the given focal distance CQssd, and 
the sine of the angle of direction C Q P (to the radius 
1) = w; and let the given vdocity at Q be to that 
whereby the body m^ht revolve in a cirde about the 
center C, at that distance, in any giv^ ratio of n 

to unity: then it will be « ; 1 :: F; AO^ (by 
Art. 234) therefore a® ; 1®; ;FQ (2a-~~d) ; AO (aj; 

whence A O fa) is given = ^ . Moreover, dnee 

2— n* 

C P=r?n X C Q, and FK=m x F Q, we have OD- (= 

CPxFK) =m=xCQ X FQ= whence the 

semi-conjugate axis (OD) is given likewise. • 

Lastly, it will be (^ Art. 239) as C : AO^;; 
rP) the periodic time in any given circle, whoed radius 


is C T, to 


AO^ 

CT^ 


P the nM^uired time of one revo¬ 


lution when the orbit is an ellipsis; that is, whenis less 

2 d! 

than 2: for, if be = 2, the curve (as its avis :r- 

^ 2 — »* 


becomes infinite) will d^nerate ^ a parabola; and, if 
n* be greater tbtt 2, the axis being negative, it is then 
an hyperbola; whose two prindpal diameters arc equal to 



2mnd 
V ^-2 ‘ 


Q. JE. /. 


COBOLLABT. 


241. Saciog neither the value of AO, nor that of 
the periodic ^me, is affected with at, it fidlows .that the 
principal axis, and the periodic tisoc, will repain inva- 
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• 

riabl^ if ^ vdocky at ^ be^hc jsame, let the direction 
at Uiat point be what it will 

^ The same solution may bkewise be brought out, from 
Art iteS, by first finding the prme^al paramtttr : fur, 
it is evident that the area described by the body about 
the center C, in any given time, is to the areade. 
scribed in th® same time, by another body revolving 
in a dbde at the distance CQ, ^ mn to unity ' hcncc, 
• Art 238.it will be f i' d ; the semi-p&nunetcr ;* 

from which (proceeding as idwvc) wc gcyi: o x m-it'd 
(= O D=) = X (Sod—d’) ; and consequently a = 

:r—s the same as before. 

2 —«• 


PROPOSITION XII. 

242. The caUripetaf Force being as any Power (n) of 
the DistoMcey and the Direction and Velocity o f a lioSif * 
at Point A being gtoen, to ihtermine the Orbit 
or Trajeclory. 

From the cen¬ 
ter of force C', 
to any point B in 
the rcquirecl tra> 
jectory ABD, let 
C B be drawn ; 
ioin C A, and 
let Ab be the gi¬ 
ven direction of 
the body at the 
point A, and 
C& perpendicular 
tbei^; also let 
the velocity at 
AV be to that 
whereby a body 
migb^ describe a 
mcle A£^, about the eentcr C, in adiy given ratio 
of p to unity; putting CA=U} and OBsx: then. 
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' IK CEKTIltPBTAL FORCES. ' 

because this last velocity (the ^centripetal force being as 




r” or a") ia rightly defihed by a *s,^,4h« velocity' 
of the body a:tvj^A will be trulyr ffi^iicsaQd by 


iti 

e 




pa 

* 

Moreover, it is proved in Art* 821“i»d 206, thak if the 
celerity, at any ^ven distance a Ibom the center, be 
denoted by^ c, the celerity at any othcr„ distance x wUl 

be truly represented by \/ c- + 


« + 1 




whence, pa ^ betag substituted for c, we liave 






w + l 


2ir“‘*'* 

y — —=- for tbc celerity at B. 
n +1 


But now, to determine the carve itscdf^InHn hence, 
let B P be a tangent to itr at B, and C.P pcrpoodicular 
to B P ; also let C B, produced, meet the periphery ol' 
the circle in E ; putting the arch A Esss, the foresud 
velocity at B (to shorten the operiitioa) =s t*, and 
C/f=S: then it will be (by Art. 225) v ; c (the ve¬ 
locity at A) ;: ft ; CP = —: ivhenoe BP (— 


V 


/C CP*)’ = 




V 


Moreover (by Art. 35) we have, as C B ; C P;: 
C P 

^g-^xe) the velocity of the body at B in a direc¬ 
tion perpendicular to C £ ; and oon^uently as C B : 
C E:: X V (the' said ve3odty)«to ^ 

the angular veloMty of tho point E (revolving’vdth tlie 
body). By the same article, the v^oqty at B the 

•• A^s.r^ • 
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ms vun 0T ntnuotft 

dire^ t B E win be ^ X r: ihoidbre, the vclo- 

‘ • CB 


4iiif oF^E bwog to the wdotity tA the dbrcc- 
tkn, « to:^, the flhsioDs of A E ft) 

t ClP L-Jd 


and CB/ x) a^oanaequcndy be in that ratio; that is, 


<3Pi?E. 





o , df 

ofix 


CPxCE 

C1j>^ 

(Adi* 




—— -v^^essBUK. Which oqttalibn is genera], let the 
Uv iiF.^^centripetal force be what it will: bat hi 

. t ' «* — 

UifrSfiii lukd c^ ; it becomes t ss 


'*i»A • 

'' 3 ' " " ' i ' u. ' - ' 1 ^ *- 


jT+l X a*+^ 


; whose 


Bam if tba^ medl^ dke ihgtthir motion; from 
whidb, when (bund, the orbit may be eonstrAoted: 


n are i 


logarithiM,. exoe 


ipkx 



4^ othert whim tfab wues <f P 


pat^ieiilbr 


Ki. £. /. 
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CasdttAET 




S4S. If the ^en vdtwE^ iit A be tuch that ^ 

=r 0, “ alwiyu poMilde 

when the value of n+1 is negative) our equation will 
become iae y - 

V - , 

. < 

• 

ting &c. reduced to i 


r: which, by put^ 




whereof the fluent will be found (by the saoimd part 

of this work) equal to ± — multiped by the dif- 

m 

ference of the two circular area, whose secants are 

—;— and to the mdius unity. Fvm tins uAie 

6a4—* h , 

of the erCh A £ the pentnn of ^die poiM B, in the 
orbit, is given. , 

a 

But if the angle of Erection C A h be a nght.^bne,- 
the Hoent will boccane barely s= + — x arch who« 


$a 


a' 


secant is (6ecttiM& ^1thta qnd thf^ arch whoM 




secant is , s:0) which therefore when xt baccmies 
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i nfinim , will be truly defined by + j^—x whole |U'ri 

|iihery i4. F, &c! Whence it is evident that the b(Ki> 
must either fly entirely off, or fall to the center C, in 


a number of revolutioiis expressed by + 


gm ’ 


accord¬ 


ing at the vahic of m is positive or negative. 

lima, if ft = — g, and m = 1, the body will fly 
entirely off in half a rcv'olution: and, if » = — 4, 
and m ss — 1, it will fidl to the center iu half a revo¬ 
lution. 


I 

ConotLAltY II> 


g44. Moreover, though the fluent expressing the angle 
at the center catmot be exhibited in a gener^ manner, 
yet tbew* are certain cases of the e\]K>nait (n) where ^ 
Its respective vaiuiK) may be derived fmm each other. 

For let (as above) n -f- 3 lie put := m, and (to 
shorten the operation) let C A (aj he taken as unity' 
then our equatkm will be transformed to c = 



3 ^=**, and it will be farther transformed to : = 

3 __ 


g 

— X 
m 


1 + 


g 

m — 2.p' 


X y' 


- - 


m — 

4 S 

put r » —, and it will become r = -- 


#«' • 


* c 






n 1 


: lastly, 




: xy 
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let 


r—2. p- 
"2 


+ 




or = 


r-2.y« 

V 


^)r 1^- 




2 


r — 2.p“ 

nT • 

^S3P) and then we shall 
r—p*xr—a-' 

^ 


+ : 


2 


X ^ — 




have iss- X- ,3 

.vV 1 . -- ^ -^ 

r-2,92 r — Q.q^ 

Which expression (excepting the general muitiplicator 

2 v 

“ J being exactly of the same fonn with the first 

above given must, therefore be the fluxion of the angle 
at the center, when the index of the force isr—B; 
for the very same reasons that the fonner appears to be 
the fluxion thereof when the index is m—3 (or nj. 


Hence, if the fluent of 
__ *3/ 


ys /1 


+ 


2 

r - 

- 2. q^ 

the 

center, 


4 


X — 6* r* 




or the 


r - % 9 "- 


of 2 , (the measure of the said angle, when the cx- 

ponent is tM — 3 or nJ wiU be truly defined by 

From which we collect, that if the indices of the 

4 

force, in any two cases, be represented by n and —- 

—3,' and the respective distances from the center hy« 

StH" ' • * , 

X and X ^ , then the angles themselves corresponding ' 

to those distances will bo every where in the oonsrant 

ratio of 2 to 71 + ^* Therefore, when the can 
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be ooQstn&ted in the^e case, it also may in the other, 

provided the above e^wtion 7* ( =-===^= 

—, fi)r the rdadon ef the celerities at A, 

8+a+l..i>«' 

dm ipt become unpoesifale, at it sometimes, when 
a is a negative nmaaber. 


CoaoLLaar III. 


J845. If the body be supposed to move in a ver¬ 
tical dxrecdoD A H; then, putting the velocity 

- >m' '« «ii 


v' 




2 2**^* 

— X — - - = 0, wc get r 

«-f*l *+l 


(C H) = 4 p- X a + 1 + if** X a = the hdght 


•+? 


to ‘which the body will mcend: facnec |p* x n+ 1+T 
X a—a (ss AH) is the distance thnnij^ which it must 
fieely dfecraid to acquire the ^en oe&ity at A; this 
distance, in case of an uniform force, when n = 0, 
will booeme s= and, when the force is in- 

vesesdy as the square of the distance, it will then be=s 


when pr=l, or the velocity at A is just fiuffi- 
letain a body in tfae tnrde A£F, AH becomes 


Bat, 

oestto 


» «’- «.* whidh » ^ liw© case* 

ifMinaid be 1m «ud# 
ttfioite, ^vdicn w isM — 3. 





IK CBNTBfPxi^At roitSS. 


COEOLLABr IV. 


% 




246. When the value of » + l is positive, the ve¬ 
locity at the center; where » = 0, wul be bat^ = 

■ 

2 

p®+ -; X o"'*’*: but if the value tf ^ + 1 

be negative, the velocity at the center will be ioSmte ; 
bocatt6e> thfcn 0*^* is in&iitc. 

CoEOtLAXT V. 

y • • 

* * 

»v 

247. Moreover, when n + 1 is .n^auve and x in¬ 
finity the velocity also becomes = 


+ —r-XC' 
n-f 1 


because then jr"'’‘‘ = 0. * 

Hence,* if the centripetal force be inversely as some 
power of the distance greater than the first, the body 
may ascend, ad and have a velocity always 

greater than x o*+'; which is to 

II + 1 

pa -, the given velocity, at A, as s/f-^ 


n -hi 


to 


p. And this will actually be the case when the value 
o£ p‘^ + k positive, or p^ greater 

but not Otherwise, the square »>ot of a negatiye guan- 
^tity being impossible. 

Thua, if n=—2, or the force be inversely as the 
square of the dfatanoy «Sd p% at the same time, greats* 

t \ . • 

than 2 ( ■■■ : ) the body will not only con&nie to 

‘‘W—1/ 

ascend iii rn^itum, but have a velocity always greater 
than that defined by V'p*—2, which is itsjimit. 



910 


THE tSE OF FLUWOKS 


COEQLtARY VI. 


!S48. Hence the least ccleri^ sufficient to cause tho 
body to ascend for ever in a nght-linc is given. For, 


putting 


\/p" + 


9 




X 0*^* =! 0, we have p =s 


y/— celerity by whicli 
the bo^ might ascend for eva, is to that whereby it 

may rc\'olve in a circle A E F, as \/ --- to 

' y —n—1 

unity. From which it appears that, if Uu- force be 
as any power of tie distance greate r than the 
third, c less velocity will cause a body to ascend ad in* 
finitum tion woidd retain it in a circle. ■ 

V 

SCUOLIUU. 

£40. From tl» ratio of the velocity 

wherewith the 


(\/P^ 


«+ 1 


0*^ — 


n + 1/ 


* * 


Art. 914 


body arrive* at any distance x foom the center, to that 

a whi^ it qpght to have to revolve in u circle 
at the samewtance, it will not be difficult to determine 
in w^at castfs the body will be forced to tlje center, 
and o it wffi continue to dy it adhfnitim. 


WilUUty air 

daring the descent, be not somewhere greater Oian the 
latter, or the quotient 




£ 


-T*' 

a 


,«+i 


» + 1 




A- 

n 4 1 


gteater than tunity ; because, if it ever begins to ascend, 



ti» (^vrmi petal touces. 

• 

U muRt have an apBt, as D (n^herc a right-line 
iV(»m the center cuts the orbit at* right-angles) and 
there the celerity must cvidcntly.be greater than that^ 
sufficient to cause the body to revolve in a circle. 

Secondly, but if tbc quantity i 




,«+i 


2 


y. — -- , in the access of the 

hotly towards the center, increases so as to become 
greater than unity, or be every where so ; then the ve¬ 
locity at all inferior distances tong more than sufficient 
to retain a body in a mrclc at any such distance, the 
projectile cannot be forced to the center. 

After the same manner, if the angle QAb he ob¬ 
tuse, or the body from A begins to ascend, it wftl con¬ 
tinue to do so for ever, when the foresaid quantity is 
^always greater than unity, or, which is the same^ when 
the body, in its recess from the center, has in every 
place through which it passeth, a velocity greater than 
sufficient to retain it in a circle at that distance. 

It therefore now remains to find in what laws of the 
ccntri^ietal force these difierent cases obtain: and, first, 
it is easy to perceive that when the value of n + 1 is 


positive, that of 


\/P' + 


U 


X —- 


% 


will. 


+ nfl 

by increasing x, become equal to nothing. Therefore 
tlie body cannot ascend for ever in this case: neither 
can it descend to the center (except in a right-line) 
l^p(5au8c the foresaid quantity, by diminishing x, be- 
imes greater than unity (or any other asa^xabfo 
jnitude). ' 

But, if the value pfyi be betwixt — 1, and — 3^ ^ 
the said general expresidon, taking x infinite, will als& 

become infinite, provided the value of p" +. —be 

I 

positive (or p^ greater than —Therefore the 


2TI' 



« 


m 


THK i;sE or vuncioKs 


bod^^tn thiseaftc, mny ad infinitum^ but cannot 

possibly fall to the •center (rxcept in a right-line) since, 




- , the value of the general expression, 

when j =0, is greater than unity. 

Lastly, if n 1k' txprcssetl by any negative numbpi 
grcot«: than-y 3, or the law of tl^o force be inverM'ly 
as any power of tluj distance greater than the third, th»' 


two extreme values of 




o 


a 


».«I 


o 


;>• -r 


+ 1 « -f 1 


will, stilL be denote*] as in the preceding case; hut 

/ 

here the latter of them, \/-is loss than unity. 

^ -f 1 

Therefore the hotly luust, in thi.s cast-, either ascend for 
ever, cr W li»rccd to the center: exce]>t in <jnc jkarti- 
cular circumstance, hereafter to bt* taken notice of. 

Now,.from these tihsirvations we gather, 

1”. That, when the centripetal forct' is as any power 
ef the distance directly, or less than the first poMcr 
thereof inversely, the orbit will fdwavs have an hiiiher 
and a lower ttpse: IxyonJ whicJi the Innly cannot 
ascend or descend. 

2^. That, when the centripetal ibree is inversely 
as any power of the distance (wholi‘ or hr.jkon) be¬ 
twixt the first and third, the orbit will also have two 

/ ^ 

apfsides, if p be less than \/ —--i but otherwise, 

^ -f 1 

only one; in which last ease, the lx)dy* alter it has 
passed its apse, will continue to recede from the ocutg^ 
in ijifinifum. 

/ 3"'. That when the force is inversely as any power 
greater than the third, the orbit can, at most, have but 
one apse; but, in some cases, it will have none at all; 
and it may be worth while to inijuire here, under what 
restrictions of the velocity (p) this will ham>en ; since 
thereby, besides l>eing able to know when the liody will 



iw onrtiMmAL pokces. 


he Meed to the center, &c. xv shall M upon, a dfi- 
cutnstance somewhat remarkable anfl curious. 

Now it appears, that, if the itudy from A begins t» 
descend, it must, vhen it comes to an apse at D, have 
a velocity diere greater than is sufficient to retain it 
in a circle; in which caae the general expieasioa ’ 



(so oftsn mentioned 


above) niu^ accordingly be greater than unity. Let 
it be ther€fr>rc made equal to unity, whiedt is the utmost 
limit thereof, beyond which the orbit cannot admit 
of an apse ; putting at the same time x, or its divisor 



n + l. c 


in the 


general equation of the orbit, equal to nothing 
*(it being always so at the aphides). Then, from 
these two equations, duly ordered, we shall get x = 

I 


SJ 4- a “f- 


n 


4- 3 



2 + « + I . 


211 

•41 


n 


4- 3 


a 

X 


Now, it is evident, if the 


value of p be greater than is given from the last equa¬ 
tion, the orbit will have an apse^ but, if less, it can 
have none. In the former case, the body will there¬ 
fore fly quite off; and in the latter, it will be forced to 
the center. But wc arc now, naturally, led to inquire 
what will be the consequence when the value of » is 
ndlthcr greater nor less, but exactly the same as given from 
the forosaid equation: this is the case above hinted at 
and here the body will continue to descend for ever in a* 
spiral, yet never so low as to enter within the^ circle 


whose radius C D is = 


I 


2 4- » + 1 . P' ^ 

n+l 

n-fS i 



X «. Fear, if 


m 


VOl.. I. 


T 




m 


f 

THt VSE at VtVXtOVB, * 

the oqptrary were possibli;, the 1)ody, at its arrival to the 
dxcnmference of that circle, would (because of the 
firesaid equations) not only Imve a direction, but also 
velocity proper to retain it therein; which cannot be. 
hccfiuse the parts of the orbit on cither side of an apse 
arc always similar to each other. 

From the same equation, the value of the limit 
will also bo given when the angle of direction C A6 is 
obtuse, or the body is projected upwards. 

For tliat equation (as is easy to demonstrate)* ad¬ 
mits of two different roots, or values of p; the one 
greater, the other less, than unity: whereof the former, 
giving (' D f*I^ less than C A, is to lie taken in 
the preceding case, and the latter (making C I) g^ter 
than (' A) tn the prt*sent. And the body will, either, 
continue to awiend for ever, or come to an opse, and 
frona thcncc fall to the center, according as the ^von 
value p is greater or less than that here specified. • 
But if it be neither greater nor less, but exactly the 
same, then thcliody, th(*ugh it will still continue to ascimd 
for ever in a sjjiral, }et it can never rise so high as 
the circumference «f the circle whose judius CD ib= 


_ I 

I*"" 

n + 3 


X 0, for rca.»M)ns similar to those 


alrewdy delivered, in respect to the preceding case. 


* Mathematibwl Dissertations, p. 167. 



.APPENDIX 


TO 

VOLUME THE FIRS't, 


IN proficnting the student with an Appendix, the 
object o( the t'ditof is to iurnish him witfi such addi¬ 
tional matter as the prt^css in this suhjeef, and others 
dependent upon it, made since the original publication 
of the xvork, seems to demand. Rfany important dis- 
•eoveries in the Fluxionary Calculus, under different 
titUis, have since that period been published, both by 
our author lumselfiind contcihporarics, and su^bseqUent 
writers. The applications of these improvements to 
questions connected with Natural Philosophy, have 
liecn equally extensive, and in older to understand the 
groat works of Lagrange and Laplace, and many other 
important works, which are treatetl in a manner wholly^ 
analytical, it has become neeessar}' to have at command 
every resource which this branch of abstract inquiry, in 
its present improved state, can afford. As far, there¬ 
fore, as the limits of an element'iry work will permit, 
wc will endeavour to supply these desiderata^ makings 
at the same time, such remark.s upon the work itself as 
may appear useful. , 

« 

SECT. I.'—In this Sivtion we have the fluxions qf, 
algebraic quantities only. The fluxjons oflc^rithms; 
ot e^nponcntials, and of circular quantities, arc given in 
articlW iSfl, 3^, and 142, respectively. In the dxam- 
' pies we intend to give in maxima and minima^ in drw>- 
in^ tangents io curocs, &c. &c. (subjects whicdi are in¬ 
troduce^ previously to those article) it beiiTg necessary 

T 2 • 



m 


to employ the fluxiops of«such quantities, we shall pro« 
coed to detennine them. 

1. Rf^ii'ed the Flusttm of a*y a hting amUmty » 

Dorwifr. 


By pidinary algcbm 

t Atr‘ 

a* = 1 + + s-TT-s + .«c where 

1 .a • 1.2.3 

+ .oo .* 

Therefore, taking the fluxions of each term 

, . A^i^x A*,3 ^x 

(o') = Ax + A: XX + +. 

== jfix(l + .rfr + -— + .) 

♦ 1.2 

= A£x<f. 


Fora*= (l+a-l)*=l+i .(a-l) + «.^ 



X 


(«-!)*+ . 

= 1 + x {(a-.l)-{.(a-l)^ + V.(a-J)* 

—.}+.Br2 + Cx*+ &c. 

By Cy &c, being at present unknown. 

/.a* = l+.^x + Bx*-(-Cx* + .. 

Similarly a^= l-^'A, (x+ n) 4- (x + «)® -I- C. (x 4- «)* 
Also xa^={l+Ax+B3f^+.,,) x (1+Au+Bu^^.,) 

=1 + -rf . (x + m) + -4* . 4- B. (x® 4- «*) 

4- AB{x^a 4- u*x) 4-. by^aetual multiplication. 

I^enoe A*^mt-hBA (ff»a4-tt*r)+‘.= 2 Bxu + 

8 C (**« +2*x) 4- &c. 



r BA ^ A^ 

O’ 8 1.8.8’ 


and in the 


aaibe nmimdr may the other mdetennituites be found. . 











* • V* / w , 

N0wjl=a—1 —|.(a—lV + .,.,.po L\a) (^bei^ 
the cWacteristic of ^jperbouc logAritl^ns). 

the fiuxwn of an exponential (^) is equal to life 
product of the exponential itself the h^j^bolic logarithm 
of the constaiU^ and the fuxiion of the variable* 

Let a = e = the hyperbolic base. Then 2e = 1 and 

(e)':=^ex. 

(2.) To ileiermine the Fluxion of log. j, a being the 

base of the System. 

Let uzs-log. X. Then xssa**, 
and issfa-J's: /axte xa*=:f/a xii (by 1) 

i • 

w = — 

X to. 

Or, The Jiuxion of a logarithm equals the fqxion of 
* the. variable^ divided the product of the variable and 
the hyperbedic logarithm of the base of the system. 

If L rt = 1, or a = the hyperbolic base, we have 

» a= ('/jr/s=r 

(3.) Tofndlhefuxionofx^. 

Let ii=s«'' 

Then L «=»./.:r. Thturefore 

M act) 

-xzvl.x + (txj'vzsi^lx-^ — ( 2 ) 

‘ ' - 7' 

(4.) To find the ^waion of sin. jp, a«d of cos* x. 

By Demoivre’s Theory 
cos. nfiifi/—tf+l/ —l 
cos. nfl — ^-T sin. n&=(cos. S— T sw. ft)") 


* This Theoreoi^b best proved by ^ aictyal multi- 

■ p • * '< 




I 




Aiding and 8\d>tfactifig these equations, after ck- 
pending their right^and members by tlic binomial 

theorem, and dividing'by S, and 2 respectively, 

we get 

cw. b9 = CO*-6- -‘6 

tt,(w— —40.5j„. -le— &c 

2.5.4 

« . (» — 1) (« — ^2) 
and «ii. n0 = n . cos. » siw- S — ——■— * 

* V 

«.(« -1) (n - 2) (» - 3 )(«-* ) 

xcoi.-»«sin. *6 + 2.374.5 

X cos. . A/W. tivc 


plicatirti of coA. A±y/ — i s*>. c«s- B r - 1 v . 

sw. j5, cos. C ± v/ - 1 M«. C.to 0 t«ms. The 

product will bo _ 

cos. (J + B+.» tciuis) ± v' - 1 . sjH. (.^1 1 y/4 

..n terms) = (co*. ^4 j_ - 1 . aiw x 

(cos. B ± ’*«• X J = /> - 

C» . . /—- 

Then cos. nA±y - 1. n^= (cos. 

sin. Ay which is the theorem in the case nt u (K ing an 

integer. 

Again, let a A. 

Then (cot. a ± v'-\ sin. aj* - cos. ija + 
't<n.^a^cot.pA±y^~ liif- pA=i(cos. A V^- 1 
sin. Ay^ 

.-. cot? A ± ^ - (<:«• ^ 

f ^ 7 

tfti Ay wlfirh n the other case. , 


ft 







Let mss; 00 , and fixsO^ so that^n^ aiay be finile and ^x, 

Ihen C<w. fis=l, j;l«, dssdrs ^ =z - &c. &g. 

and by substitution wc find 
^ X- X* 

ct^s. i- — -hi.XsTi “li.s. 4. 5.6.f 

x^ ■ x^ x'^* i 

ain.x-x- |_ 0 g+ i; 2 . 3 . 4 . 5 ~ 1 . 7 +. 3 

Hence 

f 

{»m.j) =i(l- + + .,....) 

t 

= vt cos, X 

and 

.(c™..) = - .■ (,r- f -^-T^Xs .> 

= — 3c sin. X. ^ 

Hence, The fluxion of the. sine of an arc f(pi<iU the 
^rod«c( ^ the fluxion of the arc arid the cosine of the 
arc. Also, /Vie Jtuxion of the cosine if an arc equals 
minus the prodncl of the fluxion of the arc and the sine 
of the arc. 

These results arc derived from the circle in a more 
simple manner by our author in Art. 142. 

5. To find the. finxion of tan. x, cot. x, sec> a?, and 
cosec. T. 

/sin. x\' (sin. a:)‘ (cos. x)' sin. x 

{tan. x) =s (- ) :s —--—---— 

' Vcos. 4 f/ COS. X cos. *x 

X CO.V, X X iifH. 'X .i. (cos. -j-f «tn. ®j;) 
cos. X ^ cos, ^s. ^x'- 

k 

■jp 

--- Crodius ssB 1), or . see. 'w s* 

cos. *JC ^ ' i/ 

X . (1 V). 










i 


29d 


Agm* {cot. *)• = * 

-:— r-, or = — i . (1 -^cot, *a). 
itn. *x ' 

,, , X. / 1 \* -(«M. Jt)' ism.x 

Also («c. x) S= f-I 5 = —— =-T—, or 

^ ' \C 0 #. IV CM. X CM. *X 

S5 X ioh, X . «8c. X, or ss x jec. *x— 1. «fc. x. 

And (a>Kc. x)- = {see. (90»- *)}•=- i. 

—* . CM. X 

^ —-— or = — a . coi. j. cosec. j, or ss — x . 

«». *x * 

l/CMCC. -x—*1 . eosec jl . 

These results, os well as those deduced in the pre- 
oodiog articles, being of frequent occtmenec, the stuaciit , 
is recommended to commit them to memory. I'hc^ 
will enable him to find the duxion*f of the most comph- 

■ . , — ^ , A ^ ^ 

cated forms, surai as {. -—r, L \/ =-:—, ^ — 

«*-rl ^ X » 


m. *. CM. X sitL ttx 


,, cot. (I . &c., whose fluxions, 


2 ’ (sia x)”’ ' X/ 

after the prcqKX reductions, arc found to be 

, 2f*i * , . « —ai«. (ir~-l) a . A 

7^' 77r~x’ (TfiTxy^' 


- sta. (f. -), &C. respectively. 
X X/ 


dtilitj of some very <«Iebnited thooeiha. 

Let f (x) repretent a quasUi^ ar^ how iiwolving x 
milled a functum 9^)9 osid ietithe required <0 c^pAnd, 
if is possible,./ (x) in ierma of Me 
>WTS o/Xm w ' 


« 



Aasuroe u »A+5*-f + . 

jB, C, &a beang constant. * * 

Then “ =»B+aer+8D^^i+4i:x’+.. 

X 

|,=3C+3.2Dj+4.8£i» + 5.4Jf>* +. ' 

-=3.2Z)+4.3.aB»+6.4.3/’x'+. 

X*' 

&c. = &c. the law being evident. 

Let X s 0> and the corresponding values of u, 

., &c. be denoted by U, C/,, U^, &c. 

•V CC*' • 

Then A=zU, B=U,, C=U,xi, D=U,x^, 

,. 2.3 

&C.SS&C. 

Therefore /(x) = U + U, .x + +V,. ~ 

+ &c. ivhich Is the Theorem of Madaurin. 

Ex. 1. Required to expand /. (1 + xJ. 

«=/.(1 +xJ, f;=£.(l)=0 

- » - -, cT, =s :- = 1 

£ 1+T 1 : 

1 _L_ . u _ 1 

s=~ (l+i)*’" •" 

i- . £7 - 2 

fi '\'-3.3 T’ „ -a 

&C. =S fica, &0 as: &C. ' . 

. JpV a;4 

Tbcicftare/, (1+x) ss —-f——-j--h 

“ V * * 







m 


H » 


Ex. 2. "Required to ejijjrees on arc in term of its sine. 
Let xsselkn. u 

^hen »=;arc whoso skie is r, U;^0 

(see 4), (riuiiub 


X cos, u |/X—^ 
, being 1 ) 

• — *■** 


, •. i/,zzO 




a 


1 3. A« 

-r-f- 


(l-x-)’ O-X'V 
• S _2 




H 

i*' 




..5 




“=3,3.(l-x‘‘)"' + 2.5.9 a- 0 + 




3.5, 7a* (I-a ) ^ ^^=3.3 

&c =&c. 

J* 3.3.T* 


Hcncc « =: A 4 - 


1.2?3 ' 1.2.3.4.5 


- *- + &c. 


Ex. S. Required to express an arc in term of tt< 
tangent. 

Let xsstoM. u. 

• « & ^ 

* Then, sinee - =5 (1(by 5) by proceeding 

X 

* 

as above, we get 



c 




■ '••■' ■'• ■ '.?vr/^' ’♦' • • ••'■<•' 

Other examples arc, To express a wuvditt iV terms of 
its logarithm; To f^^press (cos. xf^in terms of x*; To 

express in term of x; &c. Sic. * 

cos. X‘ 


In many cases this Theorem fails', as in « = —, 

u=zl(xJ, a:=scc. «, x^cosec. w, &c. bccayse in the first 

U = 1 =00 , in the second C=il . (0) = — oc , in the 

third and fourth x can never equal 0. In many of these 
eases a transformation will mve the function the form 
proper for dcvelof)cment. We have not room, however, 
to produce any instances. , 


Sup|)osing u = f (x) to be such a fiinction of jc, 

, as is developable into a series of powers of j*, with con- 
Jitant co-cfficicnts, we may assume 

M=/ (x)^AX"~\-Lix^-^Cx +..• 

Let X become, by the variation of j-, x+A. Then 

w=y, (jr4-A)=^.(r + A)‘*-i-B.(j' + Ay+ C.(x+Ay +... 

= + + . 

+ h. (aJxr-' + bBx^' + cCjT-^ -f...., 

/i? _ *_ 

+ . ) • 

+ T‘ 4 ^- (a.a— 1 X 

1.3 

4 &e.‘ &c. the binomial theorem,^ whi^« 
wc must suppose cst^lished on algebraical prinriples.* 

But + =fix) ~ u 


«irr‘ + 55.T*’‘4' 








• • • ■ 


ji. a~l. 5^*"*+.. 




.\i=s/i(»+A)s=tf+~A + 

X 


&C. =s &C. 

ii A« ^ « A> 

i“ ■ ■0"^i> ■ TTs 


-f &f. which was first ^Tcn by Newton at the end of 
his Prmcip 4 , but is known by the name of 7V^/or*« 
Theorem* Lagran^ and some subsequent writers 
make this thcoron the basis of the Fluxional or Dif¬ 
ferential Calculus^ by defining the fluxion or differential 
of a function to be the second term of its devclopcmcnt 
according to that theorem. 

The them'em may be simplified by making h^szi; 
for then * 


a 


f. (x+.f) = « + + rj-o + 


V 


1.2 1.2.3 1.2.3.4 


+ &c.. 


Functions of various kinds may be expanded by this 
theorem, into a variety of series, by giving to (n) the 
requisite forms, &c. 

We will give an example. 

Let a = tan, ~^x, (or the arc whose tangent is 


V L_ 

r= by supposition. 

Then x—tan. --j?)=co/. y 


X 


u 1 . „ 

jt 1 + 

. —X tin, 2j^=s - (s6t. 2jr 

•> T * , ^ . ‘4^' X 

^ p. 

U ■ * V 

Similarly . ««• ^ + 

. sm.^y.cos.%) 




&c. = &e. 

Hence tan. “* (x + A) = + sin.y, sm.jr. j 

*" «»• s*». sin» ^ k 

ym. +. (a) 

Let A = — 3*. 

Then, ^ x 

j4 

^sm. . sin. + -g sin. m + j- , 4 j^ x 

««• *y + . (A) 

SiiiTO j = cof. y, we also have * 

■^~= »/ + szn.y . cos.y + —.(c) 

Again, in series faj let A = — gj, and we get 

a Jir g**«* 

2to/t.-'V=~. sm, %x 

«m. + -— sin. By . sin, -A- .... 

^Substituting cot. ^ for in fdj we get 

*■ . . 2 g« 

— = y+stn.jf, CM. j/H- - , «m.2^, CM. + — X 

&in. By . cm. y + ..(«>• • 

9 

Heno^ by making^ = ,fie have . 

Z.—JL ^ 2 2 ^ 2? 








r 


m 




. « . . 2 « 2* S» 

^ g 2 "~ 5 “ 6 — ly 4* Ac. ... 

And by similar substitutions in series (a)^ many other 
beautiml formuie may be obtained. Euler, Insr 
Calc. Diff. Part 11,^7, &c. 

Maclaurin’s might evidently have been deduced ftonj 
this theorem. 


G/»en y=:c+x.fj^, /ocjty^crndK =: fy ^ f • {a ■¥ 
according to the powers x, p and j denoting known 
fnnetiom, and a being irtdf/»e7idc«t o/'x nnd^.' 

Since ^=fl + x. wchave 

y « '^i' 

- = !;+■ - - (C.V = r) ' 

V 2r i; 

Jt* A 



Now, since v is a function of ,y, and y is evidently a 
function of r, taking the flu.\iotis in the sup{K)mtion 
that X is the principal variable, wc have 

V V if 

~ ss - ^ - (this will be manifested by an example, 

such as =Jy ssf. (^x) = (a-f x)% v*herc ?* = n x 
(a-hx)“*’* - (a+x)’= n . + 

\ y/ ^ y 

_ i. - A 

“ i-' .y ■ 

&c. = &c. ' . , 

0 + X. -r • ^ 

, y ^ 




• 1 -/ •, 




4-5 


= 2 . 


&C, s= &c. 


i. i+x - -l-tr 


A^n, from the eqtuttion « taking « as the 

variaoJe, we have 


X 

*• 

u 

«• 


^ * y 

^ y ^ 


•• *4 

tt V* 

— — X "^ + 

y' 

&c. = &c. 


r- ^ y 


But by Alaclaurin’s Theorem (see page 281), 


V 

auf! U 


U + f/, X + V,. g- + Ih - + Ac. 




f{t'\ the \alue of *u when jr = 0. 

<l^jL 

a 


X <Pay 




(I a ^ a - 


(?a)^ X 




a 


a 


8ic. = &c. * 


4 H 


a =/a + Ifa. + 

a 


1.2 1_f_i 


a 


+ 


Uy X W 

1.2.3i_LJ 

/»*« 


+ &c. 


This theorem (making jv = 1) was first g^ven by 



26 » 




' "'Iv >' * . 


K. 




Lw^nge, wlioge name bears, an4 is bi^y important. 
A esuini^ will show its ^vantages. 

Ex. (1). Let It be required to revert j# 4 J5^ 4-+ 
• = 0, or to express y ^ in terms Ok con- 

^ants Ay By C, Scc. 

Since y=* — + -Oy + ^y’' + . 

comparing it with u=fyr=f. (o+x?y), we have . 

^ r 1 

li = a = — ^,/a = fl, X = 1 

<pyzs — •^,(C-f-% + Ej/*+..)* •*• 




^ ^{C + 4- -£a* 4 .)' 


{ 


Hence also ^ = ^ = 1 
a a 

y (fiY ? 

a iS 


a 


4 ....) X ^“g“- (C + Z>a4 ) “ g* ifi 4 

4 ....), } = & c . & e . & c . 


StEa 


Ca^ Dd> 

Henee^ = a -g- — 


”e" 


— &c. 


gC'o* SCife* . - 
4 4 —?=r- 4 &c. 


5 C*a^ 

: ir» 


&c» 
4 Ae* 


where o as — 


^ t, 


jR* 


c. 


.i, 


■I 







E*. ft be rtqmrtA to express ike Et^ntric 

♦Wtwwg'/rom <& Ptr&clion, in 

+ e. ««. ' 

which being compared with 

“ = a + J . we have 

“ — - fl = «^ j: = c, =- m'«. jmJ 

yh = a = w/, ^ 

Hence ^ „ 


ii89 




X_ ^nsm^l . cos, nt x nt' x m 


® * nt' 

«' X «n. ^nt 
&c. = &c. 


''Pe>'*“«)ns. and substi- 

tilting, we shalJ flnaDy obtain 

,9=«+c.««,»,+ 

—4.2*. «B. ^) + g; X {54.s,«.5a« 

5.4 

— 5.3*. iiB. 8a« + . n<) + &c. Frwn th» • * 

‘■saUness of e, this scries converges very 

^ For apples to this fhebrem, see Lagranirc, 
HiaobituM det EqwUtons iftmiriqua, and A ColU^on - 

VOt* t, ' . XT 




of of the Appleeations of the DifferetUial attd 

Integral CaleAu* G. Peacoi^ A. M. &c. 

4 t 

This theorcm has been extended by Laplace to the 
{bnn 

« -f{y) “/• {/(*» + 

which*it is required to expand according to ascending 
powers of x. 

Assume « =/. {/. ia-^-xpy) ] = +. (a+®?^). 
Then, by Taylors Theorem 

i^ay . (4ay’ ^ (4a)*** . 

« * 4a -h ^—r- . +-- ^ ^ 


a 


1.2 ■'■ a' 


4 Uc. 


1.2.3 

* p. }/(o+ifJf)} = h ■ by sup-, 

position* 

• (P.a)’ . ^'('*3')!! 4 . 

.■ py = <Pia -»■ -7— T-f,y+ • 1.2 + 




>•’ 1.2.3 


;- 4 Ac. 


Let 4a = 0 .= a,, = a„ &c. = &c. 

p,a = 




"laid ?!y =?= «- 


ar* 


Hencettss Ot. x s + (kf>^ x X 


<1 

170 


4 6R. 


X 

and V 5 = A 4 .<^1 ® x 4 AaO* x 

X* 


j 


+ fto. 



A?rEN«IX. 


Also t)® =: t) X « +^C, 

tj’ =i j|„* -f &C. 

&c. = &c. 

.*. byAiubstitution, we get 

«=ra, + a,^^XT + » H- ^ 

(3a,^jw2-|-6a2^o^i»+ai*^oO* + &c* 

* 

But, by Maclaurin's Theorem, 

.1* 

« =s /r + C/’j. j: + CT,, + &r. fsec page S 81 .] 

A « 

and supposing a? = 0 in each of the above coefficients, 
we get (mice on that supposition u = ^=*p, (a-hJ^) 
beeves (p, a) 

:ssi Oa 

IJ^ a A 

a ^ 

r/jsSo, J, 0 




a s 

similarly s= x i (<p, ay. ^ 

&C. =*&c- 

•■•" -/• {/(“ + • (o + *.«y) 


=s 4^ + ^, a 


1.3 




o'"! a 

A 


X* 


frhich ui called Laptace's Thorem. 

tr 3 


1.2.3 


4* 





f 


Tho(N'«n) ought have been eatablifthed in the 
sinme manlier as LagmgeN, and owetursd,. The stu- 
is advised, for the sake of practice, to use both 
modes of demonstration. 

For the ^plication of these principles, wc refer the 
student to the Collection of &o. G. Fea- 

cock, A. M. &C., where nc will find abundant illustra¬ 
tion of this object, especially in what reJates to the 
investi^tum of the roots of equations. Sec also t^a 
place, mkhmiqut CelesUy tme I, p 170—181.« 


We now come to Partial Ftuxionn^ called by 
D'Alembert, who applied them so succea-sfully in many 
physical problems of the moat arduous solution, 2*artial 
Differewfx. • 

If « be a function of x and denoted by 

and its fluxion be first taken on the sup^xisitiou that X 
alone is, variable, and on the supposition that^ alont 
variable, we shall have results of the forms 
F(x,s)-^, P{x,y)ji: 

which are termed the panial fiuxions of tf, rclalm lo 
X and y respectively. 

Also, since it can make no differena' in the entire 
fluxion of u, whether we suppose its parts due to tht^ 
varkrionof.r and ^respectively, to be generated together 
or separately, wc have 

* = P(r,y)£ I- P 


% 

which Geometers represent by 


If 


9 

U 




6 ^ * 

*-r and -r being named thf Parlicd^Plmional 

» y ® - 

cientt relative to x aiAy respectively. 

» Again, operating in the tame manner upon each of 
the terms in equation (a), and conrinutng the same prin¬ 
ciple ci notatioh, Vfe iaeva 
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+ .(ft) 


U 


u 


for TT yx s= — a^, since we shall obviously get the 
y * xy *=*0 

same result whether vre take the fluxion u, supposing fi 
x' ocmstaat, and then again supposingy constant, or in 
the inil‘rse order. 

In the same manner, since, for the alx>vc reasons. 


u 

H 

U ' 






• • 

•« 

#« 

•« 

u 

u 

u 

it 


!l 



Sic. 

= 






(m) 


tht Older of the variables in the denominator ’showing 
that in uhich they are considered variable, we have 


?/ 


u 


u 


ic) 


ti =r - - — + 3 TT, + ■ : 

t*y Vy- y 

Ac. = &c. 

By CNamining the results marked a, h, c, the law of 
continuation appears very similar to that in the Bino¬ 
mial Theorem. ^ , 

Those equations also exhibit the successive fluxions 
of flinetians of two variables in a manner different from 
the method used by Simpson. 

F 4 X 1 . Required the fluxion of ay. 

' Let M 

Then tt =i -r jt -t- -r * y, by (a) 

O' V 


hut *T ji s= iy (considering y constant) 
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6 

^ (-TItein^confitant) 

y 


.• » = + ly, [1^ page 7-] ' 

If u = £» &C.) the same considerations vill 

diow that . 


• a V If . 

“ = 7^ + J-V + T' + 

and 80 on ibr an; order of fluxiona 


The fbllo'inng Theorem of Euler affords on applica¬ 
tion of this theory. 

ffuszf (x,v,z . ) bean homogenttm Junction of 

a, 2 . /ohozt terms each rise to the same dmtmion 

n, <md (TC have 

u ss -Vi + Vy + Zi + . 

then it ^may be proved that * 

JCx -r 1 y + Zz -j- . 

H = - - ... . . 

m 

By putting y = yi, «a=r s'j, &c. wt‘ easily transform 
u to 



and taking the Huxion relatively to each of the varia¬ 
bles, a:™, — ...... by the principles just delivered, 

'V * il 


• \r z 
u jy -y4P 


X’ 


+ l^X 

, © ' 

^ 6 *i — ax 

+ JP*X 




©■ ” 


• 4 &c 


r I 
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/ (f.;.) ~ •. 

+ ar-‘Py + sT-'Q? + .. 

P, Q, &c. being put = —. «*• 

(!) (i) 

But V also = Xi + + Zr + . . 

.•. equating co-cfficients of &c. wc get 

R" .) - r-^yP- 

\il X 

- &c.. r = r"**' Pj z = Q> &c.=&c. 

and substituting for / .), Q> trans 

posing the nogativr terms, and dividing by -A-jtheie 
finally icsulu 

= A'l f Vy ^ d . 

This theorem IS useful m tiu mtcguiion of homo¬ 
geneous equations. 

Wc will give another example. 

Oivcp different funettoHi^ of r, ,y 

F(Ji, 3 f) and/. 

fo determine ijomfuflction he a function of the other. 

Let u^f ...(eh and assume 

{fCx.y)} = 9f«) ^ n. 

Hence — r + y ^ « <P' <*«; by , 

X y 

But from equation (o) 

* y 












m 


Apr£xi>ii:« 




, + 7-y*= X f)'« -f ^iff'(u) 

* y ^ y 

vluch eaa be true only* when 

1 ss: lp‘fuj^and^^ 

.XX ' i y 


HeAoe 1 . * = 1 

^ ‘y y 


« 

* 


a'j 


the equation of condition, which being satisfied . 
F (Xy is a function of f (r, .v). 

As a particular instance, take 

(o^x’ + by) (ai + ty)~' 2= 1 

and by — abxy sx J\ I 

t) 2a*jr* + So^Ayo.* — 

, 7 " (ax-\-’byy 


£ 

.y 


“ (ax + 

t= SUx*x — 


— s= 26'y — alfX 

y 

which being substituted in etjuation ( f) the two mem¬ 
bers are found to be identical aud F (x, y) is therefore 
a function of f (x, y). » 

It is easily seen indeed that 

^ ('jjf) = (“J +i3f) X 


In this place wc might show the method of eltmi- 
* ^Dating constants from equiSfons between two or more 
variables, by guocessti^ehr taking the flukions and making 
proper substitutions ; but as it involm' no new min- 
. ctples, nor an^ difficulty in the application of ^ose 
already explained, wc shall pmm to matteib of 
imp^iauoe. 
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m 


We shall here treat of Vanishwg FractioM^ or those 
fractions which, undear certain drcumstanccs, asstine the 

indetenninate form . 

0 

N 

Lot ^ = Q be such that (N and D arc functions 

of x) X being put = a, both numerator and denominator 
may vanish; required under these circumstances, a de- 

terminate value of ^, 

Let N., D„ 0,, &C. denote the values of iV, D, 

Q, Sic. when for x wc have substituted a. 

J'hen since iV' = D Q • 

= UQ + QI) 

N Ql> 

% • 7 >* “ ^ + D' 

N N 

and = (i, = “5 since = 0 

0 

/\j'QUj, if also = ~, wo have 
N" = D 'Q + 

. - V + + X)’ ^ 

N* N * 

and = y. = since D and i>each=:0 

Nl 0 

If still = we must rcjicai the operation, and 

so on, till at length we aiMve at a determinate valu^ • • 

NO* • 

This value will be that of—g- [See page 165.] 


£x. L Let Q s. 


\/o® — 
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Thw«.= :^*= 


Ex . 2 . Let «== 


X*—4ax^+ la'^x —2a’-2o® Sax — 


i—2ax—a® + 2a i/Sox—V 


iV. 

Then<i='*--5«’ 
• A 


G* 

Ex 3. LetQ — j^^ZTTx hyperbolic 

logarithm.) 


Then <2.^ ^ ‘ 


1 - 




Ex.' 4 * Let Q =s 


cot. X 


G) 

Then Q = "g;^ 

G) G) 

Ex. 5. 


2 


•j 


Let Q = 


« 

JV. ». (n + 1) 2n + 1) ... 

rrK<m o —11.- ^^^' wmdi cx- 

Then«, - 1.2.3 

A. 

, presses the sum bf the seriew 
. 1-H22 + S® + . 

‘i This method failing in some cases of JST and D 
, functions of inational hinonuals,' trinomials, ^ »hwi 
subjoin a process of general Bi*^lication, which h» the 

advantage of ' ^ 
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Lot a + A be substituted for x in iV^ and wbidh let 
be expanded by Taylor’s theorem, •or any other* equi¬ 
valent process, in series ascending according to t!^ 
powers of A, so that we may have 


^ • -4A* + ^A*+. 

”■ TFTFA"' + 


which being considered ac¬ 


cording to the three cases ^ or < m, wiH give* 
by putting A=0, 

Q- = 0 


or a, = 


A 

A 


1 

or Qa = '“ = '» • 

0 

Hence, then, the following ^neral rule for finding 
the values of all fiinctions of x, which assume the 
, 0 

form — when x—a 
0 

• 

Take tk< first tirm of N and D expanded according 
to the ascindingpowirs of h (x being put=a + A), re- 
dme the risulting fraction to its lowest Urms, a?td <Ac« 
put A=0: the nsult will express the value required. 


w X 

T 0 ^ 

We thus find- becomes -- = -r, on the 

wx 0 8 


4fX cos. 


2 


supposition that x=sO 

Also that - — - 

Sx* 

when a=0; which functions express the series 

1 1*1 


^ 0 
becomes 


and 


1 — X 
1 


7 + 


3« - xs ’ 5'^ - X- 

1 1 


: + 


1' + 1' ’ 2‘ + 3M 

respectively. 


- + 


• ' 

db 


00 







m 


. 00 . ‘ 
Sometimes ^ iaiof the form — whidi may, how 


=.« 


ever, be reduced to and treated acoordingly. 

„ •JV' <0 (^) I 0 n 

0 

Also wc have y = oo — oo = ^ - 

I 0 

For X —x = ®x(l—1 )='q x0 = -^ 

Examples of these kinds of functions are 

. & 

V 2* 

(l.’t r- = - — ^ cot. 2®, which becomes 

^ ' D 2" 

1 

- 2 cot. 2^, when x = «; and ]gf * ^ 

} 6 

which is the value of lan. 8 + 4 tan. g; ‘ 

+ ^ to X . 


series 


Here 


1 + »* 

iv; 


3*+a’ 


X 


A 


0 

^ * 0“8* 


r 


8l« 




SECT. II.—The subject of masnma ai!d mnma„ 
has boen so amplj^ and Ably trSatedliy our that 

little need be giv^ in addition,to this section. .We 
shdl content oi^selves with applying Taylor’s theorem 
to distinguish between Tnoxmn and minima of inhctions 
of one variable, and a few e^mples in Transcendental 
Functions (expon^tial, logwthime, circular, &g.\ a&d. 
in function.^ of two or more independent variables. 


Th^fmctim of x expressed u^f(x) admits q /*a 


u it V, 

maximum or -r = 0, or if each of — 

X X 'V*' 


u 


and ^=iO,orif each of p and 


& 

U 


0 

•» »• p 

u u tt 

' = 0, or &c. according as or or or ’&c. re- 

XX X 

spectively^ is negative or positive. 

For, by Taylor’s theorem [see page 284.] 

fr t\ “ I i! “ 

».=/(a--A)=«_-A + -.^ -. 

it tt 

=/• (jf + *) = w + ~ ft + -j;. YY +. 


V, and Ui being the valuc.^ in^ediatcly preceding and 
succeeding u. 

Now when k is very small, any one term of the series 

Ah+Sh--i-i .QO is greater than the sum of all the 

suotseeding terms; fer + +. =ft-. (54- 

.)^aad + « A.(C+jDA, 

+ is evanescent comp.vred ,with Bh^ Sis 

gsaater than CA^ + Dh +.so on. 

Hence all the terms beyond ~ , •=—^ 

JC I • 

be ne^octed, and we Have 
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* H uh* 

it u h‘ 

"*=“+I*+i? • 171 

But in tlie case of nontax, u is greater than both «| and 
■ * ■ 

a tt 

Kj, trhich cannot possibly be unless — = 0, and ^ 

is native. And when a=min, u is less than either 

.ft j “ • 

Ki or ttj; therdbre, in thw case, -j = 0, and is 


positive. , 

ft ft 

Again, let both and ^ equal 0. 

* * 
s « h* \ 

Thcniir^it-ji • 0:5+i4- i,g.3.4f ^ 

> the 

tt + fXS'^x* * 1.2.3.4-/ 

higher powers of h being neglected for the ^mc reason 
as betee. By the above mode of reasoning, it also 
appears in this case, when u =: max. mm. we have 

•« , 

4 == 0, I =p, I .5.0, and | = ‘a negative or 

X X“ 

positive quantity, according as a = or min. The 
same process may evidratly be continued. 

In functions of two or mare variables, the characters 
fhich distinguish the maxima from the miw^. may, 
by a similM but more compUcated process, be ascer- 

tained. . 

If u ==/{x.^y), it will be found Aat according a* 

max. ike partid fawns'* , 
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•are both negative,,or both positive, and 


and-y* 

in both eases, 

— ** X t:; X IS greater than 
y- 


V 


fir. 


Examples in Txanscendental Functions. 

1. To find ikat Number which bears tkc^ greatest 
Ratio to its Logarithm (hyperbolic). 

Let X be the number. 

Then ~ = max. and taking the fluxions, we have 
lx 

/I " ^ ' 

/. /Ir = 1 = /e, or a: = e the hyperbolic base. 

(«). To divide a Number n into so many Part?, that 
their con*mued Product may be a Maximum. 

Let X be the number of parts. 


Then 


©■- 


max. 


and since the greater a quantity is, the greater is its 
logarithm to t|^ic same base. 


/ /«\* I ^ 

L /-) = X. t- s= max. 
W X 


i’, /!! — Kje — 0 
X 




«» 


.:-4 


1 «= u: 

‘ X 


n , n 

,V - = c, ana x 
X e 


A 


Also t’ themoxmmm. 



I . 


% 




($). ^0 Jhide <m Art A the Orck 

hdug^Vj into two htch fartsj thcd thf- Product the 

C n^ power of Uie oiy, and the 7tP Power of the o?Acr, 
yoy he a Maxim^ 

Let h = one put. 

Then « fl a= tfee other, and 

• sin. -6 X «H. -(^ - fi> = mar. 
and taking the kgarithms 

, nLsin. fl 4 mi.m. f-l - A) - mar 
» 6 ' cos. 9 m B' cos. - 0 


‘Hence 


sr», B 
m ^ ton. (J — B) 
n ^ ion. B 


sin. .A 


, m 4 n ton. (A — B) 4 ton. 9 ___ 

»_■» ~ ton. (S -S) - to*.« si'n.(.4-2«> 

.-. (S - 88) = . si«- •^. 

' in 4 n 

A * 2B, and B. Hejjce also A — 6 is known. 


o' 

4. JZc^tred (he value of x when 


s a mi> 


nmim. 


Answer x 


i- 


The following examito will illustrate Art 45, p 43. 

(1.) Amongst aU Paralldopepedons, whose Planes ap 
perpendicular to one another^ and ^ given Magnitude^ 
find that uMch has tAe bx^Surfa^ 

' ; Let X, y, a, be, edges of ^ paraUfdq?e. 

^on. . 

Then, since the magnitude b given 

xy» ss a (# given'quantity) 

and + 2w+ %***« «*««»»» 
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^ $05 ' 


by substituting for x, and mkin^ the halij, 
^+«x — -f.v.^ = «W- 

oru = ji^ + - + f = wuB. 

^ or 


u « 

- zz u -=0/ 

X X' 

tnd» = «- ~=:0l 

y / 


see page 40. 

= =:0V 

y / 

a V* V* 

lienee^ = — s5ax2^ss*i-. 


fl* 


u 


a:* 

also X zz ^ which indicates that the pavallelopi^ 
and .*. s = 
pedon is a cube. 


(2.) If etj h, Cy be the prime Factors composing a 
giiai JVumfiir A, requirea the Number of Times each 
muhl enter that Number, so that it may contain the 
greatest poj«6/c Number of Divisors. 

Let X, y, t, be the number of times a, h, are taken 
respectively. * • 

Then a* 6’c* = A, 

And u = (x+1). Cy + 1) + 1) = wflJ- (see Bar- 

low’s Theory of Numbers^ p. 82). 

Now first wc will elimin^c z by means of 
xl, a + yh i + zlc s= lA 

whence tt=(«+l), (y+1) ~ ^ ^ 
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~(r+l) Cy+l)| *= 0 (by Art. *5). 

-(*+l).(^+j).~ =0. 


Hence LI — */a — -f = (jc + 1) . 
and /-^l — a/fl — s= (j# -f 1) . Mj 

(jr 4- 1) /a = (^ + 1) - 


xla = — I 



u 

bimilariy z/c = ^ ^ 


also = M —ylh — xia. 
we have the two equations 

xla = yllf ^ • x 


and add s= /-d 4 ^ 


3j^» =r 

lA + l~ 
0 


S£ 

1 . (Aac) - 



l.(Aac) - 8» 

.% SS 

m 

• 

* 

su&ilarly x ss 

!, (Ahef 

Sla 

-gib 

and s ss. 

1 (Aab) 
8& 




^liich give 


k I 



AryEMijijf. 

SECT. ni.**-Supplcmcntary to this section, which 
treats of drawing tangents to curved we may giv8 other 
modes of determining the position ^ the tangent, witj^ 
additional examples In transcendental and other curves; 
also brief exposition of the method of drawing a^pnp- 
ioleSt or those lines which touch the curve at a pomt 
whose abscissa is infmite, 

(1.) If X and ^ dtnoic the abscissa antf ordinate of a 
curve j^speclivefyi and 0 ike inelmativn the tangent 

to (he line of absciss^y then = tan. 

iX 

For (he angle SCn = CFm = $ (fig. page 54), and 
y ; X ;; iJn : Cn :; 1 : tan. d 

. .y 


tan. 8 


X 


(«) 


^This equation is useful in determining the portion of 
tlie tangent, or of the curve, at particular points In the 
curve; e. g, required the angle at which a circle cuts its 
diameti'r. 


r—!• 

y 


Here y- := 2ra’ — x*. 

y r—a 

tan. 8 = —■' = " ■,— = 

^/ilrx - x‘‘ 

Let X and tlicrcforey s 0. 

Then, at the point of intersection, 

1:aa. 8 = = «;, 

or 8 = 90!, 

which wc also know from common geometrt/, 

(%) Ee^red the Conditions of Contact of any two 
Curves wMse Equations are y =/. (s'), y (>1’)* 
X and X being measured on the same straight line. 

Since at the point of contact the two curves meet, wc 
there have 

^ = j,. 

x2 


SOY 




▲FPSKDIX. 


dos 





Also, the cams fasTing the same straight line touching 
them both at the pohit of*co&taet, 



ss r<m. $ (see equation a ) 



The ocodtttons of contact are, therefore, 



The use of these expressions will readily be perceived 
. firom what follows. 



I 


£x. 1. R^^iird to draw a Parabola whose Aih 
shall coincide toiih that of a gtVen Circ/f, and touch the 
Circle in a given Point. 


Let ^ = 2rr — 
and yt =5 px 

and parabola, p (the lalus rectum of the parabola) beings 
at present, unwtemined. 




be the equations of the circlo 




r—jr 


Heno^ at the point of oantact. 



r ., —f (by equation b) 

y 

^ X 2 X (r—af) =:S.(r“x) 

y 


i — 2 yx**»* 

p “ p 8,{r—x) 




parabola. 
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3'iw ^ ** 

in the circle, by * a -r» be described, it shall 

' S ( r — x ) , 

touch the circle at the given point. 


Ex. 2. To draw an EUipse ff given E^ceniricity, 
having the tame line of ahsdtsa as a given Ctre/s, and 
touching it in a given Paint* 

Herc^* s= 9 tx — a:* 
and =s —. (2a± — »®) 

constants to be determined. 

A.t the pmnt of contact 

y y* a » 


h and a being the 


'ffhcncc 6* = ^—? X a^. 
a — X 


JLet the given eccentricity = e 

Then a' — c* = X 

a— X 

and by reduction we get 

a* — ra* — c*a = xe^y 

jrom which, having found the possible values of a, we 
get which enables us to construct the tangent curve as 
m the preceding example. 


Bx. S. To draw a i^traigAe Zinc touching any given 
Curve in a given PoiiU. 

Let ^ (^) be the equation of the curve > ■ 

^ TSi A Bk that oftthe tangent y 

A and B being to be determined, aifd x and x having 
the s fwrifi origin and direction. 


At the point of cemtact 
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^ ss ~ bP =r 

« 




A 


• X l' 

JL A 

f 

« 

or^-j/ =s? X (x'-x).(f). 

X* 

which is the cquatioQ of the tangent to any curve, and 
znaj be used in many cases more commodiously in 
determining its position, than the common expres¬ 
sion for the ^btangent. 

The normal being perpendicular to the tangent, will 
have for its equation 

- ? X .(d) 

y 

y' and sf* being its oo-ordinatcs, and those of the 
curve. 


Thus, in the hyperbola rcILrreil to its asymptotes, 
the equation being 

ait 



we have> from (c) 

j ^ jh. ^ 


a6r' * 



X a?' 4- 


9ab 

X 


4 


And 



f 



a 

'<tbx 


Again, in the Cihsoid <*f 



(page 59) 





APrKNJPiX. 

ana wc teadUy find tjic cquation^of the tangent and 
nonaal to be 




^ - . (3(1-8®. x'-fl*) 


2. (a—x)^ 

W 

Also in the Witch, the e quation being 

aV^ojr— 

.y = 


X 


we have 


a 


' — _ X (ax'+ •“ 

^ Six. ax-x- 

. .. %x. ■jax- xF 

and y'= --'* 2**y 

In the logarithmic curve the equaUon is 

y - <f, 

and it easily appears that the 


subtangent 


- 


y 


La 


^ = a* -f (x^ — 


y 


In the curve whose equation is 


y 


=s X* 


The subtangent = (sec^page 277) 

^ = X* + ex' — x).(l + i-®)** 
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Ti^ veader will find no 
these fimns in the sfiuti(^ o 


V. , 



* To draw ajtraigkt Line Jrm a gam Point tonth- 
tng a given Curve ; 


a 


To dr^ a Curve of a given nature pasmg through 
given Tointf and touching a given Curve. 


(3). Wi6 ndW proceed to detetmine the asynwtotes fif 
My) of a curve defined by parallel ordinates; a object 
of ooQsiderme importance, idthou^ entirely ovei^kcd 
by our author. 


Let € D £ be an a^ptote, or tangent at an infinite 
distance, to the curve A M V. 



^let M T be a tangent at the point M, and draw 
A B, F D, at nght angles, to C F; andmut A r=;r. 

jrMzsp, ' ' 

Tbpi since 


P T =and A P = *, 

Jf 

vx 

.• A T =r — — x which =*'A C when x is infinite. 

* : y k. 

t » . ^ 

.•y 

Also - e MTP (see page which ss 
toHo A C B K when z is infinite. 
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Hcaioe by making x inflni^ in values*deduced 
from the equation of the curve, of * 


_ r 


andf X 


(*) 


wc get A C and A B, which arc sufficient»io determine 
the position of the asymptote. 

To fihd all the asymptotes we must treat the equa¬ 
tions (e) in a similar manner for the infinite value of^. 

If A C and B C be both finite, C B being joined 
and produced indefinitely, will be the asymptote re- 
quirod. . 

If A C be infinite and A B finite, C E Dcing drawn 
through B at right angles to A B, or parallel to A F, 
will be the asymptote. , 

* If A C be finite, and A B infinite, the asymptote 
will pass through C at right angles to C F. # 

If A C and A B be both infinite, the curve will 
have no asyiiptote. 

If A C and A B both = 0, the asymptote passes 

y 

through A, and its direction is found by - = ton. d 
(scm; page 307). 

If A<J=0, and AB be infinite, it coincides with AB. 
If A C be ix^nitc, and A C =r 0, it coincides with 

AC. ’ 


Ex. 1. Let the Curve be the common Ifyperholaf 

b* 

u'koae Equation ^ • (Sox + **)• 

ThenPT = (page68)- 

a+x 

ax 

and A T = P T " x = 

a + x 
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. C is the jjeDtej; erf the hypeHx4a. 

= ' 

H^, drawing A B, AB' = ± 6, on diffawjt sides 
01 C A, end joining C B, &c, we got the position of the 

asymptotes, the same as by the or£nary metho^ of geo-^ 

ntefry. 

Ex, 2. Let the jEquation ^ the Curve be 

y — aj* = flay, 

Thcai it hr Ihund that 

AT = 

+ «y 

_ g-yy ' 

and •’• ^ ^ (,j being finite). 

Now, to separate the variables, put ™ = k (whicli 

witt apply m similp ca=wj8). Ilencc y = Sj^i, and 
substituting in the original equation, &c,, we get 

. 27u^x . 0 

— -i X - Stt = 0, 

and'H, bong finite, may be omitted when x is infinite. 

27it^ = a* 


or It 


a 

s 


Henec A C ss 5 

S 


Alaoy-^= ^ ^ 

0® * 3a* 


fly* 




Sa* 

——. 
y 



A*' 


AB 


AMEHW*' 

3** 3* ® 

x^=AC 
• 3 - 
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S' 


•# 


Taking, thcie&rc, A B = A C - g» joining 
Ac. we shaU get the asymptote required. 

Other curves having asymptote^ are, the Citsmd. 

Wilch (y ^ Also the ettrves whose 

equations arey=a.^ + xS»d 

' Another method of ^ 

finding from the equation of the tangent 

fiyr nilM values of x its onithotet bccam infinite. 

Ex. In the Cissoid wc have {page 311) 

, (iSTs^.x'-ax) 

y ^ ""f ^ 

(4.) Given the IguatiiM betwem 
(f), and the Angle deseriMi^), of .a Curve, 

Tangent at any Point of tt. 

Let S P be ivny position of g t S*drawn at 

curve A B whose pole is S. T p H in T, 

jight angles to S P, meeting tfe tangent 4 * , ^ 

• . *v , 




and with S as center, and radius = J, describe the 
circle AjP cutting the curve in A and S P inp. 

Then, since the point P lias two motions, one in the 
^rcction S P, and the other ixrrpcntlicular to it, arisinc 
firom the anguki motion of S P, if the indefinitely smtJl 
space P R, unifirrraJy described and measuring the velo¬ 
city of P in the curve, bo resolved into P Q, Q K per- 
Pfidicular and paraDei to S P respectively, PQ, 

Will rcpresQit the velocities of P ia those directions, or 
the fluxions of a circle whose radius is S P, and of S P. 

Let S P = and Ap =s &. 

• , Then pq =s ft*, and we hi^c P (J s= xpq-f^\ 
QRlPQ;:SPtST, waenoe the subtangent 

ST = 


1 . 

lion is 
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To draw a Tangent to a Curve whose Equa- 


ft w* 
• tf* 


* (f fH" «^+' 

* *• «• > •** = “T** 


a 

•*t 


f 
,•+1 


Take, therefore, S T 5 = and join TP: TP wiil 
be the tangent required. 

When ns 1, the curve ia the Spiral of Archimedes, 

When MS —1, it is the Eeciprocat Spiral. 

When ns —S, it is Cote's Lituus. 

* 

Ex. 2. In ike Involute of a Circle 

9 s/.i^£E£ 


Hence, suhtan, s t-t s 

Of 


a 


Ex. 3. in the Conchoid 


9' s 




Q~a) 1 /^®—2af + a«- 62 ' 


fl*9* 

Hcncc, suiton. s £-r- = __ -. — 

f 0“®} *Sof+a"— 

Other examples arc the CorngiS'ccttons rcfoircd to the 
focus, a circle whose pole is iu the drcumforeucc, and 

the curves whose equations arc, 9 s —/. ■■ ■ ■■ . =, 

Y Of f* 

s a9 — 9®, 9 s Of -t* Ir + Cf^ + &c. 

• 

In this place we might dilate upon the conditions of 
contact, &c. of any two curves referred to the same pole, 
and deduce conclusions similar to those for curves 
referred to an axis; but matter of greater importance 
claims our attention. 


V 
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a&. 


JTo find ih Ai^ptotea o/* Curws r^crred <o 


i««‘ 


, Compute the subtaogcnt ^ for the infinite value of 


f, end find the corresponding value of 6. Drav*d per¬ 
pendicular to that radhis vootor which passes through 
the extroni^ of this value of ft, and measure umm it 
the value of the subtongent. Then the perpendicular 
at the extremity this subtangent will be Uic asymp¬ 
tote required. * 

If when e is infinite, ft is finite, or == 0, the curve 
admits an asymptote. 

If when f is infinite, ft is infinite, there is no a^iymp- 
tote. ^ 

If when 4 is infinite, p is finite, the curve admits a 
circular asymptote, the radius of the circle being that 
finite value of 


* <1* 

£x. 1. Let e = ' 

Then, since ft is not infinite when ^ the curve 
admits an asymptote, and the siibtangciu 

—' M0“ 

ST = = 0 

p—I 

when f is infinite, for all values of k excqit 1, and 
ft then =s 0. 


When a = 1, ST = -a. 

Hence, supposing ft* to 
begin at A, the infinite 
value of f will pass through 
A, and S T, pcrpcndicuku* 
to S P, being put s= a, then 
^ T D, perpendicular to S T? 
^ill be the asympto^. 

This is the Rectprocat 
Spirai 
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Lcttt=2. 

ThesiST = 0, and the 

being .at ® “ A 
asymptote ccnnades wiw o r* 

This IB the Lituus. 

When n is any number greater 
than gj.Sr is stiH the asymp¬ 
tote. 


origin 
1 tfie 



Ex. 2. In the Conchoid, the equation is • 
secant 6 = p — <*» * 


and /. ST = + 

6 , when j, is infinite. 


and since sec* — co, when p — 
0 = 90 ^ 


Hence, if T ^ the 
bfgiwung of ®’ 
quadrant, and b i 
the perpendicular T D 
will be the asymptote. 
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Ex. & Let 6 ^ , .y-u 



Whenfl=s Qo,^= fl. 

Also p cannot exceed a, because then 0 would be 
imaginary. 

/, acircle whose radius isa is an asj'inptot? to the spiral. 

. Also f makes an infinite number of rj^volutions before 
it terminates in the center. For when f — 0, fi = oo . 

1 

Ex. 4. Let 6 =: -y====.. 

— Of 

Thai, since f must always be greater thm a, ^d 
* vet may approach ncarw than by any assignable dif- 
jfeittncc, the cirdc tti dowribed with the center S and 
ndios ss a will be an asymptote to the spiral. 




Again,-'' subtaiigri.-. 

I '' ■, -f' , 

C rj, _ _—1; wh«ll f = ® • 

: (f — a^y 

And«theB-<>, i CT - 1 TI> 

SECT. IV. ,1*1*;”^/,^ 

^Aed^ect. See page 8S. 

WdL.'CV'" ' ■ " ■ ^ 





fl). ?Vr l¥nU of ^wv FtmiH 

i^fncel ^ i^tr CfHrriuutfet. 


fl »■ 



1 ^ C be the pdnt rf contrtiy flexure. ,Then sup- 
posnig P C convex tovsrds S, and CFS concave, it is 
evident that the popendicular upon the tai^nt 
inoreasee iram P to C, and afterwards decreases. At 0 
^erefere perpendkulax is a maximum, utd its 
inxum s 0 . 

Let ss p> 

Now liom omilar triangles (fig. page 316) 
Sy:P 5 f:;PQ:QB, 
oar retaiomg our formes notadoDi 

P : : f X : f' 

!*#* •* 

Beitte p ss JBV 'As 

ifloid lad^ ^ suj^Mxntion dut # u 

eonsta&t. woobtaia^« , 

^ fSSl f- i - i- W .n mwy ii yJff jL . 

1 All . . /*\4 

Jf/ '* 


. > 






r ^ 


But at the p«W of igtoticary^oroie / s* tf; |»fence 
than 

/a 

.•.•«»■«• (j) 

f V ‘ • 

IS the equation of condition for a poina:> of cowfnay 
fjtxwrt^ ^ 

9 

Ex. 1 Reqmred the Pomt$ of eoiUrary Ftorew 
(ht Cunot whose Equatton is 0= y; 

e » /_ 

7 ^ “ ^-+* **’*'?"' "* n 


Hence -pr 
% e * 


H + l / 

‘ T r 


7t 


a+1 


*c»+i 




Therefore, hy substitution m equation f/) we get 


R + 1 


9 




% p 


, 2 »+« 

If 


= f 


Heace , » 


and ^ 






n 


If « be negative these Muations arc impossible, oi 

the st^ has no points infl^on. ^ 

Ifnesl, f is iwute, end (Arve has so iiinexM»u 


fT* ^ • 


Ifn = ie, f =*= « * ± 

i 

^ and 9 g 

ai4 ifl hi<^ vahwo of » wifi ^ 

• . * Y? 







i , APfEKDlX« 

Bx. A/ /ii tbi a« a JS^oL, 

ttquiridthe Pomtf ^ tttfcxton. 

• H«m «ec, d as f — a. 


$' as 




(^—fl) — fl)* — fe- 


(pagc 280 ). 


A f^a ....., 

H«&ee Y ^ • VV* — + a-— 4 ' 


•# 

^ (V—‘ 


and subdtitutiog in ff) we find, after the requistte re¬ 
ductions, that 


f* + 


Ac-.6a?-&* 2a*-S^ + 4a 






2 


f + a. (ft-—o-)=!rOt 


the solution of which will give the values of f corres- 
ponding to the points of indexion required. , 


In rflis piacio, if our limits would permit, we might 
give an exposition of the theory of singular |>uints m 
geueral; as of Multiple PotniHy Points oj Undulation^ 
Conju^te Points^ Points of Double Undulation^ Ac, Ac. 
On this subject the reader may consult, with great 
advantage, Cramr^ Jntroihctum d VAiw{yse de$ Lignes 
Com^y and A Colbclion of Examples of the A^hca- 
turns o/* the Difftrenticd and Intfgr^ Calculus. By O. 
Peacock, A. M. &c. ( 

4. 


SECT. V The theory of Contact, and Osculation 
is better explained aa follows. 

Let two curves whose equations are 
^ )y (x and ar' being measured from the some 

* point, and along idie same *11110), touch one another. 

Then (page 9 &i) 

jf ^ 

^ = 3f and ^ « 5. 

itieemxffitnui xtmdsf to increase by the quantity 
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A, and ^0 contK^oaduic incremenu^td* ^haky kf 
respectively^ Taylor’s we(»em*will give os * 


k 



1.2 ' 1 . 2.3 ■*■ ■• 


and k' 


a' * 1,2 


, i 

•+■ Ti 


A* 


+ 


1.2. S 

and .*. the distance between the curves 

measured along the ordinate corresponding to the 
abscissa i + A ; or the deflection &om the tangent, is the 
Icbs in proportion, as there are more of the equations 


y 

X 


t. 


(a) 


ficc,= See, 

that IS., the contact is so much the more Intimate. It is 
Stiid to be of the first, second, third, &c. orders, accord¬ 
ing as one, two, three, &c. of these equations obtain. 

Ilence ^e reduce the whole theory of O^cuiation to the 
solution of the following problem. # 

Given the j^ihire of a finite to find xta dmemions 
(h t, its indeierminatc Con&tanfs) so that it taoy toucA a 
gYOm Curve in a mven Point more intmateh^ than an^ 
othe*' tf the aame kind, 

(1.) Lot y, y be the co-ordinates of the tangent 
curve, and flrst, let it be a sti^ight line. 

* y' f * 

Then, since ^ is ronitant, and ^ * &c. aU 

vanish, and » Stc. do not vanish, wtcqit when 





iSpjD u#bo ft Bne, ocfy one of the oauatnms 

Hence one etra^kt tine cawiot touch a cnroe more 
Soaefy ttoi another^ 

When (xp and (jr^>y) nn both stnught line^, then 
fin infinite number of equations obtain, and the Hnes 
fictuall^r ooinoide 


(j2). Let {x'f y) be a dxclo whose gGneral equadon is 

(x^ - «)2 + (y - ay = r 

M being the radius, and («, 0) the oo-ordinates of its 
center referred to the line of ab^ssa of the given curve 


Then(a'-.)+fy-g).^, = 0 

anda + ^ + (^-e).|j =0 



Hence obtaiiung ^ and j< — and substituting 
them in the given equatiox^ we get 



* But at the point contact 









whkh contj^ett^y det^amines the eaStos of the jlixtio 
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« 


which touches the curve (r, y) more mtimiidy than 
any other; because no other €trde ^1 require more of 
the equations fg) to oUoin. 

This is a oont^ of the aeeoTtd order. 

The drdes of maw/e contaet are innumerable; for, 
h;oxn the equation of the circle, the first of fkj^ and 

the oonditlons of simple contact ^=s y s= We 


readily d>tain 


» ss. a: + 



and^as^ 



whence i? = (» — i) 


or Cy^ 0) 



which> stacc » and 0 arc mdetenmnate, must ha^c m* 
numerable \alucs. 


Equating these values of wc get 

-f. («_*). fij 

which denotes that the locus of the points whose co-or¬ 
dinates are or the centers of the circles of 
contact, is u\& normal of given curve at the point 
of contact. 

Proceeding as above^ we detetminr the degrees 
of Contact of other curves. We should find that the 
dlipse, having four constants in its ganera! equation, 
has three orders of contacts and in general, that on** 
os^lating curve having (ni*!) constants in its generJi 
ednation, esn csily ht ()etci;ipin^ in its dimenmns hy n 
of the equations fg) ubtainmg, and therdbtic, that^iiis 
^sasceptim of a oonttct of the ie‘* ceilcr. !Fbtf We must 
leave to the teader. 


sjrr 









Geometers haw agreed to adopi the circle, &envMU 
f^pilaitty of curvature aftd general simplicitjj as the 
mcfuure of curvature of other curves; and that circle 
ifhush touches a curve most intimately at any mint, Is 
•called the drdt of curvature, and its radius, the iafUus 
tfeurmturt of tneX point. 


IlcQce E 


- 9 ’ 





* 


*■ 


tlic radius of curvature [p 72 ] 

y ' 

In the above expression x is constant, but, s being the 
arc corresponding to x, y. 




, and making x vary, we lia\c 


/ 


1%/ i‘ 


A S = —il-, . (n) [p 7* ] 

,y» - ^ 

which is the Goiia|)lctc expression fiw R, 

> 

(S ) The aben'e method ivill apply nith the same 
success in Polar Curves. .Wo-prefer, However, deducing 
the expression Hu: iit m this case, as follows: 

If f be the raditia tector of a curve and ^ its inclina* 
lion to the line along which x would be measured, 
wc have , 

, f » V'x* + y* 

“ X Of ^ , cos. ff'and ^ aft / * 9 

and fifom the oouation of the circle of curvature, tmd 
the oonditioits of contact (p. 326] we get, by substituticsi, 

cw. + U ItH* J?® ,..M*** fP) 





» 

and taking the fluxions twirae with r^arfl i»pmd 
we get 

(f, coj. $ — «) cw. sin, fi) + (p aw. 9^0) H 

• , 

( • ^ 

Y sin, + p cos, 5) = 0, and ca«. 6 — p stn, fy 

.. • 

+ (p cos, fl—a) X fros. ® ^ s?7 I.*6—p fos. S) •+■ 

( • • / •• 

Y sin, 6 + p C06. dy 4- (p ^m. g — ^we. d 4- 

S " C09. p sin. fl)s=:0; whence obtaining p aw. jS, 

and p cos. d — «, and j)ulMtituting thenf in equation 
Cp) wc finally obtain 



(4-.) The toofuic IS evidently the locus of the centers 
of the circles of curvature for the different points of the 
given curve. Its co-ordinates arc therefore a and^, and 
ns equation b» determined very easily by substi¬ 


tuting for 




dcdyiedirom the equation of the 


curve in terms of x, in the equations of contact [see k]. 


(x-,) + (y~0).i = o'i 
«dl + |+ O,-0).| = O.J 



and hence eliminating x. 

We shall thus obtdn the relation betwoen » Ajad 
or the equation of the evoiuie. 





s$o 


AmNlHX, 


TjAe etpinu ^ entry dgdmioal cnm, being tn 
iengik^ to tit a^ehntx 0f ike radii of cwrtatnre cor^ 

reApondti^ to*ttt e 2 lrmitieSf is aiwaya rectifiahU. 

o 

We have not much room for examples in this theory. 
Take the following: 




Ex. 1. Lei the curve be the rectangular hyperbola 
referred to iU asymptotes, or sty ^ a*. 

Tlicn we readily find 



and from equations (r) and that of the curve 


» =s 


3« a* 
T" i?’ 


and 0 s 


3a^ 



Hence, to elimituite r, wc should have, by the usual 
method^ to solve an equation of the third degree. An^ 
artifice, however, will simpbfy the matter. 




APFEHOIX. 


£ tA V % • l| 

wad sa (« + /?)'’—<(« —, tke 


to the CDdiMXt* 




Ex» ft. In the ellipH ^ ^ x^), we shall 

fl* ■ 


find 




i?=: 


a** 




and the equation to the ojolute, 

(a . »)’ + (6. iS)'^ = (0= - &0?. 


Ex. 3, 

««. S + 1 

% “ 


/n the Trisectrix the equation iV f ss S 
and we easily find by equation (t^ythat 


» (5 ± 4 cfw. 

9~+~'B”cos76 


SECT. VI,—This Section, treating of the fluents 
of algebraic functions only, is imperfect; in investigating 
the areas, Ac. of all sorts of curves, we may have occa¬ 
sion to find thc^uegti, also of cxponenHaly lo^riihmkt 
md uTcqfat f)Jnction5^ , 

(1.) ToJind the fMeni^f(£ x. 

Let a* = tf 

Then u =£ a*i. I. a [p. Q>TI»] 

\\ ftfx = ~ + c s= + c, c being supposed the , 

constant which vanUicd by taking the fluxion, and ^ de¬ 
noting the fluent of the quantity whid immediately 
follows it. 



APFSKJDIX. 


Cfneraify, rtquii^ theJbteta 0/ Ui^ tehert 17 ie ^ny 
algdirmcfincHim ^o* «, whaitver, 

* Since X ss — u above, wc have 
ul,a 



which 18 reduced to an algrhrate form. 


(2.) To _find the fiuent of vnhick ia partly 

algebraic ana partly eTponentiaL 

Since (i>tc)*=: t'le 4- tre 

and y*Cie ss ctp — y'lon, we have 


« 


f<flX X X rs - - 

, • /. fl 

the ilucnt required. 


X Jt — /a 


a* ^ xa* a* 
t * a I. a {la)* ^ 


Jnd^gcnndfy, required the fluent of X,a*iy whert^ 
X is any^ algebraic function of x. 

Let X, = f, 

X 


X 

&c. = 8tc. 

Then since fX x o^x ^ ^ a'x = 

^ ia J X 

0 * 1 . 

T~ ^ ^ la ' ^ process be continued wc 

shall obtain 

• yjro-. = - 5 -.- + iBjF - “■ , 

when K is an ime||;or. 


•• 


S'1 





This method will always reduce d^pet powers of a? or 
its functions* * • 

When the powers are inverse or in the denomiaatoa, 
we m(^»t make 

‘ X, =s: fXx 

X,^fX,i 

&c. = &c. and , 

fXi X a' = X, a* — la fX^ x , a" 

continued, will give 

fXx X o' s= Xj a* — la X^ft + (lay . X-^if — &c. 

/ a*x ^ C 1 /.a 

—-a - 


a) X 




(/. c)--^’ r^' 

(n—1) ... 3. ij X ' 


(S.) Tt> find thvfiuent of xl, x 
Since (lx)' = - [p. 277.] 

X 

/of X /x = a/i “ I — XX 

J X 
X -f c, 

and gcnCfaCyj'rcowiVratJ^M^cwl * (^ • '*’) • ^herc 
f denotes an ^g^raic fuj^oa. 

Let lx Ts u 


Thaa X = c“ 
and % = « c“ [p, 377.] 

Hence /a/.{/x) =/ic"tt/(M) which may U* 
found by the general process explained in khc preceding 
article. 


(4.) To find ihjt flumt of XxL whxre X is any 
Algebraic Functixm of x. 






x/Jfi | 

vtfttcb will be algehrtie if fXi come out in that fbnn. 


ir — f =s 


:r^' 
n + 1 


"Ex, 1 . Let JC ss X*. 

Th& / jr" iir =» - t - 

(ir - 1 ) + C. 

And generality to^nd tfu Fluent of Xji(l. xj*^ 

Let Xi = fXr 

X, = rx,i 

« &C. =s &C. 

Then, by continuing the above process, wr shall get 

fXx^lx/ SIS Xi(LiF^ (m — 1 > < 

X, (It &c. 

« 

\9 

(S.) To Jitd the Fluent of . 

(fij 

' X 

- 7“ 

P 

See. =s 

- + 

r‘ ^ J («- 


for ■-= (/.ir)‘ 


^Xx 

Kn-X)(}ff 
'^Xx 

(»-l) (Jj) 


I—' ■*■ J(n 




.1) (i*) 


* 


a 



APFlMSnC. 


m 


lleaeei by contmtiing tbe prooess^we obtain 

r JTi -Xx. * X,x 

Ac., constantly dimiiuBhing the native index of be. 

* X 

It is worthy of remark, that the general form “ X 
/. (Zr) being = (h)' x/ (Zr), may be always integrated. 

(6 .) TTo^ nd the Jluent of x sin. x, x tan* x, * tfCC. x, 
and X vers, x. 

First fx sin. i =/-(cos. x)' (sec page 279). 

— — cos. X + . . (<i) 

Hence J x cos. » = / * sin. — y) = 

**“■ ("s “ ~ “*■ (s' ~ 

c = SIB. a + c...(i) 

sin. X r 

= J 

ss — Z. (cos. x) + c. 

• fxtan.xsz fi. - = I-s-Z.cos.x 4 -c...(c; 

• •cos. X } col.x 

Hence ^x co?. x "* 

x)* tan. — x) = Z, cos. —x)+c=i’.(sMi.x)+e 

A fi cot. x=/d . 

*' •' stn. X J * •• 

J i Ci eos. i_ f (got, jjr 


— (cos. x)* 
cos. X 





I \ 


1 




A * 

• V T-« » 

1—ft*. « 


^Cyrt *— • 4" c^as I 

^f«^(4«+|) + c 

.V /i «e. * a J-^asi, ta„, (45+ 1 ^ 4 . c. 

Hme fx ame. x= ( -:^— s= I, tan. ~ + t _ (7V . 

Finally fi wr*. x = yi . (1 - ce» x) = J% - 
/i CM* X a X — Min. r + c..,... fg) 

lienee fx eo\eraed stn. xa/x virs. ^ — x) a — 

Jd- »)• tm {J - i) = - ~ + t f *«. ( 


— X)-4^faX—-jr-fCM. X4C. 


9 


rA; 


C?-) T 0 ^nd the Fltiatt oj x mtu *‘x x co4. *x = F* 
Fifat let us reduce 7(. 

By tile form /iJieaew— fwi, we have 
Ptef^ $m, X ,oo9n “x X m. "~‘x 

1 w-*l 

*r* — * -7-" X «« •’*’x+ .. X 

III 41 IS 4 1 

fAeor.^x.niu’^x. " 

But COB* ""•^x sin* "**x=r«aJ' "x m. '*^x x (1—‘x) 

aeof. "x •* atn* *x. 




. ew. 4 


w 41 

n X 

t, . . . /jj eofa “x. m» or 

uc 4 1 ' « 

^ 1 «—1 ^ 

’ C0#»**‘x sm.^t 4 X * 

fii4^ IK 4 n 

/ cwL ’•« iriit. 7»» .... fk) 

miMAn tva 






APrEKI>TX. 


Agftin to retluce to we have 
F Si ft cos, r . sin, "j: x cos. '2 

V 

s= itm. "■"jT f09. "~*,r -{* ”* ^ 

/l + l 


/ i sz'h, "■‘'H X 


71 4- 1 

ros. and reducing as before, wc obtain 

,, .s(n.”'*\i .roH ''j tn - I . , . „ * 

-- 4- - J \ sti* "a cos. “ a 

»i + ?? ?n + 17 

• . (i i 

which rt'duecs ♦he indcs vt by U. 


(jontintiing these rwluctians wc shall at h*/»gth arrive 
at tlu‘ simplest form of* llic fluent. ’\\'hcn m and n nre 
integers, our I.a4 foim will Ik* one uf llit' in the 

jircmling number 


4 yH.) To fimi tht fitfuti of *- I'. 


cos. ' I 


To redof e «, we ha\< 

F =.‘ j \ . sm. 
and procectling as before, wt gel 


j . \ * sin. ’ " i 


V - 


1 


.sin. n ~ \ I'\ sin. 


(>n) 


n~m cos ' “'i )/ to,. 

^tliich fethyyp 

To reduce jo wo ha\e , 

F sz J X cm0^sin.' i X i , 

■md wc easily obi am 

,, 1 sin.^'^'x n^Tii + il fi sin.'x ^ 

35 I mm I II Mil , • — ■ I ^ I ^ ^ «••••«»»• ^ 

TO— 1 COs.'""‘l 77-"U OffS.' a 

which reduces 7/1 by two 


Repeating these operations, the fluent may be re¬ 
duced to its most simple form; and sehen m, n arc in¬ 
tegers it is reducible to some one of those in Xo. 6. 






Al>f£!KOIX. 


llcace we may ftnd tli* fluent of jf tan. 

cos, *v 

* X 

of i aec. — , and therefore of .t cot. "j, and of 
cos. "j: •' 

« 

X eosfc. *j. 


* 

(9.) To flW the fluent of - i- -. 

stn, *x . coa".v 

« 

The process required fi)r reducing wi and n here, docs 
not dilfiT from that delivered in No. 9 for reducing m, 

(10.) To find the fluent of i i/{/«.“* i, 

jiscc.“‘ac, and \ tcrs.”*r, u’Acrr »/«. ~‘j, &c. demtf^ 
the arc whose sine u \ to rad. = 1 

First, Jx sin. “’a = j mb. “'x— /r (siw. ‘'ry^r 


*x — r—— (see page ST9, line 8) = 

J i/i— 


\/l-a 
X. — V^l — i- 4- c. 


»r. «i» 


p. 280 ) = is«.-*-J^T^- 


.,( 0 ) 


P XX 

' Jr+i^ 

(see 


••('pj 

r_?£_ 

J xv/i~ 



But 




«t* 


. XI 

'#+ “7=: 


— 1 (x+ 

X + 1 *"x+V^x 2 _i 


s«. -'xsa* aec. ”'x — f. (* + v^x* — 1 ) ... ( 9 ) 
0 ' 





APPSKDIX. 


Again, fx ner5. •’*x=4’ vers, fx . (vers, 

Let uer^. 6 = j? = 1 — cos. 9, i = 0 afn, 9 =s 

®'V^1 — cos.= 9'\/^x — 5* — (tw. “'a)‘i= 


r .IX 

Hence f £ vers, “'j? = j rers. “‘.r — I , 


and 


r • rf 

p i~XT i 

J /jJx-j; - 

J 


— r* + rers. \r. 


wc finally obtain 


/X vers. ” X ir: {) —1) vera. "'Kr + t/Sx-x- 4-c 


■(r) 


licnee there will be no diffieidty in getting tlic 
•fluents oi* i coa\ x cot. '"'a, x cosec. “‘a, and 
sV covers, 'j . * 


(11.) y’o find the fluent uf Xx .< where -V is any 
function of i\ and c the arc, ■'.v'lK'‘?e sinL,^or co,siuc, or 
tangent &c. .r. 

Lot -L =: /*, a funoiion of.*. 

t 

X 



Then /A'u" = Xz'' — njXFxz^~‘, and repeating 
the ojxjration, we get 

/Xxs*=A>"—"‘4 n. .(?) 

Having thus laid down the general principles of the 
subject, the reader is enabled to supply the detail 
himseli^ 






A1»PI2KDTX. 


SECT! VII.--eEs. J. 7*0 /nd the area of th^ 
hif^rithmic fwrrf, icimse eqnation it 

.V = «'• 

r *■ 

= /«-*x ^ - -f c (sot* n. 331.) 

la 


V 

i* -I,. 


"■H' 


Let .1 = 0^ then the area = 0, and o = — . 

fz* 1 y — 1 

,.J7/X := 


/a 


Az 


M\. S. In the ^Inuoid uhofte rtfuation is y = .‘‘/n. r 
w c inavt' 

f yx r= ./ V silt. I c= 0 — ofw, a (seo 
= 1 — ro.v. 

1 

Kx. /w the ivncifiid riftrrai lu a poh th, 

((pmtfon i' ^ . 

Cr ^ C^* 

. =: 06TC. $ rrt I - o' = 1 -o- t. J 

J *'» '• 

ra ft h- ^ ^ 

-f I -.tan. ^ + ah.l.fmt. (l/5’+ j+ < 

- 


■^':. tscc pjt. I«i2, 335.) 








Let the an-a = 0 when ^^0. 
Then c = . + aid, (A). 


=s - ■* /zzrt. 4 -H fiA/. 
r.. 2 2 - 


. f) a « 

,/. ^ __ + 


fci;'...' - o'. 


r . 

SKC3'- VIIL—In this Section, which treats of tin 
. TwtilWation of curves, vc n'lay add the fluxioual ex- 
|rresslr*n for the arc of a curve, tkfined h) a r«fhVj 
»ccl<ir ahd the angk af the Pi4tee, 

^ ■' f. ■ i'. • 



APPENDIX. 


In page 157, Rm denote the fluxion d* the 
curve or then j»r = fCRj p’j and Nn-=. 
LetC7y=:i. 

CR 

Then Rr z=^ Nn x = 6 f. 


Hence i ^ V wir- -f- Rt' = v/f*- + .,• "^0^ 

which is another expression for the fluxion of an arc. 

Kx, &— p** be the equation of the curve. 

Then i = i\/\ i- H^r", 

whose fluent cannot be found generally except by 
approximation. 

When or the curve is i\\e spiral of Aixhmedcsy 
z — ff'y/i + r 
Let p , f - = u 

'Phen « = 2pVlT? 






2 


^ J V'l-fr 



{ ./.(/)+ VI y /•’) 4* c (see 

p. 140.) 

Let the arc = 0, when 0 =: 0 ; thence c = 0, 

» and a = ^ x ,;, y^l (see p. 164.) 

When tt =s — 1, or tlic curve is the reciprocal spiral 




APPSVOIX. 


Put V/i -t- 


^Then u = 

✓l+f* 


= -^ /iT? 
/ 


X (f' 4- 1 - 1) 


Hencc a == V^l + ^ 

But 


J At? "" '• 


f\/l 4- r 

v^TT?-! 


,_ (see 14i, where 

fv 14-^* ✓14-/H1 

Smpaon might have shown in the same way, that 

, V^a^ + x-'—a\ 

" V^x^a)' 

Hence, and taking the correction on the supposition 
that the arc vanishes when f does, we get 


2 s= vT+7^ + /. 


Ax 4- p‘ 4- 1 


- 1 . 


SECT. IX and X.— o solid be ^encrafed hp 
ih( double motion of a cun^c whosejilanv is constmitlv 
perpendicular to that of a j^Tcn in the 

direction of its oton line of^ ibscissee, and the othei- in 
that of the giten curve^ so thal^^e intersections of the 
curves map be their common oraifiiues, its solid content 
IS thus obtained: 

Lefc AN = r, P N =3^, A'N = j'. 

Hence, since fpx' =s tLa area of P xVp, the solid 
potent of P A /? A' will be expressed by 

S = fx/^px' = ^fifpx\ 



AHrKsnrx. 


m 



Ex. I-ct RAC he a ^^cmtcirck whose radtus^BO is r, 
and P p a triangle, whose equation isy = ax'. 


Here S 


JH 


2 /*£ + /~- 


(2rj: — .r') rx- x^ ^ 

—a -+ oj: = -— cjc + c'. But the 

>^(i a ofl 

area 3/ = ^ 

ci=:0; aud the soli3if=:0, when a:=0, .*. c'=0. 


Hence A = 


ra:« 


a 


Sa = 


2 


2 r- 

” 3 ' ~a ^ ^ “ 3 triangular kase x 

•altitude. ^ ^ 

« 

Other examples will /cadily su^st themselves. * 


The expression for surfaces so generated, will evi¬ 
dently be fi =s /i /»', z and 2 ' being the arcs of the 
curves. 






^ Al»>EXM3f. 

nii^ht non ^crctl to the <^>$cn»ioii of ctirves; 
eurlticcs, aiitl solids, in general, as. rpfmod to 
vihree rectangular co-ordinates, tJiat is, kny ‘ how dis- 
$8sed in ^racc; but it would greatly CKceea the limits 
of this work. The reader will fin<l all the infonTintion 
this intricate subject, he can desire, hi the works of 
tmge. 



>» >, 




F\f» OK \0{ I 



























































































































































































































































































